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Summary

Density results obtained on the boundary of the obsta
le using some spe
i�
 sets of point-sour
es

allow a further justi�
ation on the possible lo
ation of those points while 
onsidering the implementation

of the method of fundamental solutions. Numeri
al examples are presented for admissible and non-

admissible sets of point-sour
es.

Introdu
tion

The method of fundamental solutions (MFS) is a quite straightforward method that allows to ap-

proa
h the solution of partial di�erential equations whenever a fundamental solution is known. Although

there are quite old referen
es to this method, more re
ently a new breath was given to this approa
h

(e.g. [1℄, [2℄, [3℄, [4℄). The method has two antagoni
 features, in one hand 
omputational implementa-

tion is quite simple and it is a meshless method, on the other hand, there are some serious diÆ
ulties

with ill 
onditioning.

The method 
onsists in taking an arti�
ial domain

^


 with boundary

^

� outside the domain 
 where

the point sour
es will be lo
ated. In previous referen
es this set

^


 was usually taken to in
lude 
; the

main goal of this work is to 
onsider other possibilities, justifying the 
hoi
es of sets based on density

results.

In the following, we will 
onsider Diri
hlet problems for the Lapla
e and Helmholtz equations, but

as shown in the referen
es, extensions to other equations and boundaries are also possible.

A density result

We will keep ourselves to the two dimensional 
ase, however this analysis 
an be 
arried in the three

dimensional 
ase.

Let 
 � R

2

be a bounded 
onne
ted domain with regular boundary � and 
onsider the Diri
hlet

problem for the Helmholtz equation (or Lapla
e, if k = 0);

(P )

(

(� + k

2

)u = 0 in 


u = g on �:



A fundamental solution � of the Helmholtz equation veri�es (� + k

2

)� = �Æ; where Æ stands for the

Dira
 delta distribution. There are two distin
t possibilities of fundamental solutions if k > 0;

�(x) =

i

4

H

(1)

0

(kjxj) or

�

�(x) = �

i

4

H

(2)

0

(kjxj);

(where H

(1;2)

0

are H�ankel fun
tions) but also the 
onvex 
ombinations �� + (1� �)

�

� are fundamental

solutions (in the 
ase k = 0 they are resumed to �(x) = �

1

2�

log(jxj); however one usually takes � sin
e

it veri�es the Sommerfeld radiation 
ondition, ie. one usually 
onsider outgoing waves. This di�eren
e

between the possible fundamental solutions is only signi�
ant when we deal with the exterior problem.

Given a 
onne
ted bounded domain 
; with boundary � we will now introdu
e a 
lass of asso
iated

arti�
ial sour
e sets, ea
h one of them 
an be used afterwards in the numeri
al method.

De�nition 1. If one of the following 
onditions is veri�ed we will say that

^

� is an admissible sour
e

set asso
iated to �:

i)

^

� is the boundary of an open set

^


 that 
ontains 
:

ii)

^

� is the boundary of an open set

^


 � R

3

n

�


:

iii)

^

� is an open set of �

^


; with

^


 as de�ned in i) or ii), but assuming also that �

^


 is an analyti


surfa
e.

iv)

^

� is an open set of �

^


; where �

^


 is an in�nite analyti
 surfa
e that 
uts R

3

in two unbounded

domains,

^


 and R

3

n

^


 � �: We must ensure also that there exists an open set Q in S

2

(the unitary

sphere) of dire
tions su
h that � x̂ 2 B for all x̂ 2 Q; � > �; for some � > 0: One possibility is when �

^




is a plane.

Furthermore, in the 
ase ii) we will assume that k

2

is not an eigenvalue of the interior Diri
hlet

problem

(

(� + k

2

)u = 0 in

^


;

u = 0 on

^

�:

The following density results have been established (
f. [5℄, [6℄).

Theorem 1. If

^

� is an admissible sour
e set asso
iated to � then the set

S(�;

^

�) = span

n

�(x� y)

jx2�

: y 2

^

�

o

is dense in L

2

(�); provided k

2

is not a spurious frequen
y for the Diri
hlet interior problem in 
.

Proof. The proof in [5℄ 
an be easily extended to the 
ase k = 0; the other 
ases were already proven

in [5℄ and [6℄. 2

We now present an example to show that in other situations this density result is no longer true.

Example 1. Consider 
 = B(0; 1) and

^

� = fy 2 R

2

: y

1

= 0; y

2

2 [a; b℄g;with jbj > jaj > 1:

A

ording to de�nition 1, this is not an admissible arti�
ial set asso
iated to � = �
; be
ause the

analyti
 extension of the line

^

� 
rosses �:

In this 
ase density is not possible, be
ause �(x� y) = �(x

�

� y) for y 2

^

�; where x

�

= (�x

1

; x

2

):

This is true for the fundamental solutions, depending only on jx � yj; sin
e it is quite obvious that

jx� yj = j(x

1

; x

2

� y

2

)j = j(�x

1

; x

2

� y

2

)j = jx

�

� yj:

Therefore, in this 
ase, any fun
tion f 2 S(�;

^

�) will verify f(x) = f(x

�

) and this ex
ludes the

possibility of approa
hing data on � that is not symmetri
 to the y-axis. 2



Remark 1. In the 
ase of Helmholtz equation there is also a density result (e.g. [7℄) stating that

span

n

(e

ikx:y

)

jx2�

: y 2 �B(0; 1)

o

is dense in L

2

(�)

(still providing that k

2

is not a spurious frequen
y).

Conne
tion with the MFS

The previous result shows that if it is possible to approa
h the boundary 
ondition g with a 
ombi-

nation of point sour
es �(x� y); with y 2

^

�; and this allows to approa
h the solution of problem (P),

be
ause �(x� y) are in fa
t solutions of the Helmholtz equation in 
:

In fa
t the density result shows that there exists a sequen
e of fun
tions u

n

;

u

n

(x) =

n

X

k=1

�

n;k

�(x� y

n;k

);

that 
onverges to u

j�

= g in L

2

(�): These fun
tions are 
learly solutions of the Helmholtz equation, and

therefore the well posedness of (P) implies u

n

j

�

! uj

�

) u

n

j




! uj




:

We will 
hoose a �nite set of points y

1

; :::; y

m

in

^

� and from the de�nition of S(�;

^

�); we now 
onsider

a �nite m dimensional fun
tion spa
e

S

m

(�;

^

�) = spanf�(x� y

k

)j

�

: y

k

2

^

�; (k = 1; :::; m)g

We 
an now use the two di�erent approa
hes to the MFS that lead to an approximation of u;

~u(x) =

m

X

j=1

�

j

�(x� y

j

):

The 
oeÆ
ients �

j

are usually 
al
ulated by:

(i) Collo
ation. Imposition of the boundary 
ondition using m points x

i

2 �; requiring that

m

X

j=1

�

j

�(x

i

� y

j

) = g(x

i

):

by solving the m�m system [�(x

i

; y

j

)℄[�

j

℄ = [g

i

℄:

(ii) Dis
rete Least-Squares. Here we 
an use more points X

M

= fx

1

; :::; x

M

g � �; with M > m; and

we pro
eed 
onsidering the minimisation of



















m

X

j=1

�

j

�(x

i

� y

j

)� g(x

i

)



















l

2

(X

M

)

using a standard least-squares approximation on l

2

(X

M

):

Remark 2. One other possible way, is to 
onsider a 
ontinuous least-squares approa
h, using an

integration over �: This would have the advantage of keeping ourselves to the theoreti
al result on

L

2

(�); but would mean integration over the boundary... loosing some simpli
ity of the meshless method.

Remark 3. Both methods are also possible for the exterior problem, sin
e the 
hosen fundamental

solution presents the appropriated asymptoti
 behaviour. In this 
ase the 
hoi
e of sour
e sets should



still obey 
onditions similar to (i), (iii) in De�nition 1, ie.

^

� must be the boundary (or part of an

analyti
 boundary) of a

^


 � 





(assuming that 





is 
onne
ted).

Remark 4. The ill posedness of these methods 
an be understood if we see them as the result of a

dis
retisation of a �rst kind Fredholm integral equation, from the single layer potential representation

(L�)(x) =

Z

^

�

�(y)�(x� y)ds

y

= g(x):

The integral operator L is 
ompa
t in L

2

(

^

�) and the inversion is therefore an ill-posed problem (
f.

[4℄). The MFS is in some extent more general (� is not ne
essarily a fun
tion, it 
an be a sum of Dira


distributions), otherwise we would be restri
ted to analyti
 data, sin
e L� is an analyti
 fun
tion if

� 2 L

2

(

^

�):

Numeri
al results

We start by showing numeri
al results on a peanut shape boundary, 
onsidering four di�erent types

of sour
e sets

^

�

k

= fy 2 R

2

: y

1

= a

k

; y

2

2 [b

k

; b

k

+ 2�℄g; with :

(i) a

1

= 0; b

1

= 12; (ii) a

2

= 3; b

2

= 12; (iii) a

3

= 6; b

3

= 3; (iv) a

3

= 12; b

4

= 3:

The peanut shape and the four sour
e sets are plotted in �gure 1. In �gures 2 and 3 we present some

results for the approximation of the boundary 
ondition fun
tion, 
onsidering a 
ollo
ation method of

fundamental solutions, using m = 10; 20 and 50 
ollo
ation points (the thi
kest line represents the

exa
t fun
tion, whi
h is �((x

1

; x

2

)� (5; 5))j

�

).
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Figure 1: Peanut domain and the four di�erent sour
e lines.

In �gure 2 one 
an see high instabilities for the sour
e sets

^

�

1

and

^

�

2

, somehow expe
ted, sin
e the

density result fails (

^

�

1

is the 
ase presented in example 1). On the other hand, in �gure 3, the high

instabilities vanish for the sour
e sets

^

�

3

and

^

�

4

; where the density result holds. This di�eren
e is not


onne
ted with the distan
e between the sour
e set and the boundary.

In �gures 4 and 5 we 
an see the same problem for sour
e sets

^

�

1

and

^

�

2

(repe
tively), now using

Helmholtz equation and a dis
rete least-squares approa
h. We took the wavenumber k = 3 and plotted

the real values of the solution on the boundary (Figure 4 and 5, on the left) and on an interior line (the

line on the x-axis: Figures 4 and 5, on the right). The dashed line 
orresponds to the approximation
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Figure 2: High instabilities for

^

�

1

and

^

�

2

.
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Figure 3: Approximation for

^

�

3

and

^

�

4

.


onsidering m = 20 and M = 100: In this 
ase there are no high instabilities... due to the use of least-

squares, but the di�eren
e is quite 
lear. For the sour
e sets

^

�

3

and

^

�

4

the results are very good, giving

absolute errors inferior to 10

�6

(...therefore we did not plot them). Finally, in �gure 6, we plot the

approximation in the peanut using an exterior 
ir
le �B((3; 3); 1) as the lo
ation of the sour
e points.

The results are also quite good, with absolute errors inferior to 10

�7

:
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Figure 4: Helmholtz equation { MFS using least-squares on

^

�

1

.
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