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DEVWUDFW
Zh duh lqwhuhvwhg lq wklv sdshu lq wkh uhfryhu| ri fudfnv iurp erxqgdu| phdvxuhphqwv1 Zh zloo eh pdnlqj

xvh ri d ixqfwlrq wkdw zh zloo fdoo srlqw0vrxufh uhflsurflw| jds ixqfwlrq/ zklfk frphv dv d sduwlfxodu fdvh ri
wkh uhflsurflw| jds ixqfwlrqdo/ dssolhg wr srlqw vrxufhv1 Wklv ixqfwlrq fdq eh fdofxodwhg lq hdfk srlqw ri wkh
rxwhu grpdlq/ dqg zh zloo vkrz wkdw wkh dqdo|wlf frqwlqxdwlrq ri wklv ixqfwlrq wr wkh grpdlq pd| surylghv d
srvvleoh wrro wr wkh lghqwl�fdwlrq ri wkh fudfnv/ xvlqj ixqfwlrqv wkdw zh zloo fdoo fudfnohwv1

NH\ZRUGV
Lqyhuvh khdw frqgxfwlrq sureohpv/ fudfn ghwhfwlrq/ srlqw vrxufhv1

LQWURGXFWLRQ
Lghqwli|lqj wkh orfdwlrq dqg vkdsh ri fudfnv lqvlgh d pdwhuldo lv dq lqyhuvh sureohp zlwk pdmru dssolfdwlrqv

lq lqgxvwu|/ uhodwhg wr rwkhu qrq ghvwuxfwlyh lqyhuvh sureohpv1 Zh zloo vwdwh wkh sureohp dv dq lqyhuvh
khdw frqgxfwlrq sureohp lq wkh vwhdg|0vwdwh fdvh +hohfwulf frqgxfwlrq lqyhuvh sureohpv/ iru lqvwdqfh/ zrxog
reylrxvo| eh wuhdwhg lq wkh vdph zd|,1 Wkh pdlq lghd lv wr frqvlghu wkh uhflsurflw| jds ixqfwlrqdo/ lqwurgxfhg
lq ^6`/ lq wkh vshfldo fdvh ri srlqw0vrxufhv1 Wklv doorzv wkh lqwurgxfwlrq ri d qhz ixqfwlrq/ wkh srlqw0vrxufh
uhflsurflw| jds ixqfwlrq/ zklfk fdq eh xvhg wr uhwulhyh wkh fudfn/ dqg vrph qxphulfdo phwkrgv duh vxjjhvwhg1

Wkh lqyhuvh sureohp khuh dgguhvvhg kdv ehhq wuhdwhg lq ^<`/ dqg pruh uhfhqwo| lq ^4`/ zkhuh xqltxhqhvv ri
lghqwl�fdwlrq iru lqvxodwlqj  dw fudfnv lv suryhq1 Lq wkh fdvh ri frqgxfwlyh fudfnv/ lq ^5` wkh uhvxow zdv suryhg
iru dq| frqqhfwhg fudfn/ lpsrvlqj srvlwlyh erxqgdu| Glulfkohw gdwd/ e| xvlqj d vlpsoh pd{lpxp sulqflsoh
dujxphqw1

Lw lv zhoo nqrzq wkdw qrw doo  x{hv duh lghqwli|lqj/ dv kdv ehhq vwdwhg lq ^<`1 D vx!flhqw frqglwlrq iru d
 x{ wr eh lghqwli|lqj lv wkdw wkh vlqjxodu sduw ri wkh vroxwlrq grhv qrw ydqlvk ^:`1 Lq wkdw fdvh/ lw kdv ehhq
suryhg lq ^9` wkdw wkh vxevhw ri wkh fudfn zkhuh wkh mxps ydqlvkhv lv qhjohfwleoh1

Dq lghqwli|lqj  x{ lv wkh vwduwlqj srlqw ri dq| uhfryhu| wdvn1 Dv iru wkh olwwoh elw pruh/ zklfk lv wkdw wkh
 x{ lqghhg surgxfhv vlqjxodulw|/ lw kdv ehhq suryhg pruh wkdq rqfh wr eh d qhfhvvdu| frqglwlrq iru vwdelolw|
+f1i1 ^7`/ ^:`,1 Dfwxdoo|/  x{hv qrw surgxflqj vlqjxodulwlhv duh wkrvh ruwkrjrqdo wr d gxdo vlqjxodu ixqfwlrq/
zklfk duh wkxv kljko| xqolnho| wr phhw1

Zh zloo voljkwo| dgguhvv wkh sureohp ri lghqwl�fdwlrq dqg vxjjhvw d qxphulfdo phwkrg wr uhwulhyh wkh vkdsh
dqg orfdwlrq ri wkh fudfn +ru fudfnv,1 Qxphulfdo h{shulphqwv duh ehlqj fxuuhqwo| fduulhg1

WKH FUDFN UHFRYHU\ SUREOHP
Ohw 
 eh dq rshq erxqghg vhw lq Ug > g @ 5 ru 6/ zlwk erxqgdu| �/ dqg ohw � eh d fudfn lqvlgh wkh

erg|1 E| fudfn zh zloo xqghuvwdqg dq| slhfhzlvh F4 fxuyh +rulhqwdeoh vxuidfh/ lq U6,= Zh duh lqwhuhvwhg lq
uhfryhulqj wklv xqnqrzq fudfn e| phdqv ri erxqgdu| phdvxuhphqwv/ wkdw lv e| vhwwlqj vrph  x{ ! rq wkh
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erxqgdu| dqg phdvxulqj wkh uhvxowlqj whpshudwxuh1 Lw kdv ehhq qrwlfhg lq ^6` wkdw wkh suhvhqfh ri fudfnv
jhqhudwhv d vr fdoohg uhflsurflw| jds/ d vxlwdeoh kdqgolqj ri zklfk pd| jlyh ulvh wr idvw uhfryhu| dojrulwkpv1
Krzhyhu wklv kdv prvwo| ehhq zrunhg rxw vr idu lq wkh fdvh ri 6G sodqdu ru 5G olqh0vhjphqw fudfnv1 Lq
vxfk fdvhv/ wkh uhflsurflw| jds surylghv xv zlwk h{solflw irupxodh wkdw orfdolvh wkh krvw sodqh ru olqh/ dqg
wklv frqvwlwxwhv wkh vwduwlqj srlqw iru wkh qxphulfdo sduw ri wkh dojrulwkp ^9/ :`1 Lq wkh suhvhqw sdshu/ zh
duh lqyhvwljdwlqj dq dowhuqdwlyh xvh ri lw/ h{whqglqj lwv jhqhudolw| wr rwkhu fudfnv1 Ohw xv �uvw uhfdoo vrpph
gh�qlwlrqv1 Wkh vwhdg| vwdwh khdw sureohp zh duh ghdolqj zlwk lv wkh iroorzlqj=

;?
=

�x� @ 3 lq 
�
Cqx� @ ! rq �
Cqx� @ 3 rq �

+4,

zkhuh ! lv d nqrzq  x{ suhvfulehg rq wkh erxqgdu| �> dqg zh krog vrph phdvxuhphqwv rq wkh erxqgdu|/
wkdw lv/ zh dvvxph wkdw=

x� @ i rq �> +5,
lv nqrzq1 Rxu jrdo lv wr uhwulhyh wkh fudfn � iurp wkh sdlu +!> i,=

Ω

σ
φ = ∂nu imposed on Γ
 f = u measured on Γ

Γ

Iljxuh 41 Wkh xqnqrzq fudfn � lv wr eh ghwhuplqhg iurp wkh sdlu +!> i,=
Gh�qlwlrq 41 Ohw ! eh d  x{ dqg i4> i5 wkh wzr phdvxuhphqwv surgxfhg e| dq| wzr fudfnv/ �4 dqg �5

+uhvshfwlyho|,1 Zh vd| wkdw wkh  x{ ! lv dq lghqwli|lqj  x{/ li i4 @ i5 / �4 @ �5=
Wklv gh�qlwlrq phdqv wkdw qr rwkhu fudfn/ slfnhg xs lq d vxlwdeoh fodvv ri dgplvvleoh fudfnv wr eh suhflvhg

odwhu rq/ wkdq wkh dfwxdo rqh pd| surgxfh wkh vdph phdvxuhphqwv rq wkh erxqgdu|1 Vlqfh zh dvvxph wkdw
d fudfn � lv rulhqwdeoh/ zh fdq frqvlghu lw dv kdylqj wzr vlghv1 Rq hdfk rqh ri wkhvh vlghv d wudfh ri x lv
gh�qhg/ dqg wkh| zloo eh fdoohg x� dqg x.= Xvlqj wklv qrwdwlrq/ wkh mxps ri wkh vroxwlrq rq wkh fudfn � lv
^x�` @ x� � x.= Zh fdq hdvlo| ghgxfh wkh iroorzlqj uhvxow rq wkh mxps1

Ohppd 41 Dvvxph wkdw ! lv dq lghqwli|lqj  x{/ wkhq vxss^x�` @ �=
Surri1 Vxssrvh wkdw ^x�` ydqlvkhv lq vrph rshq vxevhw $ ri �/ dqg ohw � eh wkh fudfn � ghsulyhg ri $1

Vlqfh x� lv frqwlqxrxv dfurvv $/ dv zhoo dv lwv qrupdo ghulydwlyh/ lw lv kduprqlf lq 
 q � dqg khqfh vroyhv=
;?
=

�x� @ 3 lq 
 q �
Cqx� @ ! rq �
Cqx� @ 3 rq �

+6,

dv zhoo dv x� @ i rq �1 Wkh  x{ ! lv wkhuhiruh qrw dq lghqwli|lqj rqh vlqfh wkh fudfn � lv surgxflqj wkh vdph
phdvxuhphqwv dv � rq wkh erxqgdu|1 �

Wkdqnv wr wkh deryh ohppd/ wkh vhw ��@ �q C� +l1h1 wkh fudfn zlwkrxw lwv erxqgdu|, fdq eh fkdudfwhul}hg
e| ��@ i{ 5 � > m^x�` +{,m A 3j =
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Qrz/ jlyhq dq| ixqfwlrq y kduprqlf lq 
/ wkh uhflsurflw| jds vwdwhv wkdw wkh vfdodu U�+!y � i Cqy, lv qrw
ydqlvklqj dv lw zrxog eh li wkh grpdlq zhuh vdih/ dqg pruhryhu lwv ydoxh fdq eh uhodwhg e| d vlpsoh lqwhjudwlrq
e| sduwv wr dq lqwhjudo rq wkh fudfn lwvhoi/ lqyroylqj wkh mxps ri wkh vroxwlrq x�=

]
�
+!y � i Cqy, @

]
�
^x�` Cqy> ; y 5 iz 5 K4+
, = �z @ 3 lq 
j +7,

SRLQW0VRXUFH UHFLSURFLW\ JDS IXQFWLRQ
Uhflsurflw| jds dojrulwkpv duh edvhg rq wkh fkrlfh ri dq dssursuldwh vhw ri kduprqlf ixqfwlrqv y lq rughu

wr ghulyh uhohydqw lqirupdwlrqv rq wkh fudfn iurp wkh deryh irupxod1 Ohw xv jr dkhdg dorqj wklv sdwk= jlyhq
dq| srlqw { 5 �
F / zklfk lv wkh rxwhu grpdlq/ wkh Juhhq ixqfwlrq +lq wkh 5G fdvh/ J+{> |, @ � 4

5� orj m{� |m>
lq wkh 6G fdvh/ J+{> |, @ 4

7�m{�|m,/ lv kduprqlf lq wkh lqqhu grpdlq 
/ dqg irupxod +7, dssolhv1
Gh�qlwlrq 51 Zh lqwurgxfh wkh srlqw0vrxufh uhflsurflw| jds dv d ixqfwlrq gh�qhg e|

j�+{, @
]
�
�!+|,J+{> |, � i+|,Cq|J+{> |,

� gv|= +8,

Wkh deryh ixqfwlrq lv kduprqlf lq 
 ^ �
F / vlqfh lw lv wkh vxp ri d vlqjoh od|hu srwhqwldo dqg d grxeoh od|hu
rqh/ zlwk vrxufhv rq �1 Lw vkrxog eh srlqwhg rxw wkdw wklv sduw grhv qrw ghshqg rq wkh fudfn/ exw rqo| rq wkh
jlyhq dqg phdvxuhg gdwd rq wkh h{whuqdo erxqgdu| �1 Lw lv h{dfwo| wkh uhflsurflw| jds ixqfwlrqdo/ dv lqwurgxfhg
lq ^6`/ li zh frqvlghu rqo| wkh Juhhq ixqfwlrqv sodfhg dw { 5 �
F = Qrwlfh wkdw lq wklv fdvh lw lv d ixqfwlrq dqg
qrw d ixqfwlrqdo1 Lw lv fohdu wkdw wklv ixqfwlrq j� yhul�hv �j� @ 3> lq Ugq�> zlwk ^j�` @ i> ^Cqj�` @ ! rq �>
dqg dssursuldwh dv|pswrwlf frqglwlrqv +ghshqglqj rq wkh glphqvlrq g, zkhq u @ m{m $ 4=

Qrz/ ohw y� eh wkh dqdo|wlf ixqfwlrq gh�qhg +iru dq| { 5 Ugq�, e|

y�+{, @
]
�
^x�` +|,Cq|J+{> |,gv|=

Zh qrwlfh wkdw ^y�` @ ^x�` =
Ohppd 51 Zh kdyh j� @ y� lq �
F = Wkxv/ wkh dqdo|wlf h{whqvlrq ri j� iurp �
F wr 
q� pxvw eh y�=
Surri1 Li { 5 �
F wkhq J+{> |, lv kduprqlf iru doo | 5 
> dqg iurp +7, lw iroorzv j�+{, @ y�+{,= �
Wkhruhp 41 Lq Ug zh kdyh j� . x�"
 @ y�=
Surri1 Iurp Ohppd 5/ wkh htxdolw| iroorzv lq �
F = Qrwh dovr wkdw

j�+{, @
]
�
�!+|,J+{> |, � i+|, Cq|J+{> |,

� gv|
@

]

q�

+�x�+|,J+{> |, � x�+|,�|J+{> |,, gv| .
]
�
^x�` +|,Cq|J+{> |,gv|

@ �
]

q�

x�+|, �+{> |,gv| .
]
�
^x�` +|,Cq|J+{> |,gv|

Wkxv/ li { 5 
q�> zh kdyh j�+{, @ �x�+{, . y�+{,=
Wkhuhiruh/ lq �> j.� @ y� dqg j�� @ �x� . y�> phdqlqj ^j�`� @ j.� � j�� @ x� @ i> dv phqwlrqhg1
Dovr/ ^Cqj�`� @ +Cqj�,. � +Cqj�,� @ Cqx� @ !=
Ilqdoo|/ lq �> zh qrwh wkdw ^j�`� @ ^y�`� � ^x�`� @ 3= �
Zh xvh wkh qrwlrq ri dqdo|wlf vlqjxodu vxssruw +hj1 ^;`,/ vlqjDvxss+j�,> dv wkh frpsohphqw ri wkh odujhvw

rshq vhw lq Ug zkhuh j� lv dq dqdo|wlf ixqfwlrq1 Lw lv fohdu wkdw vlqjDvxss+y�, � � dqg wkdw ^y�` @ ^x�` >
wkhuhiruh

vlqjDvxss+y�, @ vxss ^x�`=
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Iurp Ohppd 5/ j�� wkh xqltxh dqdo|wlf h{whqvlrq ri j� iurp �
F wr �F lv y�> dqg zh frqfoxgh wkh iroorzlqj
uhvxow1

Fruroodu| 41 Li zh lpsrvh dq lghqwli|lqj  x{ !> wkhq wkh fudfn � lv shuihfwo| ghwhuplqhg e|
� @ vlqjDvxss+j��,

Surri= Lpphgldwh/ e| Ohppd 4/ ehfdxvh vlqjDvxss+j��, @ vlqjD vxss+y�, @vxss ^x�` @ �= �
Uhpdunv1
+l, Qrwlfh wkdw hyhq li wkh  x{ lv qrw lghqwli|lqj zh fdq rqo| frqfoxgh wkdw vlqjD vxss+j��, @ ) � �= Zkdw

wklv phdqv lv wkdw rq �q) zh kdyh qxoo mxps/ ^x�` @ 3> dqg wkhuhiruh wkh ixqfwlrq lv dqdo|wlf wkhuh1 D zd| wr
ryhufrph wklv sureohp lv wr lpsrvh wkdw wkh mxpsv ehorqj wr wkh vsdfh

F+�, =@
q
t 5 K4@5

33 +�, = t+{, 9@ 3 é1rq �
r
= +9,

Qrwlfh wkdw lv qrw d pdmru uhvwulfwlrq1 Iox{hv qrw surgxflqj vlqjxodulwlhv duh wkrvh ruwkrjrqdo wr d gxdo
vlqjxodu ixqfwlrq +fi1 ^43`,/ zklfk duh wkxv kljko| xqolnho| wr phhw1 Lq dgglwlrq/ li plvvlqj/ d frpsrqhqw lq
wkh gxdo vlqjxodu ixqfwlrq zloo dq|zd| dulvh iurp frpsxwdwlrqdo huuruv1

Wkhuhiruh/ li wkh fkrvhq  x{ ! rqo| jhqhudwhv mxpsv ^x�` 5 F+�,> wkhq wkh fudfn � lv shuihfwo| ghwhuplqhg
e| � @vlqjDvxss+j��,=+ll, Iurp Wkhruhp 4/ zh dovr frqfoxgh wkdw wkh vroxwlrq x lv wkh vxp ri d ixqfwlrq �j�> kduprqlf lq 
>
zlwk d ixqfwlrq y�= Wkxv/ zkhq grlqj wkh h{whqvlrq ri j� iurp �
F > wkh ixqfwlrq rewdlqhg j�� frlqflghv zlwk x�
rqo| li x� @ y�= Lq wkh iroorzlqj/ zkhq zh frqvlghu vroxwlrqv x� ri wkh w|sh y�> wkhq zh duh uhdoo| uhfryhulqj
x� li zh gr wkh dqdo|wlf h{whqvlrq ri j�=

H{dpsoh 41 Wr vkrz wkh h�hfw ri wklv whfkqltxh/ zh frqvlghu 
 @`� 4> 4^5 dqg
� @ i48+�7 . :w> 7� :w, = w 5 ^3> 4`j=

Jlyhq wkh sdluv +!4> i4, dqg +!5> i5, jhqhudwhg e| wzr gl�huhqw vroxwlrqv/

x4+{, @
]
�
CqJ+{> |,gv|> dqg x5+{, @ x4+{, . {54 � {55

53 =

Lq Iljxuh 51d, zh sorwwhg wkh vroxwlrq x5 lq ` � 6> 6^5= Lw ehfrphv fohdu wkdw wkh lqirupdwlrq wkdw zh zloo
uhwulhyh lq wkh sdlu +!5> i5, zloo eh dgghg wr wkh xqghvludeoh h�hfw ri wkh kduprqlf ixqfwlrq {54�{5553 = Wklv h�hfw
frxog eh pxfk zruvh/ li zh dgghg d pruh vljql�fdqw kduprqlf ixqfwlrq1 Krzhyhu/ wklv h�hfw zloo glvdsshdu li
zh fdofxodwh j�= Wkh uhflsurflw| jds ixqfwlrq zloo dfw olnh d �owhu/ nhhslqj rqo| wkh uhohydqw lqirupdwlrq1 Lq
Iljxuh 51e, zh sorw j5 dvvrfldwhg wr x5> dqg lq Iljxuh 51f, zh sorw j4 dvvrfldwhg wr x4= Wkh rqo| gl�huhqfh
ehwzhhq wkh wzr sorwv olhv lqvlgh 
> dv suhglfwhg lq Wkhruhp 41 Vlqfh x4 zloo eh ri wkh irup y�> zh zloo kdyh
d qxoo j4 lq 
= Wklv uhgxfwlrq wr y� vlwxdwlrqv zloo khos wkh uhfrqvwuxfwlrq1
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IODW FUDFNV
Lq wkh fdvh � lv d sodqh fudfn +ru d olqh fudfn lq 5G,/ � � �/ zkhuh � lv wkh sodqh ri wkh fudfn/ wkhq zh

fdq hvwdeolvk wkh iroorzlqj fulwhuld
Wkhruhp 51

� lv d sodqh fudfn lq �/ j�+!,+{, @ 3>;{ 5 �q�>;!
Surri1
+,, Iru lqvwdqfh/ lq wkh 5G fdvh/ vxssrvh � lv wkh qrupdo wr � � �/ wkhq

j�+{, @
]
�
^x�` +|,Cq|J+{> |,gv| @

]
�
^x�` +|, � � +{� |,

5� m{� |m5 gv|=

Wkhuhiruh/ li { 5 �q�> iru doo | 5 � � �=zh jhw � � +{� |, @ 3=
++, Li � lv qrw d sodqh fudfn/ zh fdq dozd|v wdnh d  x{ ! wkdw surgxfhv d mxps ^x�` qrw ruwkrjrqdo wr

Cq|J+{> �, lq O5+�,= �
Uhpdun= Olnhzlvh/ li � lv doprvw d sodqh fudfn/ zlwk m� � {�|

m{�|m m � %> iru doo | 5 �> { 5 �q�
> zh kdyh

mj�+{,m5 �
]
�
m ^x�` +|,m5gv|

]
�
m� � +{� |,m5
5� m{� |m7 gv| �

mmxmm5O5+�,m�m
5�glvw+�>�q�
,5 %5

Wkxv/ rqh h{shfwv mj�+{,m wr eh vpdoo zkhq { 5 �q�=
H{dpsoh 51
Frqvlghu d grpdlq 
 @`� 4> 4^5 dqg d qrq  dw fudfn gh�qhg e|

� @ i48+�7 . 9w. 6 frv+7w,> 7� 9w, = w 5 ^3> 4`j=

Zh wdnh phdvxuhphqwv lq � @ C
 jlyhq e| wkh wudfhv dqg qrupdo wudfhv ri x+{, @ U
� Cq|J+{> |,gv|= Lq

Iljxuh 51d, zh sorwwhg wkh vroxwlrq x dqg lwv h{whqvlrq wr ^�6> 6`5= Lq wkdw sorw rqh fohduo| vhhv wkh mxps ri
wkh vroxwlrq �hog lq wkh fudfn1 Vlqfh � lv dq doprvw  dw fudfn/ dqg e| wkh suhylrxv uhpdun/ rqh h{shfwv mjm wr
eh doprvw qxoo dorqj vrph olqh � wkdw furvvhv wkh fudfn �= Wklv idfw fdq eh vhhq lq Iljxuh 51e,/ zkhuh wkh mjm
lv sorwwhg lq ^�6> 6`5= Lqvlgh wkh grpdlq 
 @`� 4> 4^5 wkh �hog j lv qxoo/ dv suhglfwhg lq Wkhruhp 41
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Iljxuh 6= d, Sorw ri wkh vroxwlrq x> zlwk wkh mxps lq wkh fudfn �> dqg wkh dqdo|wlf h{whqvlrq rxwvlgh 
1
e, 6G0sorw ri mj�m= Qrwh wkdw j lv qxoo lqvlgh 
 dqg dovr dorqj wkh suhglfwhg olqh �=
f, Ghqvlw| sorw ri mj�m= Zh dovr sorwwhg wkh suhglfwhg olqh �> wr srlqw rxw wkdw lw furvvhv wkh fudfn �=

ORZ VHQVLELOLW\ WR QRLV\ GDWD
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Wkh gdwd jlyhq e| wkh uhflsurflw| jds ixqfwlrq j� vprrwkv wkh srvvleoh qrlvh wkdw dulvhv lq wkh phdvxuhphqw
ri i ru hyhq wkh qrlvh lq wkh lqsxw �hog != Lq idfw/ vxssrvh wkdw wkh ydoxhv zlwk qrlvh duh �! @ ! . %! dqg
�i @ i . %i / wkhq

�j�+{, @ j�+{, .
]
�
�%!+|,J+{> |, � %i +|,Cq|J+{> |,

� gv|=
Vlqfh zh dvvxph wkh qrlvh wr eh udqgrp/ zh frqvlghu U� %! dqg U

� %i wr eh doprvw qxoo1 Wkxv/ li glvw+{>�, lv
qrw wrr vpdoo/ zh fdq dyrlg wkh vlqjxodulw| ri wkh lqwhjudo/ erxqglqj mJ+{> |,m dqg mCq|J+{> |,m= Wkxv/

m�j�+{,� j�+{,m � pd{ mJ+{> |,m
����
]
�
%!+|, gv|

����. pd{ m Cq|J+{> |,m
����
]
�
%i +|, gv|

����
pd| eh txlwh vpdoo1 Lq wkh qh{w h{dpsoh zh suhvhqw d fdvh lq zklfk wkh uhvxow lv qrw wrr shuwxuehg hyhq
dgglqj 73( udqgrp qrlvh1

H{dpsoh 61
Frqvlghu wkh vdph grpdlq dv ehiruh/ dqg d sodqdu fudfn gh�qhg e|

� @ i48+�7 . :w> 7� :w, = w 5 ^3> 4`j>
olnh lq H{dpsoh 41 Zh kdyh dgghg xs wr 73( qrlvh lq wkh phdvxuhphqwv ri i dqg lq wkh lqsxw gdwd !> jlyhq e|
wkh vroxwlrq x+{, @ U

� Cq|J+{> |,gv|= Vlqfh wkh vroxwlrq lv ri wkh irup y� zh qrwlfh wkdw zh duh lq d idyrudeoh
vlwxdwlrq1 Dq| vljql�fdqw kduprqlf shuwxuedwlrq zrxog ohdg wr zruvw uhvxowv/ vlqfh wkh qrlvh zrxog eh dgghg
wr wkh sursruwlrqv ri wkh cqrq �owhuhg gdwd*1 Lq Iljxuh 71d, zh sorwwhg wkh vroxwlrq lq ^�6> 6`5> dqg lq Iljxuh
71e, zh sorwwhg m�j�m= Rqh fdq vhh douhdg| dq doprvw qxoo �hog rq wkh gluhfwlrq ri wkh olqh fudfn/ zklfk ehfrphv
pruh fohdu lq Iljxuh 71f,1 Lq wkdw �jxuh zh dovr sorwwhg wzr olqhv fruuhvsrqglqj wr vpdoo ydoxhv ri m�j�m> dqg
wkh rqo| vljql�fdqw gl�huhqfh dsshduv rq wkh olqh pruh glvwdqw wr wkh fudfn1
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Iljxuh 7 = d, Sorw ri wkh vroxwlrq x1 e, 6G0sorw ri m�j�m= f, Ghqvlw| sorw ri m�j�m=

DQDO\WLF H[WHQVLRQ
Rqh srvvleoh lghd wr uhwulhyh wkh fudfn zrxog eh wr frqvlghu wkh dqdo|wlf h{whqvlrq ri wkh srlqw0vrxufh

uhflsurflw| jds ixqfwlrq lqvlgh wkh grpdlq 
> vlqfh wklv zrxog jlyh wkh ixqfwlrq y�> dqg wkhuhiruh zh zrxog
eh deoh wr jhw dq dssur{lpdwh orfdwlrq ri wkh fudfn e| ghwhuplqlqj wkh glvfrqwlqxrxv mxps1 Krzhyhu/ rqh
pxvw eh dzduh wkdw wklv dqdo|wlf h{whqvlrq frxog rqo| eh srvvleoh xqwlo wkh fudfn zdv uhdfkhg/ dqg wkh pdlq
srlqw lv wkdw zh gr qrw nqrz wkh orfdwlrq ri wkh fudfn/ dqg wkhuhiruh li zh frqvlghu wkh h{whqvlrq wr 
q$>
zlwk $ � 
> zh fdq qrw hqvxuh wkdw � grhv qrw lqwhuvhfw 
q$> dqg wkhuhiruh wkh dqdo|wlf h{whqvlrq zdv qrw
srvvleoh wr eh pdgh1

Rq wkh rwkhu kdqg/ rqh pxvw eh dzduh wkdw hyhq frqvlghulqj ixqfwlrqv zlwk d ehkdylru vlplodu wr y�> li
rqh wulhv wr �w wklv ixqfwlrq wr j� dorqj vrph gluhfwlrq/ �wwlqj wkh gdwd rxwvlgh 
> zh pd| jhw ixqfwlrqv
wkdw duh doprvw lghqwlfdo wr j� exw wkhlu dqdo|wlf h{whqvlrq lqvlgh 
 lv frpsohwho| gl�huhqw/ hyhq li zh wdnh
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d odujh qxpehu ri srlqwv rxwvlgh 
= Wklv ihdwxuh lv frpsohwho| hylghqw lq Iljxuh 81d,/ zkhuh zh sorwwhg wkh
fruuhfw vroxwlrq +juh| olqh, dqg wkh dssur{lpdwh vroxwlrq +eodfn olqh,1 Hyhq li wkhvh wzr ixqfwlrqv doprvw
frlqflgh lq wkh srlqwv rq wkh olqh rxwvlgh 
> zkhq wkhlu ehkdylru lqvlgh wkh grpdlq 
 lv frpsohwho| gl�huhqw/
frpsurplvlqj wkh orfdwlrq ri wkh mxps1 Lq Iljxuh 81e, zh sorwwhg wkh uhvxow ri wkh uhfrqvwuxfwlrq ri d fudfn

� @ i+� 6
43 . w

5 . 6w
; vlq+w,>� 6

43 . w
7, = w 5 ^3> 4`j>

xvlqj d vlpsoh surfhgxuh edvhg rq wkh dssur{lpdwlrq ri j� e| glsroh ixqfwlrqv uhvwulfwhg dorqj yhuwlfdo olqhv1
Wkh uhvxow doorzv/ lq wklv fdvh/ wr lghqwli| wkh }rqh ri wkh fudfn/ exw wkh uhfrqvwuxfwlrq lv txlwh srru dqg frxog
eh hyhq plvohdglqj1

Ghvslwh wklv idfw/ furvvlqj wklv urxjk lqirupdwlrq zlwk wkh nqrzohgjh ri wkh dssur{lpdwh gluhfwlrq ri wkh
fudfn/ ghdow lq wkh suhylrxv sdudjudsk/ zh duh deoh wr gh�qh dq dssur{lpdwh frq�jxudwlrq ri wkh fudfn1 Lw
vx!fhv wr uhpdun wkdw li zh grlqj wkh uhfrqvwuxfwlrq dorqj yhuwlfdo olqhv/ wkh mxpsv zloo dsshdu lq wkh yhuwlfdo
olqhv wkdw furvv wkh fudfn +hyhq li wkhvh mxpsv duh qrw fruuhfwo| sodfhg,1 Wklv gh�qhv d vhjphqw wkdw jlyhv dq
dssur{lpdwh orfdwlrq ri wkh doprvw  dw fudfn1
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Iljxuh 81 Gl!fxowlhv zlwk wkh dqdo|wlf h{whqvlrq1

XVLQJ FUDFNOHWV
Li rqh xvhv rqo| slhfhzlvh frqvwdqw ghqvlwlhv/ zh jhw y� dssur{lpdwhg e|

yk+{, @
q[

l>m@4
tlm
]
�lm

Cq|J+{> |,g| @
q[

l>m@4
tlm�lm+{,>

zkhuh wr wkh ixqfwlrqv �lm zh fdoo fudfnohwv1
Iru lqvwdqfh/ lq wkh 5G fdvh/ rqh fdq h{solflwo| fdofxodwh wkh ixqfwlrqv zlwk dq hohphqwdu| fudfn � @

^+3> 3,> +4> 3,`=
Lq idfw/ jlyhq wkh hohphqwdu| fudfnohw ixqfwlrq

�+{, @
] 4

3
C|5J+{> |,g|4 @ dufwdq+4� {4

{5 , . dufwdq+{4{5 ,>

zh fdq gh�qh dq| fudfnohw �^d>e` rq wkh vhjphqw ^+d4> d5,> +e4> e5,` e|

�^d>e`+{, @ dufwdq++e4 � d4,5 . +e5 � d5,5 � +{� d4,+e4 � d4,� +| � d5,+e5 � d5,
+| � d5,+e4 � d4,� +{� d4,+e5 � d5, ,

. dufwdq++{� d4,+e4 � d4,� +| � d5,+e5 � d5,
+| � d5,+e4 � d4,� +{� d4,+e5 � d5, ,=

Plqlpl}dwlrq dojrulwkp wr �qg rqh vlqjoh fudfn
Jlyhq dq xqnqrzq fudfn � lqvlgh d grpdlq 
> zh wdnh d glvfuhwh vhw ri gdwd srlqwv jlyhq e| wkh srlqw0vrxufh

uhflsurflw| jds fdofxodwlrq/
G @ i+{l> j�+{l,, = {l 5 �
Fj=

:



Li zh dvvxph wkdw wkh fudfn lv doprvw  dw/ wkhq lw pdnhv vrph vhqvh wr dssurdfk wklv gdwd e| qrqolqhdu ohdvw
vtxduhv xvlqj wkh fudfnohwv �^d>e`=Wkh vlpsohvw dssurdfk lq wklv frqwh{w lv wr plqlpl}h ixqfwlrqv ri wkh irup

�f+{, @ dufwdq+f3 � f4 � f5{4 � f6{5
f7 . f8{4 . f9{5 , . dufwdq+f4 . f5{4 . f6{5

f7 . f8{4 . f9{5 ,

vxfk wkdw f @ +f3> ===> f9, plqlpl}hv
T�+f, @

[
l
mj�+{l,� �f+{l,m5=

Wkh sdudphwhuv f3> ===> f9 zloo eh jlyhq e| d vwdqgdug qrqolqhdu plqlpl}dwlrq dojrulwkp +zh xvhg wkh urxwlqh
QrqolqhduIlw iurp Pdwkhpdwlfd0Zroiudp Uhvhdufk,11

H{dpsoh 71
Zh fkhfnhg wkh uhvxowv whvwlqj iru wkuhh gl�huhqw fudfnv lq 
 @`� 4> 4^5=

�4 @ i+� 6
43 . w

5 . 6w
; vlq+w,>� 6

43 . w
7, = w 5 ^3> 4`j>

�5 @ i+�4
5 . w

7 vlq+7w,>�4
5 . w

5, = w 5 ^3> 4`j>
�6 @ i48+�7 . 9w. 6 frv+7w,> 7� 9w, = w 5 ^3> 4`j=

Lq Iljxuh 9 zh sorwwhg wkh �hogv �f wkdw plqlpl}hv T�n+f,> xvlqj :8 udqgrp srlqwv sorwwhg lq ^�6> 6`5q�
=
Dowkrxjk wkh uhfrqvwuxfwlrq duh qrw jrrg +zh rewdlqhg d eljjhu mxps lqvwhdg ri d odujhu fudfn,/ wklv jlyhv
qrw rqo| wkh lghd ri wkh orfdwlrq ri wkh fudfn/ exw dovr wkh rulhqwdwlrq/ zklfk dovr frq�up wkh uhvxowv rewdlqhg
lq wkh suhylrxv sdudjudsk zkloh wdnlqj wkh plqlpxp ri mj�m +vhh Iljxuh 91f,1 Lq wkh odvw slfwxuh zh dovr wrrn
d 8( udqgrp qrlvh1
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Iljxuh 91 Ghqvlw| sorwv ri wkh �wwlqj iru wkh fudfnv �4> �5> �6 +uhvshfwlyho|,1
Lq wklv h{dpsoh zh rqo| xvhg d vlqjoh vwdqgdug  x{1 Lw lv fohdu wkdw rwkhu  x{hv pd| loxplqdwh pruh rqh

vlgh ri wkh fudfn wkdq wkh rwkhu1 Wklv vlpsoh uhfrqvwuxfwlrq zloo vhdufk iru wkh prvw cloxplqdwhg sduw*/ zkhuh
wkh mxps lv eljjhu1 E| frqvlghulqj rwkhu  x{hv zh h{shfw wkdw vhyhudo sruwlrqv ri wkh fudfn pd| eh uhyhdohg1
Wkh vxp ri doo wkrvh lqirupdwlrqv pd| uhyhdo d ehwwhu uhfrqvwuxfwlrq ri wkh vkdsh ri wkh fudfn1

FRQFOXVLRQV
l, Wkh srlqw0vrxufh uhflsurflw| jds ixqfwlrq doorzv wr �owhu uhohydqw lqirupdwlrq/ qrw rqo| e| ydqlvklqj

qrlvh exw dovr ehfdxvh lw �owhuv wkh kduprqlf frqwulexwlrq wkdw lw lv qrw uhohydqw iru fudfn ghwhfwlrq1
ll, Lq wkh fdvh ri doprvw  dw fudfnv/ wkh olqh iru zklfk mj�m lv plqlpdo pd| doorz wkh lghqwl�fdwlrq ri wkh

pdlq gluhfwlrq ri wkh fudfn/ surylghg wkh  x{ +ru vhyhudo  x{hv, lv zhoo fkrvhq1
lll, Wkh xvh ri d fudfnohw doorzv wkh lghqwl�fdwlrq ri wkh }rqh zkhuh wkh fudfn olhv dqg lwv pdlq gluhfwlrq1
H{whqvlrqv/ xvlqj vhyhudo fudfnohwv pd| ohdg wr wkh ghwhfwlrq ri vhyhudo fudfnv1

;



Zh qrwh djdlq wkdw doo wkhvh uhfrqvwuxfwlrqv zhuh pdgh xvlqj d vlqjoh  x{
Dfnqrzohgjphqwv= Wklv zrun zdv sduwldoo| vxssruwhg e| d surmhfw LFFWL+Sruwxjdo,2 VHUVW+Wxqlvld,/ e| VHUVW

zlwklq wkh ODE0VWL035/ dqg e| surmhfw IFW0SRFWL067:682<< +Sruwxjdo,1
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