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Fduorv M1 V1 Doyhv/ Euxqr Shuhlud/ Shgur Vhuudqkr
Ghsduwdphqwr gh Pdwhp�dwlfd dqg Fhqwur gh Pdwhp�dwlfd Dsolfdgd/

Lqvwlwxwr Vxshulru W�hfqlfr/
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Zh suhvhqw vhyhudo vlpxodwlrqv ri wkh dpsolwxgh vfdwwhuhg e| dfrxvwlf fudfnv
lq wkh uhvrqdqfh uhjlrq1 Wkh uhvxowv duh rewdlqhg zlwk d erxqgdu| hohphqw
phwkrg dssolhg wr d yduldwlrqdo irupxodwlrq ghulyhg iurp wkh grxeoh od|hu
srwhqwldo1 Vlpxodwlrqv rq wkh idu �hog sdwwhuqv doorz wr fkdudfwhul}h vrph
lqirupdwlrq rq wkh vkdsh ri wkh vfdwwhulqj revwdfoh1 Zh lqfoxgh wkh fdvh ri
qrq sodqdu fudfnv lq wkh wkuhh glphqvlrqdo fdvh/ suhvhqwlqj vhyhudo h{dpsohv
zkhuh lw ehfrphv fohdu wkh jrrg frqyhujhqfh ri wkh phwkrg1 Pruhryhu/ zh
vkrz wkdw hyhq zlwk vsduvh phvkhv wkh phwkrg lv deoh wr jlyh d joredo
ihdwxuh ri wkh idu �hog sdwwhuq ri wkh vfdwwhuhg zdyh�

� W?|hL_�U|�L?

Dfrxvwlf dqg hodvwlf vfdwwhulqj e| fudfnv lv dq rog lvvxh/ zlwk pdq| ds0
solfdwlrqv lq lqgxvwuldo sureohpv/ iru lqvwdqfh/ wkh ghwhfwlrq ri fudfnv lq
pdwhuldov1 Hduo| zrunv e| Erxzndps^8` dqg Mrqhv^<`/ lq wkh dfrxvwlf fdvh/
wulhg wr vroyh wklv sureohp1 Lq whupv ri lqwhjudo htxdwlrqv/ wkh gl�fxow| lv wr
h{suhvv wkh h{whulru grpdlq sureohp lq whupv ri dq lqwhjudo htxdwlrq zlwk d
qrq k|shuvlqjxodu nhuqho1 Iluvw dwwhpswv frqvlghuhg rqo| vlpsoh jhrphwulhv/
pdlqo| shqq|0vkdshg �dw fudfnv1

D zd| wr ghdo zlwk wklv sureohp zdv wr xvh dqdo|wlfdo vhulhv ghyhors0
phqwv1 Wklv zdv grqh rqo| pdq| |hduv odwhu iru wkh hodvwlf shqq|0vkdshg
fudfn e| Pduwlq dqg Zlfnkdp ^43`1 Lw zdv rqo| diwhuzdugv wkdw vrph
whfkqltxhv wr uhjxodul}h wkh sureohp +dqg wkhq xvh froorfdwlrq phwkrgv,
zhuh dssolhg +hj1^44`/ ^7`,/ exw doo qxphulfdo vlpxodwlrqv dydlodeoh vwloo ghdow



zlwk vlpsoh jhrphwulhv dqg �dw fudfnv1 Edvhg rq d yduldwlrqdo irupxodwlrq
phwkrg dqg wkh jrrg qxphulfdo surshuwlhv suryhg e| Kd Gxrqj ^:`/ lq ^4`
qxphulfdo vlpxodwlrqv zhuh �uvw suhvhqwhg iru sodqh fudfnv ri duelwudu| jh0
rphwulhv dqg frpsdulvrqv zlwk suhylrxv phwkrgv zhuh pdgh1 Krzhyhu/ lq
^4`/ wkh phwkrg zdv uhvwulfwhg wr �dw fudfnv1 Khuh/ edvhg rq wkh yduldwlrqdo
irupxodwlrq ri Kdpgl ^;`/ zh vkrz rxu �uvw uhvxowv h{whqglqj wkh phwkrg
wr wkh fdvh ri qrq �dw fudfnv/ exw rqo| lq dfrxvwlf vfdwwhulqj1

Wkh wh{w lv rujdql}hg dv iroorzv1 Lq wkh qh{w vhfwlrq zh vwdwh wkh sureohp
dqg suhvhqw wkh yduldwlrqdo irupxodwlrq/ wkhq zh urxjko| ghvfuleh wkh qx0
phulfdo surfhgxuh zklfk lv txlwh vlplodu wr wkh lpsohphqwdwlrq ri wkh �qlwh
hohphqw phwkrg lq wzr glphqvlrqdo sureohpv dqg lw zdv douhdg| xvhg lq ^4`1
Lq wkh odvw vhfwlrq zh suhvhqw vhyhudo qxphulfdo h{dpsohv dqg frqyhujhqfh
whvwv wkdw doorz wr frqfoxgh wkh jrrg shuirupdqfh ri wkh EIHP +erxqgdu|
�qlwh hohphqw phwkrg,1
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Zh frqvlghu wkh wlph0kduprqlf vfdwwhulqj sureohp lq wkh uhvrqdqfh iuhtxhq0
flhv1 Ohw � eh dq| vrxqg0kdug fudfn dqg wdnh dq dfrxvwlf lqflghqw sodqh
zdyh ri wkh irup

xlqf+{, @ hln{�g>

zkhuh g 5 V5> lv dq xqlwdu| gluhfwlrq wkdw ghwhuplqhv wkh gluhfwlrq ri surs0
djdwlrq ri wkh dfrxvwlf zdyh zlwk dq| iuhtxhqf| +ru zdyhqxpehu, n A 3=
Khuh zh duh lqwhuhvwhg lq wkh fdvh ri uhvrqdqfh iuhtxhqflhv/ wkdw fdq qrw eh
ghdow zlwk wkh dv|pswrwlf ehkdylru rq n> khuh wkh zdyhohqjwk kdv glphq0
vlrqv frpsdudeoh wr wkh fudfn lwvhoi1

Wkh vfdwwhuhg zdyh x yhul�hv wkh Khopkrow} htxdwlrq/ dqg zh kdyh wkh
h{whulru grpdlq sureohp

;

?

=

�x. n5x @ 3 lq U
6q�

Cqx @ �Cqx
lqf rq �

Cux� lnx @ r+u�4, zkhq u @ m{m $ 4

zkhuh wkh odvw frqglwlrq lv wkh Vrpphuihog udgldwlrq frqglwlrq1 Lw lv zhoo
nqrzq wkdw wkh ehkdylru ri wkh vfdwwhuhg zdyh fdq eh ghvfulehg e| wkh
dv|pswrwlf uhodwlrq
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m{m 5 V5> dqg x4 lv dq dqdo|wlf ixqfwlrq zlwk frpsoh{ ydoxhv

gh�qhg rq wkh xqlwdu| vskhuh V5> fdoohg idu �hog sdwwhuq1
Wkh vroxwlrq ri wklv sureohp fdq eh jlyhq lq whupv ri d grxeoh od|hu

srwhqwldo +h1j1^9`,
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zkhuh � lv wkh ixqgdphqwdo vroxwlrq ri wkh Khopkrow} htxdwlrq jlyhq e|
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33 +�, lv d ghqvlw| fdoohg fudfn rshqlqj glvsodfhphqw +FRG,1

Wklv FRG lv wkh mxps ri wkh vroxwlrq rq �> lh1 * @ ^x` @ x� � x.> zkhuh
x� dqg x. duh wkh wudfhv ri wkh vroxwlrq dffruglqj wr d suhvfulehg qrupdo
rulhqwdwlrq1 Wkh h�hfw ri wklv duelwudu| rulhqwdwlrq lv fdqfhoohg e| wkh vljq
ri wkh qrupdo ghulydwlyh lq irupxod +4,1

Uhpdunv=

� Qrwh wkdw wkh vlqjoh od|hu uhsuhvhqwdwlrq suhvhqwv d sureohp lq wkh
fudfn vlwxdwlrq/ vlqfh rqh dvvxphv wkh vdph uhvsrqvh lq erwk vlghv ri wkh
fudfn dqg wkhuhiruh wkhuh lv qr mxps xvlqj wkh wudfhv ri wkh qrupdo ghulyd0
wlyh1 Wkxv/ wkh xqnqrzq ghqvlw| xvhg lq vlqjoh od|hu irupxodwlrq/ zklfk lv
jlyhq e| wkh mxps ri wkh wudfhv ri wkh qrupdo ghulydwlyh/ lv qrw dssursuldwh1

� Rq wkh rwkhu kdqg/ wkh wudfh ri wkh grxeoh od|hu srwhqwldo lv jlyhq e|
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dqg li rqh wulhv wr xvh wkh froorfdwlrq phwkrg/ rqh vkrxog �qg d zd| wr
dyrlg wkh k|shuvlqjxodu nhuqho/ vlqfh
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lv qrw lqwhjudeoh lq wkh xvxdo vhqvh1
D zd| wr ghdo zlwk wklv sureohp lv wr xvh dqdo|wlfdo vhulhv ghyhorsphqwv/

wkdw zrun rqo| iru vlpsoh jhrphwulhv +h1j1 ^<`/ ^43`/ ^45`,/ wr uhjxodul}h wkh
sureohp dqg wkhq xvh froorfdwlrq phwkrgv +h1j1^44`/ ^7`,/ ru wr xvh yduldwlrqdo
irupxodwlrq phwkrgv + ^:` dqg ^4`, Wkh �uvw qxphulfdo uhvxowv frpsdulqj
wkhvh dssurdfkhv/ lq wkh hodvwlf fdvh/ zhuh pdgh lq ^4`/ iru vlpsoh jhrphwulhv
+shqq|0vkdshg ru hoolswlfdo �dw fudfnv/ vlqfh qr rwkhu uhvxowv zhuh dydlodeoh,/
vkrzlqj fohduo| wkh dgydqwdjhv ri wkh yduldwlrqdo irupxodwlrq +gxh wr wkh fr0
huflyhqhvv ri wkh vhvtxlolqhdu irup,1 Lq ^4` rwkhu jhrphwulhv zhuh frqvlghuhg/
exw wkh lpsohphqwdwlrq ri wkh phwkrg zdv uhvwulfwhg wr �dw fudfnv1

Krzhyhu wkh yduldwlrqdo sureohp rq wkh erxqgdu| +fi1 Kdpgl ^;`, dovr

krogv iru qrq �dw fudfnv/ dqg zh pxvw uhwulhyh wkh ghqvlw| * 5 K
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iru doo whvw ixqfwlrqv # 5 K
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33 +�,= Qrwh wkdw fxuo�* vwdqgv iru wkh vxuidfh
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zkhuh �* lv d frqvwdqw h{whqvlrq ri * dorqj wkh qrupdo gluhfwlrq1 Dovr/ wkh
duelwudu| vljq ri wkh qrupdo gluhfwlrqv q{ grhv qrw d�hfw wkh vhvtxlolqhdu
irupxod lq +6,1

Lq wklv zd| lw lv srvvleoh wr dyrlg wkh k|shuvlqjxodu nhuqho/ ehfdxvh zh
rqo| kdyh �+{ � |,> vlqfh wkh ghulydwlyhv zhuh wudqvihuuhg wr wkh ghqvlw|
dqg wr wkh whvw ixqfwlrqv1 Qrwh wkdw u�* lv zhoo gh�qhg vlqfh * 5 K4@5+�,
dqg iru uhjxodu fudfnv +zlwk qr fruqhuv, rqh fdq h{whqg lw orfdoo| lqwr d
�* 5 K4+$,> zkhuh $ lv d 6G0qhljkerukrrg ri �=

Zh pd| surfhhg zlwk wkh glvfuhwl}dwlrq xvlqj d �qlwh erxqgdu| hohphqw
phwkrg +hj1 ^4`,1
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Wkh surfhgxuh lv txlwh vlplodu wr wkh fodvvlfdo �qlwh hohphqw phwkrg rq
5G1 Dv xvxdo zh kdyh wr wdnh lqwr dffrxqw wzr w|shv ri huuruv1 Wkh huuruv
gxh wr wkh glvfuhwl}dwlrq ri wkh jhrphwu| dqg wkh huuruv lqkhuhqw wr wkh
dssur{lpdwlrq e| lqwhusrodwlrq lq d �qlwh glphqvlrqdo vsdfh1

Zh zloo frqvlghu fudfnv gh�qhg e| d uhjxodu ixqfwlrq rq T> +iru vlpsolf0
lw|/ d vtxduh rq U

5,> l1h1=

� @ i+{�> i+{�,,> zlwk i = T $ U j>

zkhuh {� @ +{4> {5, 5 U
5= Wkh vprrwkqhvv ri wkh ixqfwlrq i gh�qhv wkh

vprrwkqhvv ri wkh vxuidfh �> dqg zh zloo eh rqo| ghdolqj zlwk F4 vxuidfhv/
dowkrxjk iru wkh sxusrvh ri glvfuhwl}dwlrq zh zloo wdnh d slhfhzlvh olqhdu
vxuidfhv/ gh�qhg e| wkh wuldqjohv

Wn @
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zkhuh {�nl duh srlqwv lq d 5G wuldqjxodu phvk gh�qhg rq T dqg nl vwdqgv
iru wkh uhsuhvhqwdwlrq lq joredo qxphudwlrq rq wkh qrgh l lq wkh wuldqjoh n=

Wklv zd| zh gh�qh d slhfhzlvh wuldqjxodu �k @ ^nWn vxuidfh dssur{l0
pdwlqj �> zkhuh k vwdqgv iru wkh pd{lpdo gldphwhu ri wkh wuldqjohv Wn=

Qrwh wkdw wkh phvk rq T grhv qrw h{sruw lwv surshuwlhv wr �k= Iru
lqvwdqfh/ d vwhhs ixqfwlrq i pd| wudqvirup d uhjxodu wuldqjoh �n rq T lqwr
d kxjh/ ru hyhq doprvw ghjhqhudwhg/ wuldqjoh Wn @ i+�n,=

Lq wkh uhjxodu phvk zh frqvlghu olqhdu Odjudqjh �qlwh hohphqwv/ ydqlvk0
lqj rq wkh erxqgdu| ri �k> wkhuhiruh wkhvh whvw ixqfwlrqv duh lq wkh vsdfh

K
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Lq Iljxuh 4 zh sorw dq h{dpsoh ri wuldqjxodwlrq iru d qrq �dw fudfn1 �
+uhpdun wkdw hdfk lqwhulru qrgh kdv vl{ dgmdfhqw wuldqjohv,1 Wklv wuldqjx0
odwlrq zdv edvhg rq d uhjxodu phvk exlow rq T @ ^�4> 4`5 dqg dssurdfkhv
� zlwk dq huuru ri R+k5,= Wzr ri wkh fruqhuv duh vxssuhvvhg/ wr nhhs wkh
frqyhqlhqw ihdwxuh ri kdylqj vl{ dgmdfhqw wuldqjohv shu lqwhulru qrgh1 Wkh
vxssuhvvlrq ri wkhvh wzr fruqhuv kdv d plqlpdo h�hfw rq wkh dssur{lpdwlrq/
iru qrq vwhhs i> ehfdxvh wkh ixqfwlrq * ydqlvkhv rq wkh erughu ri �> dqg
wkhuhiruh wkdw frqwulexwlrq lv qrw txlwh vljql�fdqw1
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Zh gr qrw jr lqwr ixuwkhu ghwdlov rq wkh glvfuhwl}dwlrq surfhgxuh/ wkh
uhdghu fdq �qg vlplodu whfkqltxhv lq ^4`/ iru wkh fdvh ri hodvwlf �dw fudfnv/
wkdw fdq eh dgdswhg wr wklv sureohp1 Zh mxvw phqwlrq wkdw wkh surfhgxuh
frqvlvwv lq fdofxodwlqj wkh grxeoh lqwhjudo rq wkh vhvtxlolqhdu irup dv wkh
vxp ri grxeoh lqwhjudwlrqv rq wkh wuldqjohv/ gl�huhqwldwlqj wzr fdvhv=

+l, Qrq dgmdfhqw wuldqjohv :�$ zh frqvlghu vlpsoh qxphulfdo lqwhjudwlrq
lq erwk lqwhjudov xvlqj lqwhulru Jdxvv srlqwv1

+ll, Dgmdfhqw wuldqjohv :�$ zh frqvlghu d qxphulfdo lqwhjudwlrq rq wkh
�uvw lqwhjudo dqg dq dqdo|wlfdo lqwhjudwlrq ri
]
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khuh * dqg # duh wr eh xqghuvwrrg dv wkh edvlv ixqfwlrqv/ dqg |l lv d Jdxvv
srlqw rq wkh dgmdfhqw wuldqjoh1 Qrwh wkdw lw pd| eh wkh vdph dqg wklv
lpsolhv |l 5 Wm = Lq idfw/ vlqfh zh duh frqvlghulqj lqwhulru Jdxvv srlqwv/ wkh
rqo| sureohp duulyhv zkhq zh duh lqwhjudwlqj rq wkh vdph wuldqjoh1 Wkh
rwkhu dgmdfhqw fdvhv pd| eh fdofxodwhg qxphulfdoo|1 Prvw ri wkh fdofxodwlrq
wlph lv vshqw zlwk wkh qrq wulyldo dqdo|wlfdo fdofxodwlrq1

Ilqdoo|/ kdylqj * dssurdfkhg e| wkh olqhdu frpelqdwlrq ri wkh edvlv
ixqfwlrqv +zlwk frh�flhqwv jlyhq e| wkh vroxwlrq ri wkh vwl� v|vwhp,/ zh
pd| fdofxodwh dq dssur{lpdwlrq ri wkh idu �hog sdwwhuq e| wkh irupxod
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xvlqj qxphulfdo lqwhjudwlrq zlwk wkh edvlv ixqfwlrqv1
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Zh frqvlghuhg vlpsoh whvwv wr fkhfn wkh shuirupdqfh ri wkh phwkrg1 Iluvw
ri doo zh vkrxog vwdwh wkdw wkh uhvxowv rewdlqhg e| wkh phwkrg dssolhg iru
�dw fudfnv olnh lq ^4` frlqflgh zlwk wkh fdvh fudfnv lq duelwudu| sodqhv1 Wklv
zdv d edvlf/ exw hvvhqwldo whvw/ vlqfh qr rwkhu uhvxowv zhuh dydlodeoh iru qrq
�dw fudfnv1

H{dpsoh 41 Zh frqvlghuhg dq lqflghqw sodqh zdyh zlwk gluhfwlrq g @
+3> 3>�4, dqg n @ 9= Wkh fudfn lv jlyhq e| i+{4> {5, @
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Lq Iljxuh 51d, zh sorwwhg wkh phvk1 Zh xvhg ;4 lqwhulru srlqwv lq T @
^3> 4`5> zlwk kT @ 3=4> qrwlflqj wkdw wklv jlyhv d uhdvrqdeoh v|vwhp zlwk ;4
frpsoh{ xqnqrzqv/ exw/ dv srlqwhg rxw ehiruh/ prvw ri wkh frpsxwdwlrq
wlph lv wdnhq rq wkh dqdo|wlf hydoxdwlrq ri wkh vlqjxodu sduw ri wkh lqwhjudov1
Rqh vkrxog dovr uhpdun wkdw/ lq zdyh vfdwwhulqj/ zh fdq qrw h{shfw d jrrg
dssur{lpdwlrq xqohvv wkh zdyhohqjwk lv irxu wlphv eljjhu wkdq wkh glvwdqfh
ehwzhhq wkh qrghv/ l1h1 xvxdoo| rqh vkrxog wdnh n ? �

5k = Lq rxu fdvh/ vlqfh
k � 3=4:> wkh ydoxh n @ 9 lv lqvlgh wkh olplw ri wklv hpslulf fulwhuld1 Lq
Iljxuh 51e, zh sorwwhg wkh prgxoxv ydoxh iru wkh FRG/ lq hdfk lqwhulru
qrgh/ l1h1 zh sorwwhg wkh olvw ri m*+{l,m=

Lq Iljxuh 6/ zh sorwwhg wzr gl�huhqw 6G ylhzv ri wkh idu �hog sdwwhuq
jhqhudwhg e| wkh vfdwwhuhg zdyh1 Wkhvh slfwxuhv zhuh pdgh xvlqj wkh Olvw0

VxuidfhSorw6G urxwlqh riPdwkhpdwlfd f�> edvhg rq dq dghtxdwh olvw ri ydoxhv
jlyhq e| rxu Iruwudq <3 frgh1 Zh sorwwhg wkh devroxwh ydoxhv ri wkh idu �hog/
l1h1 mx4+a{,m> iru 69�69 srlqwv rq wkh vxuidfh ri wkh xqlwdu| vskhuh1 Zh pd|
qrwlfh wkh elj orev surgxfhg e| wkh uh�hfwlrq dqg uhiudfwlrq ri wkh zdyh rq
wkh fudfn1 Wkh uhiudfwlrq ore lv vlplodu wr wkh rqh wkdw zh kdyh lq wkh �dw
fudfnv vlwxdwlrq/ exw d vlplodu uh�hfwlrq ore lv qr orqjhu suhvhqw1 Wkh uh�hf0
wlrq ore vhhpv wr eh pruh d�hfwhg e| wkh vkdsh ri wkh fudfn/ dqg zh uhpdun
wkh suhvhqfh ri reoltxh orev wkdw djuhhv zlwk jhrphwulf ud| vlpsol�fdwlrq
iru kljk iuhtxhqflhv1

Zh dovr zrxog olnh wr phqwlrq wkdw lq wklv vlwxdwlrq zh qr orqjhu kdyh
qxoo idu �hog fxwv1 Wklv zdv d sduwlfxodu ihdwxuh ri sodqh fudfn vfdwwhulqj1



Dv lw zdv suryhg lq ^5` dqg ^6`/ wkh qxoo idu �hog fxwv duh d xqltxh ihdwxuh
ri fudfnv dqg wkh| doorz wr lghqwli| wkh sodqh ri wkh fudfn1 Krzhyhu rqh
qrwlfhv vpdoo idu �hog ydoxhv lq d srvvleoh sodqh dssur{lpdwlrq ri wkh fudfn/
dv h{shfwhg1
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H{dpsoh 51

Zh frqvlghuhg d fudfn gh�qhg rqT @ ^�4> 4`�^�3=8> 3=8` dqg i+{4> {5, @
{4{5 dqg d sodqh lqflghqw zdyh zlwk g @ 4s

5
+�4> 3>�4,=
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Lq Iljxuh 7 zh sorw wkh phvk dqg wzr ylhzv ri wkh idu �hog sdwwhuq/
xvlqj wkh vdph n @ 9> dqg wkh vdph qxpehu ri qrghv dv lq H{dpsoh 41
Zlwk wklv lqflghqfh gluhfwlrq/ zh pd| vhh wkdw wkh idu �hog sdwwhuq kdv dq
lq�xhqfh ri wkh ud| wudmhfwrulhv dqg lw lv dovr lq�xhqfhg e| wkh fxuydwxuhv



ri wkh fudfn +vhh wkh odvw slfwxuh lq Iljxuh 7,1 Wkh idu �hog sdwwhuq lv pxfk
pruh frpsoh{ lq wkh fdvh ri qrq �dw fudfnv/ zklfk lv shuihfwo| qdwxudo vlqfh
lw vkrxog iroorz wkh jhrphwu| ri wkh vkdsh1 Qrwh wkdw lw lv wklv ihdwxuh wkdw
doorzv wkh lghqwl�fdwlrq ri wkh fudfn xvlqj lqyhuvh sureohp whfkqltxhv1
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Li lq Iljxuh 7 zh wrrn d phvk zlwk ;4 lqwhulru srlqwv/ zklfk jdyh k �
3=5:> qrz/ lq Iljxuh 8/ zh sorw wkh vdph h{shulphqw iru ohvv srlqwv1 Zh
wrrn 58 lqwhulru srlqwv/ fruuhvsrqglqj wr k � 3=7:= Dv rqh pd| vhh wkh
uhvxowv duh doprvw lghqwlfdo lq ylvxdo whupv1 Wklv sxwv rxw wkh jrrg ehkdylru
ri wkh erxqgdu| yduldwlrqdo irupxodwlrq phwkrg xvlqj �qlwh hohphqwv/ lq
frqyhujhqfh whvwv1

e�� �L?�ih}i?Ui Ait|t

Lq Iljxuh 9 zh sorwwhg wkh frqyhujhqfh whvw iru wkh fudfn dqg gdwd suhvfulehg
lq H{dpsoh 41

Zh wrrn iru dssur{lpdwlrqv
� < lqwhulru srlqwv/ zlwk k @ 3=75 +gdvkhg wklq olqh,/
� 58 lqwhulru srlqwv/ zlwk k @ 3=5; +wklq olqh,/
� 7< srlqwv/ zlwk k @ 3=54 +gdvkhg wklfn olqh,/
� ;4 srlqwv/ zlwk k @ 3=4: +wklfn olqh,
Zh fdq fohduo| vhh wkh jrrg frqyhujhqfh udwh ri wkh dssur{lpdwlrqv1

Hyhq wkh �uvw dssur{lpdwlrq jlyhv d jrrg sruwudlw ri wkh joredo ehkdylru
ri wkh vroxwlrq1 Ri frxuvh/ li rqh zdqwv wr jhw ghwdlohg sur�ohv/ wkhq wkh
qxpehu ri srlqwv pxvw eh lqfuhdvhg1 Wklv vrphkrz djuhhv zlwk d srvvleoh
urxjk dssur{lpdwlrq ri wkh vkdsh ri wkh fudfn xvlqj d uhjxodul}dwlrq ri d
qrlv| idu �hog sdwwhuq gdwd1 Lq idfw/ rqh pd| vhh wkh idu �hog jhqhudwhg e|
wklv urxjk dssur{lpdwlrq dv wkh frqvhtxhqfh ri uhjxodul}lqj qrlvh wkdw zdv



dgghg wr wkh idu �hog ri wkh ruljlqdo vkdsh1
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Lq Iljxuh : zh suhvhqw wkh vdph whvw/ zlwk wkh vlqjoh gl�huhqfh wkdw zh

xvhg n @ < dqg dq lqflghqfh gluhfwlrq g @ +45 > 3>
�s6
5 ,= Wkh frqvlghudwlrqv

pdgh iru wkh suhylrxv fdvh dovr dsso| khuh 0 pdlqo|/ wkhuh lv d jrrg frqyhu0
jhqfh udwh1 Pruhryhu/ zh fdq vhh wkdw wkhuh lv d frqqhfwlrq ehwzhhq vpdoo
ydoxhv ri wkh idu �hog sdwwhuq dqg d srvvleoh sodqh dssur{lpdwlrq wr wkh qrq
sodqdu fudfn/ vlqfh wkh vkdsh ri wkh fudfn frxog eh urxjko| dssur{lpdwhg
e| wkh sodqh gh�qhg e| {6 @ 4

5{4 �
4
45 dqg lw lv lq wklv gluhfwlrq wkdw wkh

fxw ri wkh idu �hog suhvhqwv wkh vpdoohu devroxwh ydoxhv1
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� Frqfoxvlrqv

Zh pd| frqfoxgh wkdw d jrrg zd| ri irupxodwlqj wkh fudfn vfdwwhulqj
sureohp lq whupv ri wkh grxeoh od|hu srwhqwldo zlwk frqwlqxrxv Qhxpdqq
gdwd rq erwk vlghv ri wkh erxqgdu| lv wr xvh d yduldwlrqdo irupxodwlrq rq wkh
vxuidfh dqg diwhuzdugv wr dsso| d qxphulfdo uhvroxwlrq xvlqj d erxqgdu|
�qlwh hohphqw phwkrg rq wkh fudfn vxuidfh1 Wklv surylghv dq h{fhoohqw
phwkrg wr dyrlg wkh k|shuvlqjxodulw| zklfk lv dovr vwdeoh dqg frqyhujhv idvw1
Pruhryhu urxjk dssur{lpdwlrqv zlwk d vpdoo qxpehu ri srlqwv doorz d idluo|
jrrg suhylhz ri wkh joredo ehkdylru ri wkh idu �hog sdwwhuq1 Dssolfdwlrqv
wr fudfn ghwhfwlrq iroorz iurp wkh zrunv lq ^4`/ ^5` dqg pruh jhqhudoo| xvlqj
wkh phwkrgv ghvfulehg lq ^9`1 Dq h{whqvlrq ri wklv frgh wr wkh hodvwlf fudfn
vlwxdwlrq lv fxuuhqwo| ehlqj pdgh1
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