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os;

Email: gpires�math.ist.utl.pt

ABSTRACT

We 
onsider the inverse obsta
le problem of identifying sound-soft plane s
reens. For spher-

i
al in
ident waves and for quite general s
atterers we use the integral representation of the

s
attered �eld and a theoreti
al result is established in order to distinguish plane sound-soft

s
reens from other obsta
les. The s
attered �eld is the solution of the Helmholtz equation

satisfying Diri
hlet boundary 
onditions and the Sommerfeld radiation 
ondition. A 
on-

sequen
e of this result is the presentation of a 
riterium for the lo
ation and identi�
ation

of su
h s
reens. Numeri
al simulations are presented to illustrate these results.
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INTRODUCTION

Identifying the shape of an obje
t by means of the �eld pattern of a
ousti
 waves, s
attered

by the obje
t, has been studied from di�erent points of view. The book of Colton and Kress

[5℄ gives a good overview of the subje
t and appli
ations in industry as well.

In this text we derive a theoreti
al result for distinguishing plane sound soft s
reens from

other obsta
les, a 
ounterpart of the results obtained in [4℄ (for sound hard 
ra
ks) and

in [2℄ (for plane in
ident waves and far �eld measurements). The main purpose is the

inverse obsta
le problem of identifying sound-soft plane s
reens and to present 
riteria for

their lo
ation, allowing several possibilities of sets of lo
al measurements and of in
ident

point-sour
es.

In the usual framework, this problem is solved 
onsidering the measurement of the far �eld

amplitude generated by in
ident plane waves (e.g. [2℄, [5℄, [7℄).



ACOUSTIC SCATTERING IN THE NEAR FIELD

We 
onsider a
ousti
 s
attering by an obsta
le � with regular boundary in a three dimen-

sional spa
e. � 
an be the boundary of a round shape 
 or an admissible s
reen. We de�ne

admissible s
reens to be open subsets of the Lips
hitz boundary of an open set in R

3

:

The problem 
onsists of determining the solution u of the Helmholtz equation (with

wavenumber k > 0) satisfying Diri
hlet boundary 
onditions and the Sommerfeld radi-

ation 
ondition, i.e.

8

>

<

>

:

(� + k

2

)u = 0 in R

3

n

�


;

u = �u

in


on �;

�

r

u� iku = o(

1

r

); when r = jxj ! 1;

(1)

(when the obsta
le is a s
reen,

�


 should be repla
ed by �): The well posedness of this

problem has been established for round shapes 
 (e.g.[5℄) and for admissible s
reens � (
f.

[8℄).

The asymptoti
 expansion of the s
attered wave u is given by

u(x) =

e

ikjxj

jxj

u

1

(x̂) +O(

1

jxj

2

)

where x̂ =

x

jxj

and u

1

is an analyti
 fun
tion, 
alled far �eld amplitude, de�ned on the

unit sphere. The usual framework of this problem is to 
onsider in
ident plane waves with

dire
tion d; u

in


(x) = e

ikx:d

and to measure u

1

: In [2℄, Alves and Ha-Duong present an

overview of the developments of this framework and establish 
riteria to distinguish the

far-�eld of plane s
reens from others.

Here we will be interested in in
ident point sour
es, given by the fundamental solution of

the Helmholtz equation, �(x) =

e

ikjxj

4�jxj

;i.e. we take u

in


(x) = �(x � y); whi
h we will also


all spheri
al in
ident wave 
entered on y; and, at the same time, we will 
onsider lo
al

measurements of the s
attered �eld.

We will 
onsider point-sour
es lo
ated (
entered) on an admissible set � (also 
alled sour
e

set) de�ned by one of the following 
onditions (
f. [4℄):

i) � is the border of an open set S that 
ontains �: (see Fig. 1).

ii) � is the border of an open set S in R

3

n� (k

2

is not an eigenvalue of the interior

Diri
hlet problem). (see Fig. 1).

iii) � is an open set of �S; with S as de�ned in i) or ii), assuming that �S is an analyti


surfa
e. (see Fig. 1).

iv) � is an open set of �S; where �S is an analyti
 surfa
e that 
utsR

3

in two unbounded

domains, S and

�

S




� �:We will be mainly interested in the 
ase when �S is a plane.

(see Fig. 2).
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Fig. 1: The sour
e set and the s
atterer.
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Fig. 2: Plane sour
e set .

If we 
onsider a sour
e set � around the obsta
le, for instan
e a sphere with suÆ
iently

large radius, ea
h spheri
al in
ident wave 
entered in y 
an be viewed asymptoti
ally as

an in
ident plane wave with dire
tion �ŷ: Therefore, the asymptoti
 approa
h (e.g. [2℄)

assumes that both the sour
e set and the observation set (the set of points where the

measurements take pla
e) are lo
ated far away from the obsta
le. As a 
onsequen
e other

possibilities we want to 
onsider here are ex
luded (see also [4℄).

SOFT SCREEN DETECTION

In the following, u(x; y) will denote the amplitude (measured at a point x) of the wave

s
attered by the obje
t (with boundary �) after the in
iden
e of a spheri
al wave 
entered

on y: The measurements will be taken on an admissible set � whi
h may 
oin
ide with �:

In the 
ase of sound-hard obsta
les we 
an identify a plane 
ra
k from other shapes, using

spheri
al in
ident waves and near �eld measurements, sin
e the s
attered �eld vanishes on

the plane of the 
ra
k (see [4℄). This is the 
ase sin
e the s
attered �eld 
an be expressed

by the double layer potential

u(x; y) =

Z

�

 (z)

��

�n

(x� z) ds

z

=

Z

�

 (z)n �

x� z

jx� zj

(

1

jx� zj

� ik)�(x� z)ds

z

with  = [u℄; the jump of the �eld a
ross �: For x on the plane of the 
ra
k we have

n � (x� z) = 0:

In [2℄, by 
onsidering in
ident plane waves and far �eld measurements, a 
ondition on



the tangential derivative of the far �eld was obtained whi
h was used to distinguish plane

s
reens from other obsta
les.

In the 
ase of sound-soft obsta
les the s
attered �eld is given by the single layer potential,

u(x; y) =

Z

�

 (z)�(x � z) ds

z

; (2)

with  = [�

n

u℄ 2 H

�1=2

(�); the jump of the normal derivative a
ross �:

In this work, using spheri
al in
ident waves, we establish a 
ondition on the derivatives

of the near �eld from whi
h we derive 
riteria for identi�
ation and lo
ation of sound-soft

plane s
reens. In fa
t, using (2) we obtain, for some �xed ve
tor n;

n � r

1

u(x; y) =

Z

�

 (z)n:r

x

�(x� z) ds

z

; (3)

where r

1

stands for the gradient with respe
t to the �rst three variables. Note that

n � r

x

�(x� z) = n �

x� z

jx� zj

(

1

jx� zj

� ik)�(x� z): (4)

Thus if n ? (x� z) we get n �r

1

u(x; y) = 0: This is the 
ase of plane s
reens if we assume

that the observation point x is taken on the plane of the 
ra
k.

We will now prove that this situation o

urs only for plane s
reens. We begin by stating

a density lemma whi
h 
an be proved in a similar way as for density lemmas presented in

[1℄, [4℄ where su
h results were used to prove uniqueness for the inverse obsta
le problem

for spheri
al in
ident waves.

Lemma. Let B be an open set with Lips
hitz boundary su
h that k

2

is not an eigenvalue

of the interior Diri
hlet problem in B: Consider any 
 � �B; and take � an admissible

sour
e-set. Then

F(
) = spanf�(x� y)

j


: y 2 �g

is dense in H

�1=2

(
):

Theorem. Consider � an admissible sour
e set and � an admissible boundary (of a round

obje
t or a s
reen), su
h that � \ S = ;: There exists x

�

and a ve
tor n su
h that

n�r

1

u(x

�

; y) = 0 for all y 2 �; if and only if � is a s
reen on �; the orthogonal plane to

n de�ned by x

�

:

Proof. The ne
essary 
ondition is 
lear from (3) and (4). Suppose now there is a point

w 2 �; w =2 �; then there exists a neighborhood V

w

of w that does not interse
t �: By

the previous lemma F(�) is dense in H

�1=2

(�) and by the well-posedness of the Diri
hlet

problem (if k

2

is not an eigenvalue of the interior Diri
hlet problem in 
); we 
an produ
e

an in
ident �eld u

in


on � su
h that there is a fun
tion  with support equal to V

w

; and

then

n � r

x

u(x) =

Z

�

 (z)n � r

x

�(x� z) ds

z

=

Z

V

w

 (z)n � r

x

�(x� z) ds

z

6= 0 (x 2 �n�) (5)


hoosing a small V

w

; be
ause  6= 0 in V

w

and x 2 �: When k

2

is an eigenfun
tion of the

interior Diri
hlet problem in 
; we 
an follow the same steps of [2℄ using a mixed potential

representation.



Corollary. If � is a sound-soft s
reen on the plane � then there exist three points y

1

; y

2

; y

3

in � su
h that

detM(x) = det(r

1

u(x; y

1

);r

1

u(x; y

2

);r

1

u(x; y

3

)) = 0; (x 2 �n�):

Moreover, for a su
h x

�

2 �n� we have dim(ker(M(x

�

))) = 1 and therefore the plane �


an be identi�ed by x

�

and by the normal ve
tor n solution of M(x

�

)n = 0:

Proof. The �rst part is a dire
t 
onsequen
e of the ne
essary 
ondition of the theo-

rem, be
ause we have n�r

1

u(x

�

; y) = 0 for all y 2 � whi
h implies that the ve
tors

r

1

u(x

�

; y

1

);r

1

u(x

�

; y

2

);r

1

u(x

�

; y

3

) lie on the plane � and therefore they 
an not be lin-

ear independent. Suppose now that the dimension of the kernel is never equal to one.

Then for arbitrary y

1

; y

2

; y

3

2 � there exist two linear independent ve
tors n; m su
h

that n�r

1

u(x; y

i

) = 0;m�r

1

u(x; y

i

) = 0; and this implies by the suÆ
ient 
ondition of

the theorem that � should be a s
reen on a plane � orthogonal to n and to m whi
h is

impossible.

Remark. The re
ipro
ity relation u(x; y) = u(y; x) for all x; y 2 R

3

n� implies that

r

1

u(x; y) = r

2

u(y; x); and this allows to establish a 
riterium where the roles in the

previous results are inter
hanged. For instan
e, in the 
orollary, y

1

; y

2

; y

3

will be measure-

ment points and x

�

will be a point-sour
e.

NUMERICAL SIMULATIONS

To derive a numeri
al approximation of the wave s
attered by a plane s
reen, we use a

boundary �nite element method (as in [3℄ for the Neumann 
ase), applying the variational

formulation of the single layer potential on H

�1=2

(�) (see [6℄),

Z

�

Z

�

�(x� y) (x)

�

�(y)ds

x

ds

y

=

Z

�

�u

in


(x)

�

�(x) ds

x

: (6)

The density  is approximated using a �nite element method on the boundary � � R

2

�f0g:

The s
attered �eld is then given by the single layer potential (2), using the approximation

~

 :

In Fig. 3 we present the s
attered �eld generated by a plane s
reen

� = f(x; y; 0) : x

2

+ y

2

< 1g:

We remark that this is an axisymmetri
 problem and therefore we negle
t the y axis. An

in
ident spheri
al wave 
entered on (3; 0; 3) and wavenumber k = 6 is 
onsidered.

To 
he
k the ne
essary 
riterium established for �nding the lo
ation of the plane of the

s
reen, we 
onsidered several situations.

Only two sour
e points are 
onsidered (instead of three as stated in the 
orollary) be
ause

of the axisymmetri
 feature of �: We measure det(M(x)) for x 2 �; where� is a line that


onne
ts the two points x

1

and x

2

; and M(x) = (ru(x; y

1

);ru(x; y

2

)): We noti
e that if

no axisymmetri
 feature o

urs we should 
onsider � to be a part of a plane.

The following experiments were 
onsidered:
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Fig. 3: Plot of ju(x; y)j for �xed y = (3; 0; 3); k = 6.

i) Fig. 4

Sour
e points: y

1

= (�3; 0; 3) and y

2

= (3; 0; 3):

Measurement line: x

1

= (5; 0;�5) and x

2

= (3; 0; 3)

ii) Fig. 6

Sour
e points: y

1

= (�3; 0; 3) and y

2

= (3; 0; 3):

Measurement line: x

1

= (�6; 0; 2) and x

2

= (4; 0; 2)

iii) Fig. 8

Sour
e points: y

1

= (3; 0; 3) and y

2

= (4; 0; 4):

Measurement line: x

1

= (2; 0; 4) and x

2

= (2; 0;�4)

iv) Fig. 10

Sour
e points: y

1

= (3; 0; 4) and y

2

= (4; 0; 4):

Measurement line: x

1

= (2; 0; 4) and x

2

= (2; 0;�4)

In Fig. 5, on the left, we plot the graph of (t; j detM(x

1

+ t(x

2

� x

1

))j) for 
ase (i) and we


on�rm that detM(x) = 0 for the only x on the plane of the s
reen. Moreover, in Fig.5,

on the right, we plot the angles made by the ve
tors ru(x; y

1

);ru(x; y

2

) and we 
on�rm

that they 
oin
ide for an angle of zero degrees whi
h 
orresponds to the orientation of the


ra
k.

The same experiment was made in the other 
ases. We now noti
e that in 
ase (ii) (see

Fig. 6) the measurement line does not interse
t the line of the 
ra
k, and therefore the

determinant is not null (Fig. 7, on the left), as predi
ted. However, the determinant 
an

have small values near the edges of the line, sin
e the amplitude de
reases fast. When we

look at the angle variation (Fig. 7, on the right), we see that the graphs are quite di�erent

and never give the angle orientation of the 
ra
k.
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Fig. 4: Case (i). Lo
ation of the s
reen and of the measurement set.
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Fig. 5: Case (i). Plot of the determinant and angle variation.

In �gures Fig. 8 and Fig. 10 we 
onsider two similar experiments (
ases (iii) and (iv),

respe
tively), where the only 
hange was in the position of a sour
e point. In 
ase (iii) the

extension of the line that 
onne
ts the two sour
e points 
rosses the 
ra
k and the values

of the determinant (see Fig. 9, on the left) are ten times lower than in 
ase (iv) (see Fig.

11, on the left), and therefore the two lines of the angle variation plot almost 
oin
ide (see

Fig. 9, on the right), if we 
ompare it with the angle variation on 
ase (iv) (see Fig. 11,

on the right). This high di�eren
e 
an be partially justi�ed, sin
e in 
ase (iv) this line

extension would verify the 
riteria in the de�nition of an admissible sour
e set lo
ation,

whi
h does not happens in 
ase (iii). Of 
ourse, this two points do not mean mu
h of the

all sour
e set �; and if � is not a line, other points 
ould be 
hosen. However, this gives a

good example on the 
hoi
e of the sour
e points.

All this experiments were made without noisy data. There is a diÆ
ulty with noisy data,

-6 -4 -2 2 4

0.5
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1.5
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2.5
3

Fig. 6: Case (ii). Lo
ation of the s
reen and of the measurement set.
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Fig. 7: Case (ii). Plot of the determinant and angle variation.
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Fig. 8: Case (iii). Lo
ation of the s
reen and of the measurement set.

on the 
al
ulation of the derivatives, sin
e no regularity should be expe
ted, that 
an be

dealt with �lter te
hniques. In fa
t, a very simple approa
h it to use the relation

ru(x) =< Æ

x

;ru >

sin
e we 
an approa
h the Dira
 delta on x by a molli�er, or simply by a hat fun
tion, �

x

,

su
h that

ru(x) � � < r�

x

; u > :

However, extra problems are expe
ted with small values of the determinant. This analysis

will be the subje
t of a future work.

0.2 0.4 0.6 0.8 1

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.2 0.4 0.6 0.8 1

10

20

30

40

50

60

70

Fig. 9: Case (iii). Plot of the determinant and angle variation.
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Fig. 10: Case (iv). Lo
ation of the s
reen and of the measurement set.
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Fig. 11: Case (iv). Plot of the determinant and angle variation.
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