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IST / DEEC / MAPI

Chap. 2a — Discrete Event Systems

Generic characterization of systems resorting to input / output relations

Casel: each input determines a single
output value

|

|

|

INPUT OUTPUT |
| |

I

I

I

|
|
|
|
|
|
:
| SYSTEM
|

I

u(i) ———> MODEL | y=g Vo
R
R4 Vith) Yo H) Rit4,
v-
£ )\h K‘L) \(D A '
C VSEAUNVAS v,:f(«.-)
Rt Ry

Case2: dynamic system, an input implies
a time evolving response.

Typically, one uses state space equations:

X(0)= f (x(@), u(?),?)
Y(t)=g(x(®), u(?),?)

in continuous time (or in discrete time).
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Example / Comment: voltage divider circuit vs RC circuit (capacitor charge circuit), given an input one
cannot tell the capacitor voltage without knowing its initial condition.
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Chap. 2a — Discrete Event Systems

Control: Open loop vs closed-loop (<= the use of feedback)

Open-loop system SYSTEM

CONTROL : :
rir) I ) y = glx.ur) |
—— ult) = y(r, 1) | u{f]}! x = f(x,u,1) ka4 |
| - |
| |
b e e |

Closed-loop system SYSTEM
CONTROL | |
| |
Ar(_”.. ult) = y(r,x, 1) : HUL x = f(x,u,r) :
. | . |
| |

A

Figure 1.17. Open-loop and closed-loop systems.
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Advantages of feedback? Approach model
uncertainties, disturbances, etc. Control will be
revisited in the DES supervision chapter.
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Example of closed-loop with
feedback :
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Discrete Event Systems: Examples

x5(1)
Consider e.g. a milk distribution truck in
W
Manhattan. How to model its motion? s
N E.
A i x,(1)
Set of events E = {N, S, E, W} N| e
W W

Figure 1.20. Random walk on a plane for Example 1.12.
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Figure 1.21. Event-driven random walk on a plane.
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Discrete Event Systems

Typical modeling methodologies

Automata
i Augmenting in
GRAFCET /SFC modeling capacity
\/ &
Petri nets complexity
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IST/ DEEC / MAPI Chap. 2a — Discrete Event Systems

Language - Automata Theory and Languages

Genesis of computation theory

Definition: A language L, defined over the alphabet E is a set of strings
of finite length with events from E.

Examples: E= {a, B, v}

L,={e, aa, o, yPa}, where € is the null/empty string
L, = {all strings of length 3}

How to build a machine that “talks” a A
given language? l ~ compiler

or \ﬁ = B+A
(] ,.:‘
What language “talks” a system? ) X S i A (\a
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IST / DEEC / MAPI Compilers
4, Principles, Techniques, '

and Tools

If you want to know more about languages:

* Introduction to Discrete Event Systems, Christos Cassandras and Stephane
Lafortune. Springer, 2008.

* Compilers: Principles, Techniques, & Tools (2nd Edition), Alfred V. Aho, ok ,.«, N
Monica S. Lam, Ravi Sethi, Jeffrey D. Ullman, Addison-Wesley Professional, ﬁ‘.',f\_r}';'(.\.i,';\h”‘ & B
2006 [know as the “Dragon Book™] 3 2 A L

* Introduction to Automata Theory, Languages, and Computation (2nd ed), e ——

John E. Hopcroft, Rajeev Motwani, Jeffrey D. Ullman, Addison-Wesley, 2001 AUTOMATA THEORY,
[known as the “Cinderella Book”] FANEES,
COMPUTATION
* Teaching EBNF first in CS 1, R.E. Pattis, 25th SIGCSE Technical Symposium HATREY B AL

on Computer Science Education, 1994, pp. 300-303, (see also
https://www.ics.uci.edu/~pattis/misc/ebnf2.pdf)

Bottom line, LLMs everyone are talking about:
https://en.wikipedia.org/wiki/Large language model

* find the keyword Chat Generative Pre-training Transformer
(ChatGPT, 2022 ;)
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IST/ DEEC / MAPI Chap. 2a — Discrete Event Systems

Automaton - Automata Theory and Languages

Motivation: An Automaton is a device capable of representing
a language according to some rules.

Definition: A deterministic automaton A is a 5-tuple

A= (E, X, f, x,F)

where:

E - finite alphabet (or possible events)

X - finite set of states

f - state transition function f: XxE —-X

X, - 1nitial state X, C X

F - set of final states or marked states F c E [Cassandras93]

Word of caution: the word “state” is used here to mean ““step” (Grafcet) or “place” (Petri Nets)
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IST / DEEC / MAPI Chap. 2a — Discrete Event Systems

Example 1: 3 states & 3 inputs automaton: input event

0 p
(E, X, £, X, F) e S -
E={a, B .7} o - - ! !
X=1{X,Y,z} 5
X, = X
F={x, z}
f(x, a) =x f(x, )=z f(x,y)=1z
f(y, ) =x f(y, B) =y f(y,v)=y
f(z,0)=y f(z, )=z f(z,y)=y

Figure 2.1. State transition diagram for Example 23,
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Example 2: random FSM
f =

% Create and simulate a random FSM
[£,x0]= mk random FSM
[u,x] = FSM random run( £,x0 );

function [f,x0]= mk random FSM

% N states, M inputs, x0 initial place
N= 7;

M= 2; x0
f= randi( N, N,M );
x0= 1;

function [u,x]= FSM random run( f,x0 )
% Run the random FSM 100 times

u= randi( size(f,2), 1,100 );

X= zeros(size(u));

x(1)= £( x0, u(l) );
for n= 2:1length (u)
x(n)= £( x(n-1), u(n) );

end

R s P2dd oD

Specific example:

W rE J o o
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Chap. 2a — Discrete Event Systems

Deadlocks (inter—blocagem)

Example 5:

o [,

The state 5 i1s a deadlock.

The states 3 and 4
constitute a /ivelock.

How to find
the deadlocks and
the livelocks?

Need methodologies
for the analysis

of

Discrete Event Systems

Page 24



IST / DEEC / MAPI Chap. 2a — Discrete Event Systems

Alternative way to detect deadlocks:

Example:
0
I
Om® G\

The state 5 1s a deadlock.

The states 3 and 4

constitute a /ivelock.
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IST/ DEEC / MAPI Chap. 2a — Discrete Event Systems

Petri nets Developed by Carl Adam Petri in his PhD thesis in 1962.

Definition #1 (of 3 alternatives) [Cassandras08, §2.2.4]

A marked Petri net is a 5-tuple
(P9 T’ A’ W’ XO)

where:

P - set of places

T - set of transitions

A - set of arcs ACPxT)U(TxP)
w - weight function w:A— N

X - initial marking xo: P— N
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IST / DEEC / MAPI Chap. 2a — Discrete Event Systems

Example of a Petri net Petri net graph

(P, T, A, w, x,)
P={p|, P2> P3> Ps» D5}
T:{tb t2> t3> t4}

A={(p;> t)), (t, P2)s (L1, P3)s (P25 1), (P35 1),
(t2, Pa)s (83, Ps)s (Pas )5 (Pss ta)s (L4 P1)

w(py, =L, w(ty, p))=1, w(t;, p3)=L, w(p,, t,)=1
W(ps, 13)=2, W(t,, py)=1, W(t;, ps)=1, W(ps, t4)=3
W(p59 t4):19 W(t49 pl):1

x,=(1,0,0,2,0)
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IST / DEEC / MAPI Chap. 2a — Discrete Event Systems

Petri nets

Rules to follow to create a Petri net:

* Arcs indicate directed connections
connect places to transitions and
connect transitions to places

* Must exist arcs between transitions and places:
a transition cannot have places directly as inputs (source)
a transition cannot have places directly as outputs (sink)
a place cannot have transitions directly as inputs (source)
a place cannot have transitions directly as outputs (sink)

O O0...0 ~3/
N/ \
/T C 7 A

\
o0 O
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IST/ DEEC / MAPI Chap. 2a — Discrete Event Systems

Alternative definition of a Petri net (#2 of 3 alternatives)

) _ [Peterson81]
A marked Petrinetis a 5-tuple

(P9 T’ I’ 09 MO)

where:

P - set of places

T - set of transitions

I - transition input function I: T— P®
O - transition output function O0:T— P”
L, - initial marking W :P— N

Note: P* = bag of places (is more general than a set of places)
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IST / DEEC / MAPI Chap. 2a — Discrete Event Systems

Example of a Petri net and its graphical representation

Alternative definition

(P, T, L, O, ny)

P={p|, P2 P3> Ps> D5}

T={t, t,, t;, ty}

I(t)={p,} O(t)={p, > p3}
I(t)={p,} O(t)=1{p4}
[(t;)={ps, P3} O(t;)=1{ps}

[(t)={P4> P4 P4 Psf  O(t)={p,}

“O = (13 Oa Oa 23 O)
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IST / DEEC / MAPI Chap. 2a — Discrete Event Systems

Petri nets: State, Markings, Weights of Arcs

The state of a Petri net 1s Simplifying notation of
characterized by the marking markings and cardinality
of all places (weight) of the arcs:

u = (Up1, Up2, Up3, Upas Ups) @

The set of all possible markings I & 2ﬂ

of a Petr1 net corresponds to its

state space: Formal nomenclature:
{(1,0,1,2,0), (0,1,2,2,0),(0,0,0,3,1), D,

(1,0,0,0,0)} n= #(pﬂ](tj )
nﬂm m:#(pr(tj))
tj

How does the state of a Petri net evolve?
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IST / DEEC / MAPI Chap. 2a — Discrete Event Systems

[Peterson81 §2.3]
Execution Rules for Petri Nets (Dynamics of Petri nets)

A transition tj € T 1s enabled 1if:

Vp,eP: u(p) =2 #(piﬂl(tj))

A transition t; € T may fire whenever enabled, resulting in a new
marking given by:

Wp;) = wlp) — #(pI(t;) + #(p.O(t;))

#(p;, 1 (1)) = multiplicity of the arc from p; to t,
#(p;, O (1) ) = multiplicity of the arc from t, to p;  (notice reading right-left, O(t,) to p,)
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Execution Rules for Petri Nets
(Dynamics of Petri nets)

5 1

n= #(pial(tj))
m=#(p;,0(t,))

#(P;. Jr(ffn =)

#(ppy 1) = 1

#(P;. O(l}}) = 0

#{P{. O(II)] =]

E

K (p) = u(p))

|

W (p) = p(p) + |

1(p) =up) -1

W) =up)=1+1

/U’(pi) = ,U(Pi) - #ppl(t;) + #(pO(t;))

[Peterson81 §2.3]

Later this dynamic equation will be generalized using vector notation 41 = px + (D¥ — D7) qy
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IST / DEEC / MAPI Chap. 2a — Discrete Event Systems

Petri nets

[nit
. P

Example of evolution of a
Petr1 net

4
Initial marking:

P2 . )Ps
Ly=(1,0,1,2,0)
2
. . tz Yy A t3

This discrete event system
can not change state.

It 1s 1n a deadlock!
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Chap. 2a — Discrete Event Systems

Petri nets: Conditions and Events (Places and Transitions)

Example: Machine waits until an order appears and then machines the ordered part and sends it
out for delivery.

Conditions:
a) The server is idle. Event | Pre- Pos-
b) Ajob arrives and waits to be.processed conditions | conditions
c) The server is processing the job
d) The job is complete 1 - b
Events 2 a,b C
1) Job arrival 3 d
2) Server starts processing ¢ , a
3) Server finishes processing 4 d -
4)  The job is delivered o
a) Server is idle
™~
b) Jobs waits c) Job is being d) Job is
processing processed complete
—(O— (O—
2) Start of 3) End of 4) Job is
1) Job arrival processing processing delivered

Page 39



IST / DEEC / MAPI

Chap. 2a — Discrete Event Systems

Discrete Event Systems

Example of a simple automation system modeled using PNs

An automatic soda selling
machine accepts

50c and $1 coins and
sells 2 types of products:

SODA A, that costs $1.50 and
SODA B, that costs $2.00.

Assume that the money return
operation is omitted.

50

L

|A
«

/“Q | i
1

\FQ X

A
|‘

tg

p,: machine with $0.00;
t;,ts,t5,t5: coin of 50 ¢ introduced;
t),ts,te: coin of $1 introduced;
ty: SODA A sold, tg: SODA B sold.
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IST / DEEC / MAPI Chap. 2a — Discrete Event Systems

Petri nets: Modeling mechanisms

Concurrence Conflict (indeterminacy)

@E

®: -

O
lop: no concurrence, single token. Both tl and t2 can fire (random
Bottom: exists concurrence, PN decision). Firing one transition,
has multiple tokens, before prevents the other one, there is a
and after the transition. conflict.
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IST / DEEC / MAPI Chap. 2a — Discrete Event Systems

Petri nets: Modeling mechanisms

Mutual Exclusion Producer / Consumer

t) t,

Critical Critical
Section Section
Place m represents the B= buffer holding
permission to enter produced parts

the critical section
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Petri nets: Modeling mechanisms

Producer / Consumer s Readers / t Writers
with finite capacity

produce
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Chap. 2a — Discrete Event Systems

Discrete Event Systems

State Machine:

Petr1 nets where each transition has exactly
one input arc and one output arc.

X one transition JX _1_
cannot have / one place
X multiple input / can have
output arcs

multiple input /
_'Z .o ﬁ output arcs

Petr1 nets where each place has lesser than or
equal to one input arc and one output arc.

Marked Graphs:

o }—
X _/ X cannot have

these arcs

State Machine example

Marked Graphs example

- Sub-classes of Petri nets

A state machine
cannot have
concurrency,
but can have
conflict
(indeterminacy)

A marked graph
can have
concurrency but
cannot have a
conflict
(indeterminacy)
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Syllabus:

Chap. 2a — Discrete Event Systems

Chap. 2b — Analysis of Discrete Event Systems
Properties of DESs.
Methodologies to analyze DESs:

* The Reachability tree.
* The Method of Matrix Equations.
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IST / DEEC / MAPI Chap. 2b — Analysis of Discrete Event Systems

Properties of Discrete Event Systems

1. Reachability

Given a Petri net C=(P, T, I, O, pn,) with initial marking p, , the set of all markings
that can be obtained starting from p is the Reachable Set, R(C, pn).

Note: in general R(C, p) is infinite!
How to describe and compute R(C, w)? |
—O >O—f
Reachability problem: Given a Petri net C with 1nitial marking p, , does the
marking |’ belong to the set of all markings that can be obtained, 1.e. p” € R(C, pn)?

Property usage: State p belongs / does not belong to R(C, p,).
usage?2: State p is / is not reachable.

usage3: Net C has a finite / infinite Reachable Set.
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IST / DEEC / MAPI Chap. 2b — Analysis of Discrete Event Systems

Properties of Discrete Event Systems

2. Coverability

Given a Petri net C=(P, T, I, O, p,) with initial marking p, and states u, @’ € R(C, p,)
then p’ is covered by p if p’(i) < p (i), for all places p; € P.
Equivalently, one says p covers p’.

Property usages:
State u covers / does not cover state p'.
State ' is / is not covered by state L.
State ' is / is not coverable by other reachable states.

Note, i’ not covered by p does not imply p’ covers L.

Is it possible to use this property to help on the search for the reachable set? Yes!
Details after some few slides.
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Properties of Discrete Event Systems
3. Safeness

A place p; € P of the Petri net C=(P, 7, I, O, y,) is safe if
forall W’ € R(C, py): 1’ <1.

A Petri net is safe if all its places are safe.

Dot oD

Petri net not safe Petri net safe

Property usage: Placep,/NetC 1is/isnot safe.
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Properties of Discrete Event Systems

4. Boundedness

Given a Petrinet C=(P, T, I, O, ), a place p, € P i1s k-bounded if "< &
forall wW=(p,’, ..., 1’5 ..., ty’) € R(C, py ).

A Petri net 1s k-bounded if all places are k-bounded.

Petri net not bounded Petri net 3-bounded

Property usage: Placep,/NetC is/isnot k-bounded.
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Properties of Discrete Event Systems

5. Conservation

A Petrinet C=(P,. T, I, O, n,) is strictly conservative if for all @’ € R(C, p)

2 pn(py)
EP

2 W(py) =
. EP

Pi

p

Petri net not strictly conservative Petri net strictly conservative

Property usage: Net C is / is not (strictly) conservative.
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Properties of Discrete Event Systems

6. Liveness

A transition t; 1s live of
Level 0 - if it can never be fired (transition is Dead).

Level 1 - if it is potentially firable an upper-bounded number of times,
i.e. if there exists p’ € R(C, p) such that t; is enabled in p’.

Level 2 - if for every integer n, there exists a firing sequence such that t,
occurs n times.

Level 3 - if there exists an infinite firing sequence such that t; occurs infinite times.

Level 4 - if for each |’ € R(C, n) there exist a sequence ¢ such that the transition
t;is enabled (transition is Live).
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IST / DEEC / MAPI Chap. 2b — Analysis of Discrete Event Systems

Properties of Discrete Event Systems

Example of liveness of transitions

* t, 1s of level 0.

* t, 1s of level 1.

* t, 1s of level 2.

* t; 1s of level 3.

* this net does not have
level 4 transitions.
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Properties of Discrete Event Systems

Reachability problem

Given a Petri net C=(P, T, I, O, nu,) with initial marking p, and
a marking n’, 1s u” € R(C, ,) reachable?

Analysis methods:
0- Brute force...
1- Reachability tree

2- Matrix equations
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Analysis Methods, 1- Reachability Tree
Reachability Tree - construction /Petersonsi, §4.2.1]

A reachability tree is a tree of reachable markings.
Tree nodes are states. The root node is the initial state (marking).

It 1s constituted by three types of nodes:
- Terminal no state changes after a terminal state

- Interior state can change after
- Duplicated state already found in the tree

The infinity marking symbol () is introduced whenever a marking covers other.
This symbol allows obtaining finite trees.

The reachability tree is useful to study properties previously introduced.
Some examples later.
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IST / DEEC / MAPI Chap. 2b — Analysis of Discrete Event Systems

Analysis Methods, 1- Reachability Tree

Reachability Tree - examples
Three types of nodes: Terminal, Interior or Duplicated

T3
%)?—E%O OQ @’i"O T'G)Ki\;%‘ & J!{““lopz
S CH £ i’ (1’0) \‘*_/OYB t

(1,0,517 2 ! (1, 0) (1,0)

(.9 o ‘ @lo/ O) ‘{'1 ‘}
Y ) ) ’*’ L .L {
Lt e S o G

Co, o, 1) (o (0,0 1 L |
J-L, ,1{O> /7y (4’ 2) (1{(#)

(1009 4 A1 VT |

116,97 dop (1,0,8) dup (1,0,0) dup

The infinity marking symbol (®) is introduced whenever a marking covers other.
This symbol allows obtaining finite trees.
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Analysis Methods

Reachability Tree - construction /Petersonsi, §4.2.1]

Algebra of the infinity symbol (o):

For every positive integer a the following relations are verified:
. o +a=o
2. ® —a=w
3. a<w
4. o <o

Reachability Tree and Deadlocks

Theorem - If there exist terminal nodes in the reachability tree then the
corresponding Petri net has deadlocks.
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Analysis Methods
Example of reachability tree: N
%)
(19 Oa O) (g " t, - g
/N\ D, (e > \_ Ps
50— (0,1, 1)

(1, ©,0)

After t1 one obtains (1, 1, 0) which covers (1, 0, 0). Hence one
introduces the infinity symbol, ® and writes the state as (1, o, 0).
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Analysis Methods

Example of reachability tree:

(1,0, 0) IC pt %
/N\ pl(‘% g >

(1,O,0) (0,1, 1)

t t, G _
‘ We can conclude

(1,0 , 0) 0,0, 1) (0.0,1) | immediately that
—~ there are :

dup. t term.
0,0, 1) DEADLOCKS!
dup.
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Chap. 2b — Analysis of Discrete Event Systems

Analysis Methods

Reachability Tree vs Coverability Tree

[Cassandras08, §4.4.2]

Considering a Petri net the reachability
tree 1s "a tree whose root node is [the
initial state] (...), then examine all
transitions that can fire from this state,
define new nodes in the tree, and repeat

until all possible reachable states are
identified."

"The reachability tree (...) may be infinite.
A finite representation (...) is possible, but
at the expense of losing some information.
The finite version of an infinite
reachability tree will be called a
coverability tree."

(In this course we use Peterson’s terminology, i.e.

5

Reachability tree,  Coverability tree

[L. @, b, 0
f

[, 1, 1, 0

’/\f\u &

[1, 0 1, 0f [0, 6k 1,1 [1.0, 1, 0]

2
o

[1. @, 2.0 [ 0,21 1, 0w, 0

“reachability tree” in both cases)

[L, @@, 0

I, 0w, 1]
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Example3:

(counter-example)

Different reachable sets
but the
same reachability tree

Decidability Problem:

Can one reach (1,0,1)? Yes in one net,
No in the other one. Simple to answer in
this net, but undecidable in general due
to the symbol w.

The reachability tree does not ensure

decidability of state reachability.
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Alternative definition (#3) of a Petri net

A marked Petrinetis a 5-tuple [Tordache06]

(P,T,D,D", ) or (P,T,Pre, Post, )

where:
P - set of places
T - set of transitions
Pre - pre conditions matrix Pre : PxT— N
Post - post conditions matrix Post: PxT — N
Ll - initial marking u, :P—N

Note: D=D" -D = Post - Pre is named the incidence matrix.

[lordache06] Supervisory control of concurrent systems: a Petri net structural approach, Marian lordache
and Panos J. Antsaklis, Birkhauser Boston, 2006

Note2: This definition is the basis for many Petri net toolboxes and automatic creation of PLC code,
e.g. https://web.tecnico.ulisboa.pt/~ist13495/course _utils/pn_to_plc/pn_to plc.html Page 75
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Chap. 2b — Analysis of Discrete Event Systems

Alternative definition (#3), how to build the Incidence Matrix, D ?

Set of places P={p,, p,, Ps» P4» s}

Set of transitions T={t,, t,, t;, t,}

t, 4ty t
P1« '—1i 0 0 1]
Py « 1 =1 0 0
P3 + D=1 |10 -1 0
Ps | 0o 1 0 -1
ps | 0 0 1 -1

Petrinet (P, T,D,D ', p,), D=D-D

Read the example
marked by the arrows
as ‘firing t, takes a
mark from p, and adds
a mark to p, and adds
another mark to p;”.
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Chap. 6 — Discrete Event Systems

Alternative definition (#3) of a Petri net, example arc weights >1

(P, T,D,D, u,)

P:{pla P2, P35 Pss pﬁ}

T={t}, ty, t3, t4} "'3‘

4 \ ‘( 2 'ﬁ‘} +z., ’h‘

Lo =141,0,0,2,0}

rf [—1 +1] («»mﬂ
i +1 -1

f’; D=[+1 —2

P4 +1 —3

P +1 —-11

D* = max(0,D)
_ 17on
1 %
=11 o
1 L
1 9
D™ = —min(0,D)
o »
1 )
= 2 o
3| o
1l o
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Analysis Methods, 2- MME

Method of the Matrix Equations (MME) of State Evolution

The dynamics of the Petri net state can be written in

compact form as:
This methodology can also be used

ﬂ(k -+ 1) — ,Ll(k) 4+ Dq(k) to study the other properties

previously introduced.
Requires some thought... ;)

where:
u (k+1) - marking to be reached
(k) -initial marking
q(k) - firing vector (transitions)
D - incidence matrix. Accounts the balance of
tokens, giving the transitions fired.
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Analysis Methods, 2- MME

Method of the Matrix Equations (MME) of State Evolution

For a Petr1 net with n places and m transitions
HeN,
geN,"
D=D"—D"

, DeZ”™, D" eN;, D eN;™

The enabling firingruleis | D™q < U

Can also be written in compact form as the inequality  + Dg = 0,
interpreted element-by-element.

Note: unless otherwise stated in this course all vector and matrix inequalities are read element-by-
element.
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Analysis Methods

Properties that can be studied immediately with the
Method of Matrix Equations:

» Reachability

Theorem, Sufficient Condition for No Reachability :

if the problem of finding the transition firing vector that drives the
state of a Petri net from p to state p’ has no solution, resorting to the
method of matrix equations, then the problem of reachability of W’
does not have solution.

 Conservation — the weight vector is a by-product of the MME.

 Temporal invariance — cycles of operation can be found.
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Analysis Methods 1. Reachability

Reachability problem: Given a Petri net C with initial marking p, , does the
marking |’ belong to the set of all markings that can be obtained, 1.e. @’ € R(C, pn)?

Example using the method of matrix equations y(k + 1) = ,u(k)+ Dq(k)

Given the net: Problem:
1s w(k+1) reachable?

>m _ _ -
5 0 -1 0 1 e.g. 1
t, tz 4 D=1 1 -1| ulk)=|0 ulk+1)=|3|,
é : 3 oo : “
pl [ )l > p3

?olution, find q(k):d o, (1=1-0, { c,=0
note using o,; to avoi B

using q; and confusing 4k)=| o5 O

with q(i), this is to drop soon) O 0=0, Verify!

J\

3:Gt1+0t2_6t3 170 =

7 q such that Dq(k)= u(k+1)-u(k) is a necessary but not sufficient condition.
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Example of a Petri net 2. Conservation

and therefore:

w D=0

To maintain the (weighted) number of tokens one writes:

wT,u'z WT,Lt+wTDq

Fw>0is a necessary and

sufficient condition
1 0 0 1] [-w+w,+w,=0 [w=w,+w,
1 -1 0 0 —w, +w, =0 W, =w,
D=[1 0 -1 0| 1 y B
o 1 0 1 —w; +w, =0 W, = Wi
_O 0 | —1_ kWI_W4_W5:O L o

This example has a solution in the form of an undetermined system of equations, where
we canchoose wl' =[2 1 1 1 1]> 0. Itisa conservative system (Petri net).

If exists one or more entries w(i) = 0 then one states it is a non-conservative system.
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Example of a Petri net 3. Temporal invariance
(7™ prop in the original numbering)

To determine the transition firing vectors that make the
Petri net return to the same state(s):

Dq — O 7 q is a necessary (not

sufficient) condition

-1 0 0 1 o (—q,+q,=0
I -1 0 0 & g —q,=0
D=[1 0 -1 0] g¢=|"| J4-¢.=0
0 1 0 -I ¥ g, —d, =
00 1 -1 b L 43— 44 =

This example has a solution in the form of an
undetermined system of equations from which we can
choose e.g.:
g=[1111]".
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Example for the analysis of properties:

tl: Job t2: Start of t3: End of t4: Job is
arrival processing processing delivered

O OO

pl: Jobs wait p3: Job is being p4: Job is

processing processed complete
p2: Server is idle

Event |Pre-conditions Pos-conditions

tl - pl

t2 pl, p2 p3

t3 p3 p4, p2

t4 p4 -

Q: Exists conservation ?

A: Find w such that wl.D=0
if 7w>0 then net is conservative
else it is not conservative

wl=[w, w,w;w,] =72

Q2: What changes if initial
marking in p2 is zero?
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Discrete Event Systems

Example of a simple automation system modeled using PNs

An automatic soda selling

machine accepts
50c and $1 coins and

sells 2 types of products:
SODA A, that costs $1.50 and
SODA B, that costs $2.00.

Assume that the money return
operation is omitted.

Q: Are there transition firing vectors p:: machine with $0.00;
that make the Petri net return to the t,: coin of 50 ¢ introduced;
same state? In other words, does the ts: SODA B sold.

. > ?
Petri net have cycles of operation: Page 86
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Discrete Event Systems

Example of a simple automation system modeled using PNs

>> gq= null( D, 'r' )

q=
1 -1 1 0 1
-1 1 -1 1 0
1 0 0 0 0
o -1 1 0 1
o 1 0 0 0
0o 0 -1 1 0
o 0 1 0 0
o 0 0 1 0
o 0o o0 o0 1
>> q(:,1)= q(:,1)+q(:,4);
>> q(:,2)= q(:,2)+q(:,3);
>> q(:,3)= q(:,3)+q(:,4);
L] o L] L] 1 0 1 0 1
Cycles of Operation / Time invariance ? o 1 0o 1 o Note: 1h
. ole. lnere are
Find q such that. D.q=0 1 0 0 0 0 :
o 0 1 o0 1 more solutions;
p=[-1 -1 0 0 ©0 0 o0 1 1 2 ; 8 (1’ g see function
1 0 -1 -1 0 0 0 O0 © invar(D) of the
©o 1 1 0 -1 -1 0 0 0 °o o 1 0 0
T 1 0 1 1 o0 SPNBOX toolbox
o o o0 1 1 0 -1 o0 -1 s 1 o o 1
o 0 0 0 0 1 1 -1 0]
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