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ABSTRACT

We develop Intuitionistic Metric Temporal Logic (IMTL) that ex-
tends prior work on intuitionistic temporal logics in two ways: (1)
it generalizes discrete time to dense time with intervals so it can,
for example, express the duration of signals, and (2) every proof
corresponds to a temporal computation.

Our main technical result is a syntactic proof of cut elimination
for IMTL, which entails logical consistency and ensures that every
proof executes while respecting the flow of time. Cut reductions
in IMTL correspond to temporal interactions, although we do not
fully develop a programming language in this paper.

Beyond the metatheory of IMTL, we illustrate the computational
meaning of IMTL proofs by developing examples and a small case
study where we apply IMTL to well-timed digital circuit design.

CCS CONCEPTS

« Theory of computation — Proof theory; Modal and tem-
poral logics; Constructive mathematics; « Hardware — Static
timing analysis.

1 INTRODUCTION

Temporal logic extends the standard logical connectives with time
operations, allowing logic to describe temporal properties. Dating
back to the seminal work of Pnueli [31] on Linear Temporal Logic
(LTL), temporal modalities enable propositions to state that a prop-
erty A holds at all points in the future, written as [J A, at some point
in the future, & A, or in the next instant, O A.

Computer scientists have successfully applied LTL to a wide
variety of computer science topics, from hardware specification
[6, 28] to proving properties about sequential programs [26].

The semantics of LTL usually comes from an interpretation of
its propositions relative to a model of a temporal system. In this
setting, the notion of time is generally abstract in the sense that
properties concern states that result from discrete (computational)
steps taken by the system under study.

However, in real-world systems, the properties of interest often
require reasoning about real time. To this end, (classical) Metric
Temporal Logic (MTL) [25, 29, 30] is an extension of LTL where
we constrain the usual LTL modalities by temporal intervals. In
MTL, the proposition [I' A denotes that A holds during the entire
interval I instead of over all points in the future and OT A denotes
that A holds somewhere within I. In this dense-time setting, the O
modality does not play a central role, sometimes defined as < or [J
(either one works) indexed by a point (a singleton interval) such as
[6, 6] for a small real § considered the duration of a discrete step.

So far we described classical temporal logic, where the semantics
is an interpretation of propositions over models. In this framework,

we have two components: a model that captures the system of
interest and logical propositions that codify the properties satisfied
by the system.

In this paper, we propose an intuitionistic formulation of metric
temporal logic (IMTL), studied from the perspective of structural
proof theory [17, 32, 33] rather than model theory. Our semantics lies
in the (syntactic) discipline of how propositions are proved rather
than interpreted over an external model.

A characteristic of the intuitionistic approach is that the logic
and the computational model coincide, in the spirit of propositions-
as-types [12, 21]. From a practical standpoint, while the classical
approach is suitable for model checking (a procedure that checks
whether a model acts in accordance to a LTL proposition [3]), the
intuitionistic approach is suitable for temporal computation (actions
through time that realize a proposition while respecting the flow
of time) and, thus, temporal programming. Thus, our main goal for
the design of IMTL is for every proof to correspond to a temporal
computation in this sense.

We introduce a sequent calculus for IMTL and show, as our main
result, a syntactic proof of cut elimination which entails temporal
causality — informally, “future events cannot affect the present”;
and temporal monotonicity, the logical counterpart requirement for
temporal computation, among other metatheorems. Furthermore, it
is possible to extract a temporal computational model from the proof
of cut elimination, although we do not fully develop a programming
language in this paper.

To the best of the authors knowledge, this is the first attempt
to develop an intuitionistic version of MTL, so we compare it with
classical MTLs and other (non-metric) intuitionistic temporal and
modal logics.

Our work shares similarities with intuitionistic versions of LTL
and programming languages with temporal dynamics (more on
Section 5). Arguably the work most related to ours is that of Kojima
and Igarashi [23], who present an LTL sequent calculus that respects
temporal causality and establishes its syntactic cut elimination.
Their calculus, however, does not tackle the meaning of (J and <,
and also proofs do not correlate with temporal computations.

Related work from the type-theoretic side provides accounts
of temporal computation but does not tackle cut elimination at
the same time, therefore not presenting a working logic. Other
comparisons regard Simpson’s seminal work on intuitionistic modal
logic [34] and Davies’ [15] work on intuitionistic temporal logic for
binding-time analysis. In both of these cases, cut elimination holds
but their logics violate temporal causality by allowing proofs to “go
back in time”, in some sense (we explain this in detail in Section 5).

Concretely, our principal contributions are:
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¢ A judgmental account of IMTL based on Martin-Lof’s [27]
approach of distinguishing judgments from propositions
(Section 2);

e A sequent calculus for IMTL whose proofs correspond to
temporal computations (Section 2);

e Formal definitions (and proofs) for temporal causality — re-
quirement for intuitionistic temporal logics — and temporal
monotonicity — requirement for proofs to be temporally
computable (Section 3);

e A syntactical result of cut elimination that entails several
metatheorems including temporal causality and monotonic-
ity (Section 3.3);

o A case study showcasing how IMTL can model well-timed
digital circuits (Section 4);

e A comparison with other temporal and modal logics (Sec-
tion 5);

2 INTUITIONISTIC METRIC TEMPORAL
LOGIC

In this section, we develop IMTL. We start by introducing the basic
judgments and then present the logical connectives individually
with small examples. We then show what kinds of formulas are,
and are not, valid in IMTL. Finally, we define an intuitionistic linear
temporal logic within IMTL for comparison purposes with other
temporal and modal logics.

2.1 Interval Judgment

IMTL builds on the methodology of Martin-Lof [27], in which judg-
ments differ from propositions. We define our logic on top of a basic
interval judgment:

A

A holds during interval [a, b], denoted A [a.b]

for a given proposition A and interval [a, b], starting at a and ending
at b (both possibly negative real numbers), measured relative to
the same reference point. We also write A, for a given interval I,
when referring to the interval limits is unnecessary.

2.2 Arithmetic Constraints

A key feature of IMTL is that our basic temporal judgment A [?]
refers explicitly to real numbers a and b. It is therefore critical to
clarify how we reason about them. We use standard arithmetic
constraints and real number expressions

s=xreal | eg<er | e1<er | e1=e2

| CyACy | L | CiVECy

constraints C

expressions e t=ej+ey | eg—ez | x | (real constants)
and a semantic constraint entailment

QEC,withQ = Cq,Cy,---,Cp

meaning Q entails C in a standard theory of real numbers with
variables (denoted by x in our case). Note that constraints can be

inconsistent, in which case Q £ L, and can also branch into cases,
QECyVCy.

2.3 Temporal Hypothetical Judgment

We develop a temporal sequent where both antecedents and succe-
dent are interval judgments and depend on constraints Q. By the
sequent

Q;TrAlel]

where T = Ay 90011 A, lavbi] o004 lanbnl

we mean that if propositions Ay, Ay, - - -, A, are true during their
respective intervals [a1, b1], [a1, b2], -+, [an, b, then the proof,
which is at time s, realizes A over interval [a, b]. It is useful to think
of the proof as a process at time s that constructs evidence for the
succedent A [%?] from evidence for the antecedents. In many rules
will abbreviate the succedent A [%?] as Y.

Crucially, the collection of rules applicable to a sequent depends
on the present time s, which is how the calculus enforces the appli-
cation of rules only on propositions that are currently available.

A sequent is well-formed when satisfying the condition

QE(s<a)A(a<b)A(ar <by)A(az <by)A---A(an <bp)

where the a; < b; clauses capture the notion that a temporal interval
has to start before it ends and the clause s < a enforces the succe-
dents’ interval to always start after the present time, otherwise, the
proof cannot possibly provide evidence for its succedent without
breaking temporal causality.

Having a well-formedness condition for sequents means we
consider an inference rule well-formed if all premises of the rule
are well-formed, assuming that the conclusion is well-formed. This
“bottom-up” reading of rules is characteristic for many sequent
calculi. We shall maintain this condition implicitly throughout the
paper, only invoking it when necessary.

When the constraints Q are inconsistent we are in an unreach-
able branch of the proof and succeed, echoing the intuitionistic
proof of L O A. As we see in the proof of cut elimination, we are
sometimes in a situation where we have two abstract times u and v,
and Q does not uniquely determine which of these comes first (i.e.,
is smaller). In this case we must split the proof into two branches,
considering the cases u < v and v < u. This is generalized in the
split rule below.

QF L
Q;Try

QECL V(G Q,Cl;FP‘y Q,Cz;rli)/
Q;Try

imposs

split

Example 2.1. The temporal placement of a proof (we denoted
it by s so far) dictates whether antecedents and succedents are
interactable. For example, in the following sequent:



Bssl:i

0 1 2 3 4
Al1031 pl24] 0 4 A Bl23]

the proof lies at time 0, meaning the process it represents can
interact with A while B and A A B are unavailable.

However, proofs as in Example 2.1 would get stuck if there is
no way to interact with future intervals. IMTL does not provide
any direct way to interact with future intervals, but it provides the
structural rule delay that forwards a proof through time.

| I o o

s LU a b

Qe(s<u<a)
Q;realebl

del
Qirealell

This rule is applicable given two conditions. Firstly, Q ks < u
makes it impossible for a proof to go back in time, as it would break
temporal causality. Secondly, Q £ u < a ensures that proofs do
not delay too much and end up ignoring their objective, namely
proving A over the interval [a, b].

Example 2.2 (Use of delay rule). The sequent
Al03] gl24] 0 4 A pl23]

from Example 2.1, cannot advance to instant 2.5, in which case it
fail to output evidence for A from 2 to 2.5. However, it can advance
to time 2, and then interact with B, and A A B.

2.4 Rules of Inference

We present the complete set of IMTL rules in Figure 1. We proceed
by explaining the system of rules in detail. We separate the rules
of weakening and contraction to unclutter the left and right rules
that define the meaning of propositions. As before, we use y as an
arbitrary succedent C¥ for the sake of brevity.

Q;TFEy QT Alel] plabl gy

———weak cntr
Q;TAlell gy QT Alel gy

Our cut and identity rules are straightforward. We usually present
identity as the id rule, with the same interval [a, b] on both sides,
but the more precise definition of identity is id*, which checks
whether both intervals match given constraints.

Qe(a=a)A(b=b") .,
Q ;A[a‘b] PA[(I’})I : Q ;Alu,bl PA[a'J)'] id
Q;nrAalell gipalebley
Q;l"ll“zPy

cut

We justify propositions following the proof-theoretic tradition
[17,32, 33] where the meaning of each proposition (over an interval)

comes directly from its right and left rules. The syntax for IMTL
propositions follows the grammar

AB:x= P|T|L1L|AAB| AVB | ADB
| O(a,b>A | D(a,b>A | <><a,[7>A

with propositional variables P and (real) numbers a and b.

Proof-theoretically, we establish that all right and left rules can-
cel themselves out — a property called harmony. From harmony, we
extract computational meaning and justify the connectives seman-
tically. For now, we postulate harmony through informal discourse,
but our proofs of cut elimination and identity elimination (Section 3)
are formal evidence that the rules are harmonious.

We proceed by separating operations into logical and temporal
and explain them separately.

2.5 Logical Operations as Synchronous Events

Let us start with conjunction: for A A B to hold over an interval
I, both components, A and B, need to hold over the same interval
I. Using a conjunction is the same as having access to the two
components over the same interval I.

Q:rraletl g:pgplel
QNG e AABleY

Q ;F,Ala’b],Bla"bl Ey
Q;I‘,A/\B[”‘b] Fy

AR(?)

AL(?)

However, these rules are too permissive when considering tem-
poral computability. We want both the left and the right rules to
interact synchronously along I, so we shall restrict them to be ap-
plicable only if the sequent is at time a.

Q0 e alalbl o Ty g la.bl
QM ¥ AnBleP]

Q ;F,A[U‘I)I,B[a"bl < Y
Q ;F,A/\Bl('l’bl @ y

AR

AL

Here we present a concise version of the rules, similar to the
identity rule case. By the sequent Q ; Ty Ty ¥ A A BL%0] we denote
QN FAABIOP withQEes =g, reasoning up to equality as
derivable via Q.

All other logical connectives (V, D, T, L) share the same pattern
of requiring the sequent to be at the start of the interval (Q F
present time = a). This is one of the factors that allows us to relate
proofs to temporal computations (more on Section 3).

We emphasize disjunction V because it requires either choice
to be stable during the entire duration of the interval, a different
semantics from the one found in classical MTL:

Q:realel Q:replel]
Q;T¥AvBlY Q:;T¥AvBlY '
Q;r,AleP ey o, Blebl gy

VL
Q:r,AvBletley
Logical connectives represent synchronous events because they
require both sides of the interaction (the one constructing the event
and the one consuming it) to agree on a temporal interval [a, b|
and act/react during its entirety (see Figure 1).



Example 2.3 (Uncurrying). Implication works similar to A, by
requiring the present time to be the start of the interval (refer to
Figure 1). We keep omitting the constraints Q.

C [a,b] e [a,b] id
oL

B [a,b] ¢ B [a,b] id

Alabl @ 4lab] id B> clabl glabl wclab]
A> (B> ) lebl glabl plably clab]
A> (B> C)lebl A Blabl e clab]
A> B> lell v (AaB) > clel]
“E(AD(B>C) > (AAB)>cleb]
£ (AD>(B>C)) > (AAB)>Clel]

oL

AL

delay

2.6 Temporal Connectives

@.b) A is the internalization of the

Our first temporal modality, O
interval judgment as a proposition, in the sense that O{%?) A and
Al2b] both mean “A happens during interval [a, b]”.

As an internalization of the judgment, it is clear that by O(?1-92) A
we mean A 91921 and, stretching the concept to future points in
time, by 091:92) Als:5] e mean A [sto1.5+2:1,

Generally, by 0(91:22) Alab] e mean A [4791:04:] \which sub-
sumes the intuitions above by, formally, adding the endpoints of the
intervals. The intuition is that O(?-%2) A happens at point [a, a]
and then at point [b, b], and continuously at every point [s, s| in
between those, so A happens at point [a + 91, a + d2| and at point
[b+01,b + 92|, and continuously at every point [s + 91, s + d2], re-
sulting in the interval [a + 91, b + 92 ].

QFa+d <b+a
QT A[a+£)1,b+é)gj g y
Q ;F,O<al"92>A|“’bl Ey

QEa+d1 <b+d
Q:TEA [a+d:1,b+0; ]
Q:Tr Ol 4labl

We use a different notation for (9, d2) because it is a differential
(of an interval) rather than an interval, in the sense that 91 < 92
might not hold. While a differential is not an interval, we add a
differential to an interval to retrieve a next interval.

The definition of differential enforces (and we will keep it im-
plicit in our presentation), that both of its components are positive,
(i.e, 91 = 0Ad2 > 0), otherwise O would allow reasoning about past
events and break the causality of time. Note that every interval is a
differential although not every differential is an interval. The use
of differentials enables modeling interesting temporal phenomena
as we will see in Section 4.

Notice how O does not require any of the sides to exchange data.
The meaning of 0(?::22) Alies in the fact both sides know a priori
when they will interact (much like the interval judgment), thus
internalizing interaction over a certain interval, propositionally.

Also, because (91, d») is not an interval, it is not trivial from
the conclusion that [a + d1, b + d2] is an interval, which is why we
need to require the evidence Q E a+9; < b+ d;.

While O(91:92) represents communication over a certain interval,
D<’71 :92) and <><(v)1 :92) represent communications that are uncertain
about their interval of interaction apart from the fact it will happen
somewhere within (91, d,). Here we use the notion of “within” as a

[0,0]

generalization of the notion of subinterval C, extended to account
for differentials.

f . |
el

[

01 € €202 05 ey €1 0y

!

>

(e1, €2) € (01, 92) (01 < €1 < €< 32) 0< duration

V (dr<e <6 <0d1) duration<0

where the first disjunct accounts for the usual subinterval relation
while the second accounts for when a differential is not an interval,
flipping the relations according to the figure.

Producing a [0?*?2) A means being ready to produce A for all
differentials within (91, 9>). Consuming it means choosing some dif-
ferential of interaction within (9, d2). Technically (J R introduces
bounded variables «; and as.

Q, (a1, a2) C{(d,h)Ea+a; <Kb+a
Q, (a1, o) € (91, 3p) ;T ¥ Alaranbraz]

Q:T¥ D<‘7*~‘)Z>A[”’b]
Qra+t <b+0

QE (01, 0) C(01,0,) QT Alertbrll ey
Q ;F,D<‘)'*‘72>A[“”’] < Y

O R

oL

Symmetrically, producing a & (91:92) A means producing A over
some differential within (9, d2) while consuming it means being
ready to interact over all differentials within (91, 9;). Technically,
& L introduces variables a7 and ay.

Qra+tf <b+b
QE (0, 0) C (01, 0,) Q;T ¢ Alartb+t]

R
Q:T¥ <><01.<)2>A[u,b] ©
Q, (o1, a0) C(I1,h)Ea+a; <Sb+ar
Q, (o1, ap) C (01, 0p) T, Alerenbrenl oy & Lo

Q ;r)<><<71-,!71>A[asb] ey

In both sets of rules, (91, d2), (¢1, £2) and (@1, a2 are differentials,
but a; are variables while 9; and ¢; are expressions. Note that [a, b],
la+a1,b+az]| and [a + £1, b + £>| must be intervals, according to
sequent well-formedness (Section 2.3), which is why we have to
add evidences Q Ea+a; <K b+aporQEa+t; < b+t

We can instantiate (@, «2) via an admissible substitution princi-
ple

Q3 [b, /o, ] (T ALY
where [£1, t/a1, 3] (T £ A1%P]) is short for
([[1’[2/0{1’ OCZ]F) |_(\1,.1_7 ay, az]s)
([61, &2 a1, oz A) L1002/ vzl anltnte o ]

The harmony of both [0 and <> is as follows: one side communicates
the interval of interaction (¢, £;) and the other replaces (a1, a2)
for it. Both sides agree, before the communication, that the base



interval of interaction is [ a, b| and that the chosen differential must
be within (91, 92).

The modalities OJ and <> model asynchronous events. Combined
with logical connectives and O, which are synchronous, our logic is
expressive enough to model a wide range of temporal phenomena
while maintaining computational relevance as we will show during
our case study in Section 4.

Example 2.4 (Derivation with [1,{ and O). The situation, de-
picted and described by the derivation below, involves all three
temporal modalities to prove the formula (%1% (A > 0{%% B) >
OB AS OB 023 Bat [0,0]. Weuse Q = (a1, a2) € (3,7).

w
-~
oo-
=
=)

0

id
Q ;O<Z,S>B|m,(x2] e 0(2.3) B [a1,a2] !

id
Q:Alm@] g g laal |
- oL

QA5 02 glanal glanel w o(23) glane]
Q;A> 0% glanel glanelp o@23) gla.el
Q45 0% planal glanal g (3.7 (23) gl0.0]
Q ;D<°~'0>(A S5 0o B) I0~0I’A [ar,2] o <><‘3.7> 023 glo.0]
. ;Dm.m)(A 5 03 B) |0.o|’<><ts.7>A [0,0] o oG o3 [0,0]
. ;Dm,m)(A 5 023 B) [0,0] o <><3.7>A S <><3,7) o023 glo.o]
. D(().l())(A S Ow‘”B) S <><3.7>A 5 <><3,7> of23) gl0.0]

delay

2.7 Examples of IMTL derivations

We say a formula A is valid if it holds at any time and for any
interval:

Aisvalid ifandonlyif -;-¢ Al®l]
In other words, A is valid if it holds for any (reasonable) instant of
time and interval. However, an equivalent way to prove validity is
to check whether A holds during [0, 0] and starting from point 0
(Lemma 2.5)

LEMMA 2.5 (ALTERNATIVE VALIDITY).
Aisvalid ifand onlyif - ;- Al0-0]

PRrOOF (SKETCH). From right to left by substitution. From left to
right, we can construct a derivation that delays from s to a and
then acts as the derivation on the right since IMTL interactions are
constrained by the present time and the start of the interval rather
than its end. This works because validity requires A to not mention
s,aand b. m]

We now proceed by analyzing IMTL valid and not valid proposi-
tions. We also present additional examples of IMTL derivations.

LEMMA 2.6 (IMTL THEOREMS). For generic d and &, unless speci-
fied, the following formulas are valid.
(1) O?(AAB) > (O?AAQ?B)
(2) O°(AAB) > (O°AADO%B)
(3) O(AAB) > (O?ANOIB)
(4) O°(A>B)>0%A>0%B

(5) O°(A>B)>O%A>0O°%B
(6) O°(A>B)>O%4> OB
(7) O°(A>B) > %4> O%B
(8 O°A>0% A for £d Ca
(9) OPAD> Q%A for 9 Ca
(10) Oa OalA ) Oa+a'A
(11) Oa+a/A o) Oa OB'A
Formulas (1), (2) and (3) show that all temporal modalities distribute
over A. Propositions (4), (5), (6) and (7) show how D distributes over
the modalities, given the duality between OO and . Formulas (8) and
(9) clarify the order of strength between the modalities: O entails O,
O entails , and the reverse directions do not hold.

Example 2.7. We show the derivation of proposition (6). We use
the shorthand a = (@1, a») for variables a1 and «ay.
id
oL

@0 A% A% " G Co.B% ¢ B7

@ Cd;ADBY A% ¢ B*

@ CI;ADBY A% B~

@ Ca;(ADB) % A% L OBl
@ca;(A>B)*0%°A" ¢ o2pl00]
. ;<>3(A > B) [0,0]’ 0% A [0.0] 0 O?B [0,0]
. ;<>3(A > B) [0.0] o 024> <>aB [0,0]
5 O%(A5B) > 0%A> B0

The guideline for deriving the sequent is to apply < L first, intro-
ducing the variables in e, then choosing the same & when applying
OL and < R. Formulas 5 and 6 are similar.

delay
OR

oL
OR

IMTL proofs respect the flow of time, meaning they cannot prove
propositions that break temporal causality.

LEmMMA 2.8 (SOME IMTL COUNTEREXAMPLES). The following for-
mulas are not valid for general 3 and 3'. Here we use ¥x € {1, &, O}
to mean any temporal modality.

(1) %?(AVB) > (#%?AV %?B)

(2 w?1>o1

(3) wADA

RS PNERA PRSI
(5) Olon2:1 OlaLa] 4 5 Qladl.ardy] 4

Example 2.9. We show that it is not possible to derive proposition
(1) with ¥ = O as valid. Here we try every possible rule applicable
to the sequent except cut which is always applicable. If all of the
attempts lead to an ill-formed derivation, we can say the sequent is
not provable. This works because IMTL has a cut elimination result
(Section 3) and, thus, if a proof has no cut-free derivation, then it
does not have a derivation at all.

We start with the only option, the > R rule, and then note we
can either apply O L or VR. If we apply VR first, we commit to
showing either A or B from A V B which is not possible. The other
option is to apply OJ L first:

: (Fl1 <)
GAVBLIEl e 02 Ay 2Bl (k0] C o)
0%avB) "¢ g2av?BlO
.-¢ 0%AvB) > (@?AvO?B) 00

oL




Note that now we have only one option, which is to use VR. This
is because interacting with the antecedent would require delaying
until the start of interval |1, £2] (which is generally not 0), which is
not allowed since we cannot ignore the succedent at [0, 0]. Thus, we
get stuck and the initial sequent is not derivable. A similar pattern
arises if we replace [0 by & or O.

Kojima and Igarashi [23] point out the importance of developing
(constructive) temporal logics where V does not distribute over tem-
poral modalities, as it would break temporal causality. Intuitively
it would mean we know the information about an event before it
happens. Their calculus, as is the case with IMTL, does not break
causality in this sense, albeit using different technical devices (more
about that in Section 5).

2.8 Linear-Time Temporal Logic in IMTL

For the purposes of comparing IMTL with other intuitionistic linear
temporal logics (ILTLs) and other modal logics it is convenient to
define an ILTL within IMTL.

Here we define ILTL as the logic with propositional variables
and the standard propositional connectives P, A,V, D, T and L in
addition to the modalities @ A, next (from now); B A, always (start-
ing from now); and @ A, eventually (starting from now). Although
our ILTL shares the same grammar as other intuitionistic linear
temporal logics, such as, for example, Il g in [8] or ITL® in
[1,7,11] , our preoccupation regarding causality and computation
results in a different set of valid formulas.

We define ILTL modalities in terms of those of IMTL:

A0 4 €A200%4 and @A£009A

for a fixed § representing a “discrete” timestep in real units. We also
use co by extending our real number domain with the symbol co
such that co + x = co for any x. The use of co does not invalidate
any of our relevant metatheorems.

Furthermore, we restrict the selectable intervals to be either a
singleton [nd, nd| or an infinite duration interval such as [n4, co]
for an integer n. As far as we know, this restriction means cut
elimination may not hold anymore, but it makes it correspond to
ILTL with always and eventually modalities.

In addition to the theorems in Lemma 2.6, the theorems in
Lemma 2.10 also hold.

LEMMA 2.10 (ILTL THEOREMS). For % € {l, ¢, @®}:

(1) @ L D L isnotvalid

(2) ML > Lisvalid

(3) ® L D L isnotvalid

(4) *%(AV B) D (% AV % B) is not valid
(5) ®(AD>B) D ®A D @B isvalid
(6) ® ® AD & @A jsnot valid
(7) ®®@AD @ & Aisvalid

(3) ®MAD MO A isvalid

(9) H®AD @M A is not valid
(10) MAD AN ® WA is not valid
(11) AV @ @ AD @ A is not valid
(12) mA D Aisvalid

(13) A> @ Aisvalid

(149) WEA D WA isvalid

(15) A > H M A is not valid

(16) @ ® A D @& A is not valid
(17) ® A> & & Aisvalid

In ITL® all of the formulas shown above are valid, which show-
cases differences between our ILTL (and by a stretch IMTL) to
previous accounts of intuitionistic whose semantics is not based
on temporal execution.

Propositions (1), (3) and (4) not being valid is closely tied to tem-
poral causality, as they would amount to knowing the contents of
an event before it happened (same happens in [23] for @ only). The
rest of the propositions that are invalid in our formulation of ILTL
(i.e., (6), (9), (10), (11), (15) and (16)) are thus because of temporal
monotonicity. As each modality amounts to a computation that
takes place along a temporal interval, the order of the modalities in
a sequence of modalities matters.

Example 2.11. We show a derivation of validity of proposition

®).

(a1, az) € [0, 0] ;A[alJr(S,aer(S] ',_SA[O(IMS,O(ZMS] i
(a1, @) C [0, 00] ;000) 41801 g g lar+d.atd]
(a1, @) C [0, 00] ;00¢0) A[00] g pla+d1.a245,] o

(a1, a2) C [0, 0] ;D<0,00>A|(5-5| © O<5~15>Almﬂz|
-.Of0e) A16.6] p (7(0,00) (6.5) 410.0]

oL

delay

X ;O<($,(5> |:|<0"m>A [0,0] 0 D<0’N> O((S,($>A [0,0]

DR
Sop O((S,(‘i) D(O,tx‘>A 5 D(O,oo) O<{S‘5>A [0,0]

3 METATHEORY

In proof-theoretic terms, we want to show that our inference rules
are both sound and complete (i.e., in harmony). In purely logical
terms, we want to show that the subformula property, the disjunction
property and that consistency hold. In temporal terms, we want to
prove temporal causality and temporal monotonicity. Fortunately, all
of these properties, except completeness, are a consequence of cut
elimination and induction on the structure of cut-free IMTL proofs.
Completeness holds because of identity elimination.

We focus the discussion on the properties and proofs that differ
the most from the standard literature, which are the proof-theoretic
and the temporal ones.

3.1 Identity elimination

THEOREM 3.1 (IDENTITY ELIMINATION). IfQ ;T ¥ A %01 then
there is a proof of the same sequent that uses the id rule only for
propositional variables.

We prove identity elimination by proving the admissibility of
identity first, then using it to replace all id rules by the results of
the admissibility theorem.

THEOREM 3.2 (IDENTITY ADMISSIBILITY). The following rule is
admissible for any A:

1
Q ;Ala.b] PA'“"bl

Proor. By induction on A. We show the case of A = Ol :92) A1



oo eAletl gimAleblyy Qe L | QEC VCy QC;TEy QCTEY
[a.b] [a.b] id - cut imposs - split
Q ;A AlS QN ey Q;TEy Q;Tey
QEr(s<u<a)
QT Q:raleblglebly Q;realetl Q:T¥
— T ek Y cntr o delay TR ! 1L
Q:rAlelley Q:rAlebley Q:realel] Q¢ lel] Q:r,Tlellgy Qipletleck

Q;rAalebl plablyy Q:neale’l o:pgplel]

Q:Tr,Alebl g glabl

Q:neale’ o plelley

AL oL
Q:LAABI“ gy QN ¢ AABleY) Q:r¢A>plel QN A> Bl ey
Q;realell Q;rgplel] Q:;rAl“P ey airpletley
; ; ;I ;T vL
Q:reAvBlel] Q:r¢Avplel] Q:ILAVBl“! ey
Q, (a1, a0) C{d1,0) Fa+a; < b+a QEra+fi1 <b+0b QEa+0d; <b+0
Q,(al,m)g<al,az>;r»i'A|“+“1-l’+“2‘ I Ql=<{’1,(’2>§<<91,(72> Q;F’Alm—kl,lwm 'ﬂy - Q;I‘,Aluﬂ)“hﬂb] Fy oL
Q:TE |:1<¢91~(72>A|01~b| Q;I"D<als()2>Al(1¢b] Ky Q;F,O<é)l’53>A[“’1" By
Qra+d <b+0y Qra+fi<b+1t Q, (a1, 00) C{d1,0) Fa+a; <b+ay
Q:T¢ Ara+al,b+(7z] QE (0, 8) C <91532>v Q:TE A la+t,btt] oR Q, (a1, a0) C <81’v82> T,A [a+an,btaz] (o Y oLaa
Q:TE O<dlxdz>A[(1~b| Q;TE <><dl,d2>A[a.b| Q ;r’<><d1de>Al“~b| £y
Figure 1: IMTL rules
THEOREM 3.4 (WELL-FORMEDNESS). If Q ;T ¢ A %01 for a con-

Q, <051s 0(2) c <(»)1’(»)2> A la+ay ,b+ay ] K A a+ay b+ ]
Q, <0{1,0(2> c <31,(92> A [a+ay,b+as ] i <>(()1,()3>A1 la,b]
Q ;<><al’DZ>A1[a,bJ i <><()1,02>A1 [a.b]
0 ;<><i)"i)2>A1[a, b] ¢ <><H"'92>A1 [a,b]

delay

3.2 Temporal properties

Causality is informally described as ensuring that “future events
cannot affect present decisions”. Technically, it has two sides to it:
feasibility and strengthening. Feasibility tells us a process cannot
conclude something in its past while strengthening tells us a past
event is the same as no event. We designed IMTL’s inference rules
to naturally enforce causality, so the proof goes by induction on
the (cut-free) derivation.

THEOREM 3.3 (TEMPORAL CAUSALITY).
Feasibility:
IfQ;T LAl thenQra<s,
Strengthening:
IfQ ;1",A[“’bJ FywithQEes<athenQ;TFy

We designed IMTL with causality (and monotonicity) in mind
such that infeasibility and strengthening both follow by induction
on the structure of cut-free IMTL derivations. For instance, strength-
ening holds because all our left rules require the present time to
match the start of the interval (because of Q ks = a).

Feasibility is a direct consequence of the sequent well-formedness
condition. The content of the proof lies in establishing that all IMTL
derivations propagate the condition bottom-up (Theorem 3.4).

sistent Q, with T = A l“"[”J,Az l“”b‘J, - Ap Lanbnl then the

condition
QE(s<a)A(ar <bi)A(az <b) A A(an < bp)

holds.

Proor. By induction on the cut-free derivationof Q ;T ¥ A la.b],
Because the condition entails sequent well-formedness, the proof
consists of showing that, for every rule, the condition of the con-
clusion implies the condition of the premises.

Axioms are trivially true (id, TR,LL,id) and most cases follow triv-
ially from the induction hypothesis (weak,cntr, TLLAL/R,D> L/R,VL/R,id).

The delay case holds because of the extra condition Q Fu < a
that ensures the derivation does not advance past a.

The temporal modality cases (O R/L, OR/L, < R/L) hold be-
cause of the extra conditions Q £ Q E a+f; < b+ £, and
Q, (a1, a2) € (91,92)a + a1 < b+ ay which ensures the result-
ing pair of numbers is an interval still even though (d;, d2) is not.

The imposs case has Q inconsistent.

In the split case we know that Q, C; also proves the condition,
by a semantical notion of constraint weakening (if Q £ D then
Q,C e D for any C).

m}

Temporal causality is a requirement for intuitionistic temporal
logics but it is not sufficient to achieve temporal computability
because a temporal logic can conclude only causal sequents without
temporally computable derivations (this is the case in Kojima and
Igarashi [23]’s sequent calculus).

The logical counterpart of temporal computability is temporal
monotonicity. Informally, monotonicity means a proof either stays
at the same point in time or moves forward (and never backwards).



Technically, monotonicity relies on a timestamps function (Defini-
tion 3.5) defined inductively on the structure of IMTL derivations
that are ground (Q is empty).

Definition 3.5 (Timestamps). We define a function T from closed
cut-free derivations D :: - ;T ¥ y to sets of sequences of num-
bers, corresponding to all possible timestamps of derivation D. T is
inductively defined on D.

sequence S = () empty sequence

| s.8 next element

If the last rule in D has one subderivation D, with the exception
of R, & L and delay, as for example

DT A[a+(’)1,b+()z] Ey
D= ’[; %] 4 lab] oL
..T,olono:1 4 a, Ey

then T(D) = T(D1). This is the case of weak, cntr, TL, AL, VRy,
VR2, DR, OR,OL,OL and OR.
If the last rule in D has two subderivations D and D,, with the
exception of split, as for example
Dy E Alabl
Dy, B0 ey
ST, AD Blebl gy
then T(D) = T(D1) U T(D,). This is the case of AR, VL and D L.
If the last rule in D is an axiom, like

D= id D=——"—"—"7—1L
Alabl g glad] o Llabl g oK

D=

oL

with the exception of imposs, then the only possible sequence is
the one with a on it, (even for the id case), T(D) = {a . ()}. This is
the case of id, TR, LL.
If the last rule in D is
‘E(s<u<a)
Dy THE Alalb]
D= delay
Tealel]
then we add s to all sequences, T(D) ={s.S | S€T(D1)}.
If the rule introduces variables, such as
Dy ] C [81, 0 ;F,A[(HMI‘IHQM @
po D [a1, a2] I’l’zl Y oL
. ;I‘,<>[()l‘()2] Alabl e y

< L, then we consider all the possible instantiations [/, 2] of
[a1, oy ] that satisfy [, 2] C [01, 92 ]:

T(D) = | J{T([6, &/a,a21Dy) | (61, 6] € [91, 0]}

If the last rule in D is
CEL
= ————imposs
TRy
then we have that - £ L, which is unsatisfiable, meaning timestamps
will not realize this branch, T(D) = {}.
If the last rule in D is

Dy :Cy;TEY
cECiVCy Dy ::Cy;TE
D= : 2 2 2 ysplit
ey

then by the meaning of - £ C; V Cy, we know that - £ C; or
- £ Cy, meaning we have either D or D, closed. Then we define
T(D) =T (D1) UT (D;) for

T(F) ={}
T (F) =T(F) otherwise

if constraints in F are inconsistent

THEOREM 3.6 (TEMPORAL MONOTONICITY). For any closed deriva-
tion D = - ;T ¥ AL@PL all of its possible timestamps T(D) are
monotonically non-decreasing.

Proor. By induction on the derivation D, opening up the defi-
nition of T(D). O

Temporal monotonicity means that any execution of D will
respect the flow of time granularly, given that all of its actions are
monotonically ordered in time.

Note that temporal monotonicity subsumes causality since it
forces proofs to obey the flow of time granularly, at every step,
while temporal causality only requires the final sequent to make
temporal sense.

3.3 Cut elimination

THEOREM 3.7 (CUT ELIMINATION). IfQ ;T F A (.0 then there is
a proof of the same sequent that does not use the cut rule.

We prove cut elimination syntactically through cut admissibility
as in Gentzen [19] and Dragalin [16]. Usually, we prove cut admis-
sibility by strengthening the induction hypothesis with structural
rules, making sure it covers all cases, including the commuting
conversions, which are often the most intricate cases. Since our
calculus is local and has intervals it is a priori unclear whether cut
premises would always eventually interact despite the commuting
conversions.

Proving cut admissibility for a sequent calculus with explicit
structural rules was already solved by Gentzen for weakening and
contraction. We do the same in IMTL, but we have to strengthen our
cut with delay as well. The result is the strong cut principle, which
connects two derivations at different times u and v and cuts multiple
assumptions of A [a.b] at once (using the notation {A [a.b]yxy,

THEOREM 3.8 (STRONG CUT ADMISSIBILITY). If there are cut-free
derivations of Q ;I1 F A [a0] and Q ;Ty, {Al@P1yx g y with Q E
(s < u,v) then there is a cut-free derivation of Q ;T1I3 ¥ y.

ProOOF. We express the theorem as the construction of derivation
F from D and & in the form:

D=Q; Al
................................................... cut®
Q ;F1F2 Iiy
o Fa Qi Ry

By induction on A, then on O and &. We divide the proof into
(overlapping) cases depending on the last rules of D and & follow-
ing the casing methodology of Dragalin [16].

The induction hypothesis is enough to solve most cases. We show
the principal case for (0 — where both D and & are interacting with



the judgment A [0] = Olo1.2:] 4, [@P] _and a commuting case
— when either D or & are not interacting with A [#2],

O principal case. This is the case where D is O R and & is O L,
corresponding to cut reduction for (1.

Dy Q) T EA |a+aq,b+az |
p= D 1P A AL
QL ¥ D|01-51|A1 [a,b]
.- E1: QD Ay [a+l’l‘b+[2|’{D[E)I,E)Z]Al [a,b]}* Ey R
Q ;rz,{D[(')]AdglAM,H}*

to construct F = Q,I1Iy ¥ y where Q £ |1, 6] C [01,02] and
Q' =Q, [ar, a2] C [0, 0]

We first remove the copies of O!?-%) A} [%¢] cutting O and
&1
D=Q;T ¥ D[t’],(’)z]A [a,b]
&1 QT A [a+ty,b+6 ] {D[ﬁl 2 ]A [ub]} i }’
Fpo= e 2T

QD A |a+ty,b+8, | g y

And cut Ay [a+0.b+L2] using substitution on D; and cutting with
the result above.

(b1, &2/a1, a2] Dy == Q' Ty ¥ Ay LoDl
Fi = Q T, A [a+t,b+62] "}’

Commuting case. Solving commuting cases while following tem-
poral monotonicity impose new challenges, requiring the applica-
tion of imposs and split rules.

We show an instance of commuting case where both D and &
are not interacting with the principal judgment A [%-?]). In this
subcase, the last rules in O and in & are AL and D R respectively.

D QT B |u,u’|,B2 [u,u’] © A [a,b]

D= = AL
QI By ABy ] g Al

81 2 Q ;Fz, {A[“’}’]}*,Cl [0.0'] E C2 [v.0]
QL {aAly e oo loY]

E = >R

to construct F :: Q ;TyTy, By A By [0 v 0 o ¢ [199'] with
QE (s <uv).

Note that it is unclear, a priori, whether we should progress
through D or &. Since we want to respect monotonicity (Theo-
rem 3.6) we have to progress through the derivation that happens
first, otherwise the cut elimination procedure gets stuck.

Although we cannot know the relationship between u and v stat-
ically, we solve this case by splitting on Q k£ (u < v) V (v < u) and
tackling the subcases separately. This is valid because at execution
time, when Q is concretely instantiated, one of the branches will
realize. The cut-free derivation is

QFE(u<o)V(v<u
Fuco  Qu <v;Tilz, By ABy W g oy o gyl
Fo<u = Q0 <u ;I By ABy [u.u'] FC;DCy [0.0']

F = - — split
Q Tl By A By 44 g 0y o gy [07]

where
Dy Qu<o;l, Bllu,u’] By [u,u] F‘A"‘*bl
LEaQusoihpalttly e e oGl
Qu <o, B ¥ By vl ey 5y 0] AL
Qu<ov;1[» B ABy [uu'] £ C DGy [0,0']
Fuso = ; — delay
Qu<o;0I, B ABy ¥ ko 5oy lo?]
and
D :=Qu<wov;I1,B1 ABy [uu'] w plab]
E1xQu<o -Fz,{A|“’[’|}* ol [0,0"] @ CZIUAUll
Qu<ov;Nly, By ABy ) o[0T 5,107 SR

Qu <o, By ABy ] oy 5 gyl
Fo<u = ; — delay
Qu<o:0T B AB ¥ gy 5y le?]

We solve other subcases similarly. O

4 CASE STUDY: DIGITAL CIRCUITS AS IMTL
DERIVATIONS

Digital circuits are an excellent way to explore the expressiveness
of IMTL because they describe computations whose (functional)
correctness depends on timing. By interpreting IMTL derivations
as circuits, we develop a way to design circuits that are well-timed
by construction.

We interpret circuit components as implication formulas inside
a context I' and the D L rule as sending a (bit) signal to the circuit.

We start by modeling an inverter, taking into consideration its
temporal behavior. Our model of digital gates captures timing to a
reasonably realistic degree, but we abstract away several low-level
phenomena related to the physics of gates.

4.1 Model of an inverter (NOT gate)

We model the temporal behavior of an inverter, with a propagation
delay 9, — the (maximum) time between the start of the input
and the start of the output — and a contamination delay d. — the
(minimum) time between the end of the input until the end of the
output as in Figure 2 (details on the temporal behavior of digital
gates can be found, for example, in [5]).

a a+0, b b+ 0.

Figure 2: Inverter temporal behavior with propagation and
contamination delays

If an input bit, defined as

Bit #lovhi where lo=T and hi=T,



is stable during interval [a, b], the inverter’s behavior would be to
output at [a +dp, b + dc|. In this case study we will assume that
d¢ < dp, meaning the output’s duration is shorter than the input’s
by dp — 9. time units. We model this behavior using O and >

olabl(Bit > 02 Bit)

where 9 = [9), d.].

However, note that our inverter currently works only for a con-
crete interval I. Instead, we would like it to be parametric over any
interval, which hints at using (0. An insufficient attempt would be
to replace O [a.b] for Ola:b] since we would allow for durationless
interval inputs, which realistically do not work since electronic
gates require a minimum duration d = 9, — d. to process the input.
A solution is to use a O followed by a Ol%¢!, resulting in a gate
that is parametric over an input interval but needs a minimum
duration d. We are assuming here that the inverter is available for

o]

use at any time, so we use gloel.
glo-el olodl(Bit 5 O Bit)

This is already a temporally detailed account of a gate. Addi-
tionally, we might want to add uncertainty in the output by using
. We then have a certain delay 3 = [0, 85] and an uncertain
delay 3" = [0}, 9] and d must be the worst case scenario given
the uncertainty: d = (9§ + 0') — 95 (see Figure 3)

a5 oy

a5 oy
Figure 3: Inverter with uncertain delays

D[()"DO] OIO’d](Bit S Oau OBC Bit)

Even if we treat components as primitives, notice the formula
above is valid, and thus has a derivation describing its inner work-
ings, temporally. Here we use Q = [a, az] € [0, oo].

Q :Bit [y, 02+d] © Bit [+ (0+05) ,ap+d+(£+05) |

OR
QE [171«, 52] c o4 Q ;Bit [y, 2+d] © OBC Bit [a1+81,00+d+8 ] OR
Q :Bit a1, 02+d) © <>3“ OaC Bit a1, 02+d] -
Q;- # Bit > & 0% Bit [« @*d]
: T —OR
Q;- © O[U,dl(Bit 5 <>9 Oa Bit) [a1,a2]
S D[(),N] O[O’dl(Bit 5 <>a“ Oa” Bit) [0,0]
Q : hi [ay,0+d] e+ (%) | [ar+(6+0F) ,ap+d+(£+05) |
- VR
Q - hi a1, 00+d] e+ (6% Bit [a1+(6+0F),az+d+(6+05) | 2
. del
Q :hi [ay,ax+d] i Bit a1+ (8140 a2 +d+(£+05) | elay ( . ) L

Q : Bit [a1,a2+d] i Bit [a1+(81+05), a2 +d+(b+95) |

where (---) is the opposite case where the input is lo and the
inverter chooses to output hi. Here, (/;, £) C a" is the “uncertain”
part of the inverter delay that the consumer does not know (but
the gate knows.)

In the derivation, after the modalities disappear we get to an
input interval [a, oy + d|, which is any interval with minimum
duration d, and an output interval

[a1 + (9] + 01), a2 + d + (85 + £)]

which is the same interval shifted by % and 9°. Since we are assum-
ing realistic values of 3 and 9" might have their first component
greater than their second component, d must be big enough to
ensure that

Qrar+ (85 +6) <az+d+ (95 +6)

holds in all cases.

As soon as the circuit finds out whether the value of the Bit
is hi or lo by using the VL rule, the state of the circuit changes,
allowing it to construct the opposite Bit in the future regardless if
the original Bit is still available or not. The only requirement is
that the output interval starts after the output interval, which is the
case since a1 < a1 + (£ + 7). Note that IMTL derivations model
the natural monotonic effect of information through time which
adequately represents digital gates.

4.2 Model of two-input gates

The expressiveness of digital gates relies partly on two-input gates
since any binary circuit is definable in terms of only NORs or
NAND:s. The question here is how to model two-input gates when
each input is stable during different intervals as Figure 5 depicts.
In our model, a two-input gate starts to process only when both
inputs are present.

In IMTL it suffices to model what happens when the two input in-
tervals are the same. Additionally, the [ takes care of mismatching
intervals, as long as they have an intersection. An IMTL two-input
gate, available at any time, is the formula

glo-=! olodl(Bjt 5 Bit > &% O% Bit)

Just like the inverter, we can also assign a IMTL derivation to a
two-input gate, as, for instance, an and gate. Here we omit some
of the details of the derivation since it is similar to the inverter
except it has two inputs. We start by eliminating the modalities and
implications until we get to the sequent

[or1, 0] € [0, 0] ; Bit |()t].1)(3+(l7|, Bit L@t c2+d] = Bit [a1+0+0f ,ap+d+br+05 |

again for a given hidden delay [/, /2] C 9%, in which case we
proceed by covering all possible 4 input combinations using VLs
followed by VR.

The derivation in Example 4.1 represents the situation of apply-
ing a two-input gate to skewed inputs, as in Figure 5.

Example 4.1 (Using a two-input gate). We use d = 20ns, 9° =
[20ns, 10ns] and 9% = [5ns, Ons| with ns standing for nanoseconds.
See Figure 5 for a depiction of the example and Figure 4 for a deriva-
tion representing the situation. We omit Q and merge consecutive
rules (indicated).

The derivation uses [J L and < R to select the intersection be-
tween the input intervals [30ns, 100ns] and [Ons, 70ns|, which is



id
Bit [30:70] po gt [30.70]

d
& 15:01 020,10 gy [3070] o (5,[5.0] 5[20,10] gy [30,70] :

I
Bit [30:701 o gt [30.70]

DL

Bit o O[30 0[20.10] gjt [30.70] gy [30.70] g0 ([5.0] 5[20.10] gjy [30.70]

oL

Bit 5 Bit 5 O!501 20101 gjy [30.70] B¢ [30.70] gy [30.70] 0 5 [5.0] 5[20,10] gy [30,70]

Bit 5 Bit 5 0120101 [5.0] gj [30.70] ¢ [30.70] gy [30.70] o ([5.0] 5[20,10] gy 30,70]

delay

O L(x2)

O[O‘Z(’](Bit 5 Bit > &30 ol20.10] Bit) [30,50]’ Bit |30,7o]’ Bit [30:70] ¢ [30.70] <>|5,0] ol20.10] gy [0.0]

OL(x3)

olo.e] O|°’2°|(Bit 5 Bit 5 o501 ol20.10] Bit) [0,0] [[30,100] ¢ [0,0] 5[0,70] B¢ [0.0] ;o (30,701 ([5,0] [20,10] gy [0,0]

Figure 4: Two-input gate example derivation

. in ] !

- : :

. out ! ! L (- !
iny S

- e :]

intersection, :} : :

30 5055 7080 100

out
Ons

Figure 5: Temporal behavior of a two-input gate

[30ns, 70ns]. After that the derivation delays to the right moment
and sends both signals to the gate by consecutive applications of
the O L rule.

4.3 Modeling Combinational Circuits

Combinational circuits are built by plugging (sub)circuits together.
Checking temporal correctness of these circuits can often be difficult
even for simple circuits [5], but IMTL can assist with this issue. Now
that we have an inverter IMTL derivation, we want to plug two of
them, one after the other, as in Figure 6.

| in
internal

| out

g S s
RV

200 220 240

internal |

onti
(‘) ;;h 56 (;0 160

Figure 6: Connected inverters and example waveform

However, the formulas do not exactly match, so cutting them
together is not enough. Instead, we manipulate the modalities in
such a way that the signals match.

Example 4.2 (Connected inverters). The derivation in Figure 7
models the situation depicted in Figure 6.

The derivation combines signals by manipulating (s and s
into matching intervals. The result, unsurprisingly, shows that the
uncertainty introduced by < is infectious, in the sense we cannot
eliminate it.

We can model other kinds of combinational circuits using the
framework presented in this section. Note that if a wire splits in

two, as it is customary in circuit design, we can use contraction to
model it.

Modeling circuits with loops is a more challenging, albeit interest-
ing, problem which probably requires a notion of proof-circularity.
Furthermore, there are ways to make the temporal modeling of
circuits even more realistic. We plan on tackling a complete account
of circuit modeling as future work.

5 RELATED WORK

Classical Metric Temporal Logic (CMTL). CMTL [25] (see [4] for
a survey) and IMTL are solutions to different problems: classical
semantics solve model checking while our intuitionistic semantics
define a temporally feasible computational interpretation of proof
reductions.

Kojima and Igarashi [24] mention the main differences between
intuitionistic and classical approaches to temporal logics in their
concluding remarks and it seems like the conclusions they achieve
somewhat generalize to MTL as well — in summary, CMTL is an
IMTL without concerns for temporal causality, monotonicity and
proof-relevance. Informally, removing (somehow) these three as-
pects from IMTL would yield a CMTL, but the details are unclear
and there is little justification for exploring this direction.

In CMTL the modalities (] and <> are definable in terms of one
another, which is not possible intuitionistically, but usually, there
is no metric version of O corresponding to IMTL’s O modality.

IMTL seems to provide a more symmetric version of the temporal
modalities by having symmetric [ and <> and a O in the middle,
forming two adjunctions. The symmetry comes from defining our
logic on top of interval judgments, rather than instants in time, as is
usual from CMTL semantics. One result of this approach is that the
classical and intuitionistic modalities (as well as logical connectives,
such as V) do not trivially relate to each other.

Note that a definition of the until operator U, common in CMTL,
is not as natural in IMTL precisely because of using interval judg-
ments. We do not deny the possibility of an intuitionistic until
operator, but it does not seem as foundational as its classical coun-
terpart.

A few papers applied MTL to prove properties of programs [9, 22],
but inferring an execution model from the logic itself is a novel
contribution. Some works show semantic proofs of cut elimination
for MTL (see, for example, [2, 18]). However, as far as we are aware,
no syntactic proofs that might give rise to a concrete computational
interpretation exist prior to this work.
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Figure 7: Derivation of two connected inverters

Intuitionistic Temporal and Modal Logics. While we are not aware
of prior work on intuitionistic versions of MTL, there are multiple
accounts of intuitionistic linear temporal logic (LTL) and other modal
logics (for a survey on intuitionistic temporal logics see [8]). Despite
their discrete-step semantics, without dense-time intervals, they
confront some of the issues we addressed.

Several accounts of LTL such as the ones described in [1, 7, 11],
do not respect temporal causality, in the sense that, for example, ®
distributes over V. Kojima and Igarashi [24] being the first (purely
logical) account of trying to incorporate causality into the calculus,
resulting in temporal logic where ® does not distribute over V and
® L D L is not valid. We saw in Section 2.8 that IMTL’s aim for
causality and computation causes multiple properties valid in ITL®
to be invalid in IMTL-based ILTL.

Both Simpson [34], with intuitionistic modal logic, and Davies [15],
with his interpretation of intuitionistic temporal logic, present ac-
counts that break temporal causality and, therefore, monotonicity
as well. This is not surprising since their objectives are quite differ-
ent from ours.

Simpson’s judgments are propositions that range over a Kripke-
style world structures where proofs can interact with propositions
from any world, meaning proofs generally break causality if we
consider worlds to be points in time. Davies [15] interprets LTL
as partial evaluation that corresponds to computing, at time ¢, a
residual program to be executed at time ¢ + 1. The sequents from
his calculus can only interact with present propositions, but, on the
other hand, they can move forward and backward in time, breaking
causality as well.

The work of Kojima and Igarashi [24] seems to be the closest to
ours in the sense they provided a syntactic cut elimination result
as well as cared about a notion of temporal causality, represented
by the fact their calculus cannot prove ®(AV B) D ® AV @ B
(IMTL also cannot prove it; see Lemma 2.8) because of rule restric-
tions. Although their goal is for their calculus to respect temporal
causality, their proofs do not correspond to temporal computations,
at least trivially, since a notion of temporal monotonicity would
not hold. Our work extends theirs by replacing points by intervals,
adding the 00 and < modalities, and by making sure proofs are
computational while keeping the notion of causality.

Accounts similar to ours can be found in the combinations of in-
tuitionistic LTL and linear logic (in the sense of Girard [20]) [13, 14].
Proofs in linear logic correspond to communicating processes adher-
ing to session-typed protocols [10]. The types are then augmented

with temporal modalities that capture the number of discrete steps
taken by a flexible cost model. While the programming language
satisfies preservation and progress (incorporating cost), it does not
appear that a corresponding logic satisfies full cut elimination. In
any case, the meaning and use of time here is quite different from
ours.

6 CONCLUDING REMARKS

We defined and studied IMTL, an intuitionistic account of metric
temporal logic with proofs that respect temporal causality and
monotonicity, which entails a proofs as temporal programs interpre-
tation.

The concrete description of temporal computation comes from
cut reductions, derived from our syntactic proof of cut elimina-
tion, but we have not yet developed a programming notation and
extracted an operational semantics.

We plan on (1) extending the current logical foundations with
recursion (both at the level of types and the level of programs)
and explore IMTL’s modeling limitations, and (2) developing the
modeling of digital circuits with IMTL further than this paper did,
tackling interesting issues, such as feedback loops and lenient gates,
that seem to interest logicians as well as hardware designers.
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