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Abstract

In this work we show that the algebraic method used in [4] can be applied to retrieve
the positions and intensities of elastic point sources inside a bounded domain {2 using one
boundary observation. The algebraic method allows to identify completely the number,
location and intensity of all sources.

1 Introduction

In this work we address the problem of retrieving the location and intensities of point sources,
inside an homogeneous elastic body, using a single boundary measurement. As an application
we can refer the detection of the magnitudes and hypocenters of several small internal sources
inside the elastic body.

Several authors have also addressed this type of source problems in the static and transient
cases (e.g. [1], [3], [4], [5], [6]).

Here we propose to extend to the elastic static case an algebraic method that was developed
in [4] and applied to scalar potential problems. The extension to the transient case, following
[5], is in progress.

2 Detection of point sources in an elastic medium

We will use the notation A* = div(V*) and 9fu = V*u-n, where V* stands for the stress
tensor,
[V*u]ij = /\diV(U)(SZ’j + ,u(aiuj + Bjuz)

noticing that A*u =pAu+ (A4 p)VV - u.

Consider Q ¢ R? (with d = 2 or d = 3), to be a bounded open domain with regular border
I' =Ty UT'y, where I'g is a part of the boundary where we can measure the data. The aim is
to find the intensity and location of dipole sources, a set S = {s1, ..., sxy}, which is known to be
inside 2. We consider two situations:

(1) Dirichlet boundary condition on T.
Measuring f = 0} u on I'y, the elastic displacement u verifies

—A*u = ch\le apds, in Q
u=20 on T’ (1)
opu="* on I'y
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(ii) Neumann boundary condition on T.
Measuring f = u on I'y, the elastic displacement u verifies

~Afu=Naid, inQ
Jru=20 on T’ (2)
u="~f on I'y

In both situations, our aim is to find the locations s; and the intensities a;. The constant
vectors ay stand for the unknown intensities associated to each point source location s;. We will
also write

N
F = Z als, = adg. (3)
k=1

It is clear that the associated direct problems have a well defined solution. Take, for instance,
the Dirichlet case. We can decompose u = v + w, where v verifies

—A*v = adg, in the whole R%.

Therefore, using ®, the fundamental tensor of elasticity equation (Kelvin’s solution),

1 (A—&-Su 5ij + At ﬂﬂilj) in R3
)

2
(I)z'j (lB) _ 1671 \x|>\+3)\+2u A2u |x\ ’ . (4)
i (552 10g( 4oy + £ ), in R?

we explicitly get the solution

N

v(z) = P x (adg) = Z P(x — s)ag.
k=1

Now, taking w verifying

()

—-W =V onT

{—A*w:@ in Q

which is a well posed problem (the data v on the boundary has the same regularity as the
boundary), we get w € H'(Q2)%.
It is now clear that u = v + w verifies

—A*u=adg in
u=20 on I’

and the solution of the Dirichlet problem (i) is well defined.

The same argument can be used for the Neumann case (ii).

3 Identifiability

We will now prove that the locations and intensities of point sources are uniquely determined
by a single measurement taken in the boundary part T'y.

Theorem 1 . A source F (3) is uniquely determined by a single measurement f.

Proof. Assume that u; and ug are solutions of the problem (P) that produce the same

displacement f on I'y, for different values of non null intensities aggm) and locations s,(gm), with



m = 1,2 (respectively). The number of sources can also be different, we will denote them by
N7 and No, respectively.
It follows that v = u; — us is null on I'g and unknown in Q2. We will prove that v =0 in (.
For that purpose we consider v extended by zero outside Q, and v it is known to be the
unique solution of the problem

—A*v = Zl]qul ay0s, in €,
oyv =20 onT,
v=_0 on FO, (7)

when |z| — co.

V(m):{ O(log(|z])), if d=2
Oo(lz|71), ifd=3

where a; and s; are defined in a way such that

al X 1) 32 (2)
Doards, = ap i — Y ay i (8)
k=1 k=1 k k=1 k

holds, ie. we reorder the terms in the difference, and we now must prove that the remaining ay
are null.

It is well known that the solution of the problem (7) is an analytic function in X = R%\(I'; U
S1 U Sy), given by

N
v(z) = g::l ®(z — sp)ag + /1“1 9, ®(x — y)[v](y)dsy,

where ® is the fundamental tensor of the elasticity equation (note that 9;® is a matrix), and
[v] is the jump of v on T';.

Since v =0 in (2)<, we must have v =0 in X. Now, defining

N
w(z) =v(z)— | 05z —y)[V](y)dsy = Y B(x — si)a, 9)
Iy k=1

w is analytic in R%\(S; U S). If we take z — s, in one hand we have
w(z) = = [ 000~y Vs,
1

which converges to a finite limit, and on the other hand

N
w(z) = Z O(z — sp)ag
k=1

explodes, unless a; = 0. This means that the sources and the intensities coincide. o

Remark: The same analysis can be made for the Dirichlet case (i).

4 Recovery of the point sources

We assume that I'g = I, and take for instance the Neumann case (ii), introducing the reciprocity
gap functional,

R(V):/@’;u-vds—/a;;vuds:—/8;;v~fds (10)
r r r
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(the dot in these formulas stands for the scalar product in R?). Using Betti’s formula,
R(v) :/ A*u-vdm—/ uwA*vdz.
Q Q

and we now choose v such that A*v = 0 in . Thus,

N N
R(v) = / (Z ayls, ) vdr = Z ay - v(sg), Vv € H, (11)
k= k=1

where H = {v € (H'(Q))¢: A*v = 0}.

The question is now to obtain simple functions in H such that a simple algebraic calculation
allows to retrieve the locations and the intensities of the point sources. For this purpose, we
must introduce appropriated test functions in the 2-dimensional and in the 3-dimensional cases.

It is important to note that these test functions have no physical meaning, they are used only
for auxiliary calculus purposes, and this allows us to consider functions with complex values. In
the following, if v = vi+ivy then a-v =a- vi+i(a- va).

4.1 Test functions

Consider the following function w defined in R3 with complex values (in C?),
wp(z,y,2) = (z+iy)’ 1 1 0T

one can see that it verifies the elasticity equation. We will use this type of functions wy, as test
functions, having

N
R(wp) = Z ay, - Wp(s) = Z aﬁc(s;)p

where a), =ag 1+ ago 1, and s, = sp1+ Sg21.

Take M > N, a bound for the maximum number of sources inside 2. We now define the
complex matrices
(s)™ e ()"
A, = : : ,

(sll)m—i—M_l (SEV)m+M_1 MxN

which are Vandermonde-like matrices if all s}, are assumed to be different (see Remark 1).
Consider by, to be the complex vector defined by

N
b = Za;(sﬁc)j, with j =m,..m+ M —1
k=1

and let a’ be the complex vector a’ = (af, ..., d)y).

e We first notice that
b, = A,a’, and A1 = A,,,S,

where S is the diagonal matrix defined by S =diag(sf, ..., sy)-

Thus, we conclude that A,,+1 = A;S™ and therefore b,, = A¢gS™a.



Lemma 1 . Let B = [by,...,by—1] be a matriz M x M. We have rank(B) = N.

Proof. We have bg = Aga/,...,by; ; = AgSM~1a’, which means that they are all images of Ay,
an M x N matrix, and therefore rank(B) < N.
We now prove that by, ...,by_1 are linear independent. Suppose that

N-1 N-1 N-1
0= cmbm= > cmAgS™a'=Ag Y c,S"a’.

Since the N x N diagonal submatrix of Ay is a Vandermonde matrix, it is clear that it is
invertible and this implies

N-1 N-1
(Z cmS™)a’=0 and thus Z cmS™ =0,
m=0

m=0

because we assume ag- = 0, for all j. The diagonal matrices
S™ = diag((s})", .. (sh)™)

can be understood as the lines of a Vandermonde matrix and therefore this implies ¢,,, = 0, for
alm=0,...,.N — 1. o

4.2 Determination of source points and their intensities.

We can easily derive the following relation
b1 = AgS™ a'= AgSA; AgS™a'= AgSA by,

It is clear that the matrix T = AgSA ! is similar to S and therefore the eigenvalues of T are
exactly s}, ..., s’y. Therefore it suffices to construct T to obtain the location of the source points
S},

The values of a’ are obtained by solving the linear system, by = Aga’.

Remarks: (i) We may assume all s, to be different. Notice that the distinct points
(sk)1<k<ny may have non distinct projections (s} )i<k<n on the xOy-plane. We only get a
part of the information — the projection points that are distinct, and the projections of the
intensities, that are not null.

Actually, it is finite the number of planes that violate that distinction condition for projec-
tion of (ag,sk). Thus it is not a very restricted assumption to suppose that we have chosen a
coordinate system such that the projections (s},) of (s;) on Oy are distinct, and such that the
vectors aj, are not null.

In fact, we may assume that the number IV of sources is known. We then choose a coordinate
system such that the number N’ of (s}) coincides with N.

(ii) Since there is no problem with projections, the 2D case is obviously simpler, and the
same analysis can be made, with full recovery.

Recovering the third components

We now assume that (a}, s},) have been determined, and we look for the missing information
(ar.3,5k3)-

Note that some a3 may be null or some sj 3 may coincide.



If we suppose that for the other coordinate planes xOz and yOz the distinction condition
for projection is also verified then the recovery is completed.
However we will use that assumption. We take a function

w(z,y,2) =2wp(z,y,2) =z(x+iy)P [1 1 0] T
and then
N N
R(w) = ap -w(sp) =Y apses(si)”.
k=1 k=1
The matrix Ag = [(s},)? gp=1..n is invertible and R(w) = Apz where z is the vector

[a},5k 3]k=1,..~. Thus, since aj, # 0, the sj 3 are determined. To obtain the values ay 3 it suffices
to consider
w(t,y,2) = (z+iyl’ [001]7,

since then

N
R(w) = Z akz,3(8;c)p
k=1

and the (ax3) are obtained by (Ag) 'R(w).
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