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We introduce FuSes, a Functional programming language that integrates Session-typed concurrent process
calculus code. A functional layer sits on top of a session-typed process layer. To generate and reason about
open session-typed processes, the functional layer uses the contextual box modality extended with linear
channel contexts. Due to the fundamental differences between the operational semantics of the functional
layer and the concurrent semantics of processes, we bridge the two layers using a set of primitives to run and
observe the behavior of closed processes within the functional layer. In addition, FuSes supports code analysis
and manipulation of open session-typed process code. To showcase its benefit to programmers, we implement
well-known optimizations, such as batch optimizations, as type-safe metaprograms over concurrent processes.

Our technical contributions include a type system for FuSes, an operational semantics, a proof of its type
safety, and an implementation.
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1 Introduction

Concurrent computation is an inherent part of modern software systems, making them challenging
to reason about due to the non-deterministic nature of concurrency. One promising approach to
establish static safety guarantees about concurrent computation is session-typed message-passing
concurrency [Honda 1993]. In this setting, a session type specifies the protocol according to
which processes communicate. This allows us to check statically that a given process correctly
communicates over its channels and to catch many potential errors, such as mismatched messages or
incorrect sequences. However, it has been challenging to integrate session-typed message-passing
concurrency into statically-typed (functional) programming. This is largely due to the gap between
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their underlying computational models: message-passing communication is inherently effectful,
while ordinary (functional) programming is pure. How can these two computational paradigms
interoperate safely and modularly?

One popular approach to incorporating session types into functional programming is through
libraries [Imai et al. 2019; Kokke and Dardha 2021; Padovani 2017]. These libraries are ad-hoc and
often exploit concurrent primitives in the functional language as well as unsafe features. This
makes it hard to give general safety guarantees about the libraries and their implementations.

A more foundational approach to integrating session types into functional programming is
GV [Gay and Vasconcelos 2010]. It combines functional programming with session types by
extending the functional language with send and receive primitives, allowing functions to act as
processes. However, the intertwined nature of pure functions and effectful session primitives makes
GV hard to reason about.

In this paper, we present FuSes, a Functional programming language that integrates Session-
typed concurrency.

FuSes is inspired by Session-typed Intuitionistic Linear Logic (SILL), a process calculus that
modularly incorporates functional programming [Toninho et al. 2013]. In SILL, processes can send
and receive functional values, and functions can generate open process code. In contrast, FuSes is
a functional language that modularly incorporates session-typed processes. As in SILL, functions
in FuSes can generate process code and additionally run process code and observe its effects.
Furthermore, they can recursively analyze and manipulate process code, allowing programmers
to write complex process code transformations and optimizations in a type-safe manner. FuSes
therefore integrates session-typed processes by extending a core functional language with the
ability to: (1) generate and compose session-typed process code; (2) run process code and observe
its effects; and (3) recursively analyze session-typed process code.

(1) Type-Safe Code Generation and Composition in FuSes. The foundation of FuSes is a two-layered
system with a functional layer that generates process code and a message-passing process layer
that sends and receives functional values. Processes follow a client-server architecture where every
process offers a single communication channel (server) while using multiple channels (clients).
These channels are given session types in a linear type system so that processes can be type checked
to ensure that they communicate correctly.

As in SILL, we use the contextual box modality [Nanevski et al. 2008] to capture open code which
depends not only on the usual functional context but also a linear channel context. We therefore
extend the variant of contextual box from SILL [Toninho et al. 2013], which does not capture any
functional assumptions, to describe a session-typed process code that is open with respect to both
values and channels.

To illustrate, we use the box construct to quote a process that is open with respect to some
number x and a channel a. This process first receives a number from its client channel a, sends the
sum of it with x across its offering channel ¢, and then continues:

box(x;a — |y = a; c(x+y);...‘—>c)

The assumptions on the left (x; a) and the channel name on the right (c) bind variables of the
appropriate kind for the underlying open code which we frame for clarity.

To compose a quoted process with other processes, we must first bind its code using a let-style
eliminator:

letbox u = box(x; a —» |y = a; c(x+y); ...|—>¢c)in ...

Here, u will be bound to y = a; c (x +y); .... To use u inside another quotation, we
must splice it in by applying the appropriate substitutions to rename or instantiate x (the value), the
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Fusing Session-Typed Concurrent Programming into Functional Programming 250:3

input channel a, and the output channel c. For example, we can compose u with another process
by spawning it in parallel. The two processes then communicate over the shared channel b where
u is expected to send a number and the other process to receive a number:

box( ; a' — ‘b — ul5/x; a'/a, b/c]l | lety = b; ...|—> ¢)

(2) Observing Processes in FuSes. While running code tends to come for free in most metapro-
gramming systems by simply “running” the code and reifying its return value, this is not the case
anymore when our programs are session-typed processes. A process does not “return” a single
value but rather we execute it for its communication effects. Suppose we want to run a process
that sends and receives some sequence of numbers:

box( ; — c1; x= c; c (x+1); ... = ©)

To observe this process, we must not only receive the first message, 1, but also continue to execute
the process so that we can send some number and then receive another number. Furthermore,
the execution of most session-typed processes is inherently non-deterministic. In FuSes, we use
a standard operational semantics for the functional layer and use a multiset rewriting semantics
for the process layer. In general, processes execute until they are stuck trying to communicate on
their offering channels. The functional layer then resolves this stuck process by communicating
with it. Afterwards, the functional layer binds not only the process it communicated with but
also its environment as code so that it can continue to run and observe further communication
from the process. This allows the functional layer to communicate with the process layer while
preserving the semantics of both layers. We are not aware of prior work that has considered the
interoperability of pure functional programming with concurrent processes, and we see our work
as an important step towards interoperability of languages with fundamentally very different
operational behaviours.

(3) Type-Safe Process Code Analysis in FuSes. Metaprogramming for functional programming is
used to express runtime properties, perform code optimizations using domain-specific or even run-
time knowledge, eliminate boilerplate code, etc. Since these techniques also apply to the concurrent
setting, we extend FuSes with the ability to recursively analyze and traverse open process code.

While metaprogramming systems such as Moebius [Jang et al. 2022] explore code analysis for
well-typed, open functional code, no work has done the same for open process code. A common
technical challenge in supporting type-safe code analysis via pattern matching is accounting for the
fact that types may be refined and contexts can grow as we recursively traverse code. To support
recursive analysis of arbitrary code, contexts and types must therefore be first class.

In FuSes, the situation is even more complex; process code can depend on a functional and a
channel context and on functional and session types. The channel context is notably linear, which
means it can not only grow but also shrink and split as we traverse a process. To our knowledge,
only LINCX [Georges et al. 2017] supports the analysis of open code with linear contexts, and
moreovetr, its technique makes many simplifying assumptions that are incompatible with process
code. Furthermore, processes can embed functional terms, which themselves can be open with
respect to functional values. Thus, FuSes must support first-class contexts, types, and functional
code all while dealing with the challenges associated with managing linear contexts. In particular,
we allow top-level functions to be defined via pattern matching on well-typed session code and
well-typed functional code.

In short, we make the following contributions in this paper.

(1) We present FuSes, a type-safe foundation for concurrent programming that separates “ordi-
nary” functional programming and concurrent message-passing programming. In this setting,
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open session-typed process code is first class and can be quoted and composed. We prove
type preservation for this core.

(2) To enable the functions to run and observe session-typed process code, we give a multiset
rewriting semantics for processes. We then extend the functional layer of FuSes with a
collection of primitives that perform one synchronized communication with an executed
process and then provide a code representation of the remaining process and its environment.
We prove that this extension maintains type preservation, which mainly involves proving
type preservation for the multiset rewriting semantics for processes.

(3) To support type-safe code transformations and code optimizations, we extend our system
with recursion and analysis on session-typed process code (and necessarily contexts, types,
and functional code) through top-level functions with pattern spines. The main technical
contribution is extending our metatheory to account for these new first-class objects. To our
knowledge, no existing metaprogramming system provides support for pattern matching on
open session-typed process code.

(4) We implement in FuSes several examples of common concurrent code transformations
including batch optimization, monitor insertion, and tracing. Our type system ensures that
these optimizations are type-preserving, and therefore, these examples demonstrate the
expressivity of our language.

2  FuSes by Example

To give motivation and intuition on the three components of FuSes, we explore a few examples in
pseudocode, expanding the sketch given in the introduction.

2.1 Generating and Composing Session-Typed Concurrent Processes

To recap, we can quote open process code with the constructor box(I'; A —» P — c:C) which
describes a suspended process P that offers a channel ¢ : C and is open with functional assumptions
I' = X : 7 and linear channels A = a : A. The type of this expression is of the form {T;A + ¢ : C}. In
the interest of readability, we do not annotate any of the assumptions with types in our examples
unless they are needed.

For instance, box (-; - — ( c 5; c) — c) denotes a suspended closed process that
sends a natural number 5 and then terminates. The protocol over channel c is captured by the
type nat A 1, where the session type 1 denotes termination, so the type of this process code is
{-; - F c: nat A 13}.

To compose and refer to suspended processes on the functional layer, we introduce the eliminator
letbox u = M in N that binds some suspended process code M to a globally accessible variable u
that N can access.

Example 2.1.
letbox u = box(x; a — (y = a; a; c (x+y); c) — c¢) % Bind the process code
tou
in box(:;a' — (b « uf5/x; a'/a, b/c] « a' % Run u in parallel with a’

| (x = b; b; c)) — ¢

Here we spawn the process u by passing a channel a' to it. The substitution ul5/x; a'/a, b/c]
provides mappings for all free variables in u. This process runs in parallel with the process
X = b; b; c. Intuitively, this process receives a number from u over channel b,
waits for u to terminate, and then terminates.
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2.2 Running and Observing Code

As motivation, consider a function gen_fib n that returns a closed process code that concurrently
computes the n-th Fibonacci number and sends it alongside its offering channel ¢ of type nat A 1.

gen_fib: nat — {-;- + c: nat A 1}
gen_fib = An.
if n =0 or n =1 then

box (-;- — c1; c — C) % base cases; return the trivial process outputting 1

3

else
letbox u = gen_fib (n-1) in
letbox v = gen_fib (n-2) in

box (-;- — (a « ula/c]) | % spawn process u with channel name a
(b « vlb/cl) | % spawn process v with channel name b
(x = a; % receive a nat on channel a
y = b; % receive a nat on channel b
a; % wait for P to close channel a
b; % wait for Q to close channel b
c (x +y);
<))
— C)

In the base cases where n = @ or n = 1, the function outputs a trivial process code that sends the
number 1 and then terminates. Otherwise, it first calls itself recursively twice to obtain u and v,
which represent process code that output the n-1 and n-2 Fibonacci numbers, respectively. It then
composes u and v to create a process that receives a number from both u and v and then sends its
sum alongside its offering channel.

At this point, our metaprogramming system has only generated a suspended process that
concurrently computes the number. If we want to actually compute the Fibonacci number, e.g.

fib: nat — nat
fib n =
letbox u = gen_fib n in

Then we are stuck because we would still need to run the concurrent process to extract an output.

To that end, we define a primitive let (x1, ..., xn) = run M in N that runs a closed (with
respect to its channel context) process code M until it is stuck (i.e., attempting to communicate
across its offered channel) and binds some tuple of data x1, ..., xn for N to use. The structure of
this data is uniquely determined by the offering session type.

For instance, if we run a closed process of type {- ; - + nat A A}, we expect the process to
output a nat and then continue communicating according to A. We therefore think of running such
a process as outputting a natural number alongside a process code that represents the remaining
computation and communication. We can use the run primitive to execute the generated Fibonacci
process and get its output number:

fib: nat — nat

fib n =
let (n, _) = run (gen_fib n) in
n

We ignore the continuation process _ of type {- ; - + 13},1e., aprocess that eventually terminates.
We run gen_fib to completion and only care about the number that the process outputs. However,
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when running processes with more complex interactions, we would use the continuation process
in a monadic style. For example, if we run a process that sends, receives, and then sends a number:

let (n, u) = run(box(- ; - — ( c1; x= c; C X; c) > ¢)) in ...

The continuation process variable u corresponds to the process code x = c; ....Since this
process expects to receive some value, running this process no longer gives a pair. Instead, it gives
a process code u' that is open with respect to x, the value it receives:

let u' = run(box(- ; - > u — ¢)) in ...

u' now corresponds to the process code ¢ x; ... and again, is open with respect to a
number x. To continue running this process, we must instantiate x by providing a substitution. As
an example, we substitute the number 5.

let (n', u'') = run(box(x ; - — u' — c)[5/x]) in ...

2.3 Analyzing Session-Typed Process Code

Our system supports code analysis for concurrent programs through top-level functions and pattern
matching on code. A top-level function consists of a spine, or a list of patterns that each contains
an implementation for some pattern fragment.

For example, consider a deep-copy function that traverses an arbitrary process and produces a copy
of it. As a first attempt, the copy function takes as input some open process code u:{?; ? r c:?}
and outputs a process code of the same type {?; ? + c:?}

copy : (Uu:{?;?2 F c:?}) - {7 F cC:?}
copy (?; ? — a; u—oc) = ...

Since the process is open, we must make the contexts in which it lives first class. Therefore,
the copy function must also abstract over some functional context y: ctx, linear channel context
§:lctx, and the offering channel’s session type C: stp:

copy : (y:ctx) — (d:1lctx) — (C:stp) — (u:{y;6 r C}) — {y;8 + C}

This essentially means that function types are now dependent function types (II-type). We name
each input in the function type as is common in II-types.

To implement the function copy, we write pattern spines that match simultaneously on the
structure of all the inputs, i.e., functional context y: ctx, linear channel context §: 1ctx, the offering
channel’s session type C: stp, and most importantly the processes u. For example, for u to be of the
form c, its channel context must be empty (due to linearity) and its offering session type
must be 1:

copy vy -1 (y; - — ¢ — c) = box(y; ‘— c —> ¢)

If the process is of the form x = a; u' where a is a client channel (i.e., not the offering
channel), then its channel context must contain some a:z A A:

copy y (8, ait AA)C (y; 8, a > (x = a; u') - c¢c) =
letbox v = copy (y, x:7) (S, a:A) C u' in
box(y; 8, a = x = a; v - ¢)

Since we treat both functional and channel contexts as sets, the pattern (§, a:z A A) matches any
linear context containing some channel a:z A A. In the recursive call, we extend the functional
context (y,x:7) since u' now depends on the received value x, and the type of channel a is now
simply A.
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The final interesting case is when the process is a parallel composition of two processes, i.e., u is
of the form a « ul « 81 | u2.In this case, the channel context § is split into two contexts
51 and §2 where §1 »« 52 with > denoting a context merge:

copy y (81 »a 82) C (y; 81 > 82 — (a « ( ul « 81) | u2) - c) = ...
In this case, we would like to recursively copy both u1 and u2, but the former is a bit problematic:
letbox ul' = copy y 61 ? ul in

Indeed, we do not know the session type of u1's offering channel. Therefore, we require type
annotations on the offered channel a in the spawn construct to proceed:
copy y (61 »a 62) C (y; 61 pa 82 — (a:A « ( ul « 81) | r2) - ¢c) = ...

letbox ul' = copy y 81 A ul in

letbox u2' = copy y (82, a:A) C u2 in

box(y;81 »< 62 — ((a « ul' « 81) | u2') - o)
For the sake of conciseness, we will continue to omit types as much as possible in later examples
and only include them when necessary.

3 Code Generation

We first introduce the core fragment of FuSes which contains a functional layer that captures
process calculus syntax through a contextual type (Figure ??). We will expand this core fragment
in Section 4 and Section 5 to support running process code and code analysis, respectively.

Session Types ABC == 1|tAA|TDA

Functional Types 1, T2 = —on|{l;Ara:A}

Metalevel assumptions S = (I5Ara:A)

Metalevel objects N = ([AP:c:0)

Linear Context A = |Aa:A

Functional Context T = |Lx:t

Global metacontext > = | Zu:S

Metalevel Substitutions 6 = | ON

Term-level Substitutions o = -|o,M/x

Channel Renamings p = -|pa/b

Processes P,Q i= fwdab|closea|waita;P|(a:A— P« A|Q)
| send ¢ M; P | x =recv ¢; P | ulo; p]

Terms M,N == x|AxM|MN |letboxu=Min N

| box(T;AFP:c:C)

Fig. 1. Syntax of the core fragment of FuSes.

3.1 Functional Layer of FuSes

We start with a simply-typed A-calculus and extend its typing judgments with the context ¥ which
holds global assumptions of process code. We view I' and A as unordered and X as an ordered
context to anticipate our later developments which allow assumptions in ¥ to depend on prior
assumptions.

Type judgments of functional terms are of the form

S|ITWM:t
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with the standard rules of functions extended with X:

S|x:nkM:1n I T+ M:ty > X|THEN:n
x —I —E
S|hx:thkx:1 S|ITHFAXM:11 > 1 YITFMN:1

To this system we add a contextual type {I'; A + c: C} to capture open process code that
depends on some functional unrestricted context I' and a linear channel context A to provide a
communication channel ¢ of type C.

Its introduction rule continues checking that the code is well-typed with respect to the process
layer typing, which we define in the following section:

S|T;ARP:(c:0)
S| Fbox(T;AFP:c:C): {T;AFc:C}

boxI

Note that in our core syntax we require full typing annotations on the contextual box. This is in
contrast to the examples that we gave earlier, such as in Section 2.1, where we mostly omitted type
annotations. This will make the overall development simpler, but the type annotations can usually
be inferred in practice.

When we transition to process typing in the premise, we forget our functional context I'' and
switch to the functional context I' given in the box term. This ensures that the process is closed with
respect to I and A. We pass 2, the metacontext containing metavariables referring to processes,
on to the process layer typing judgment to enable splicing of process code. This strict isolation of
contexts is needed later when we consider processes that can receive (and send) functional values.

The metacontext X can be extended by eliminating a term of box type using a let-style eliminator:

IV EM:{T;Arc:C} Zu:(l3Arc:C)|T"FN:T
X|T’ I letboxu=MinN:t

boxE

This rule moves a quoted process code M to the global metacontext, making it accessible under any
boxes in N.

3.2 Process Layer of FuSes

As previewed in the previous section, process layer typing judgments check that a process P offers
a channel ¢ : C while using channels in A, values in I', and metaassumptions in X.

Y|T;ARP:(c:0)

We take a very simple subset of (intuitionistic) session types consisting of the unit 1, corresponding
to termination, value output 7 A A, and value input 7 > A. We discuss in Section 7 how we can
extend our system to the standard session type connectives ®, —, ®, and &.

Typing rules in this layer correspond to proofs in the sequent calculus for intuitionistic linear
logic where left rules correspond to interacting on a used channel as a client, while right rules
correspond to interacting on the offered channel as a server. For each session type, the left and
right rules must be dual to ensure that no communication mismatch occurs.

For instance, the right rule for the unit 1 corresponds to termination, which can be thought of
as sending a termination signal, which we write as close ¢ for some channel c. Therefore, the left
rule must receive a termination signal and then proceed as some continuation process P, which we
write as wait a; P for some channel a.

S|T;AFP:(c:C0) L R
X|T;Aa:1+Fwaita;P:(c:C) 1 X|T;-rclosec:(c:1) 1

Analogously, the right rule for value output 7 A A must send a value of type r and continue as
type A, while the left rule must receive a value of type 7 and continue using the channel as A. The
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right rule also refers to the expression layer typing to ensure that the sent value is well-typed.
S|T,x:;Aa:A+P:(c:C) S|IT;AFP:(c:C) Z|TwM:7t
S|T;Aa:tAArFx=recva;P:(c:C) A X |T;Arsendc M;P::(c:tAC)

The rules for 7 O A are dual; the right rule is a receive while the left rule is a send:
Y|T;Aa:ArP(c:C) Z|TrM:zt S|Lx:;ArP:(c:C)
S|T;Aa:tD>ArsendaM;P:(c:C) - Z|1";A|—x=recvc;P::(C:TDC)D

R

The identity rule types a process that forwards communication between its two channels:

Y|T;a:Crfwdac: (c:C) id
The cut rule corresponds to spawning a process offering a channel of the cut type in parallel and
then continuing:
SIT;AFPi(a:A) I T;A5a:ArQu(c:C) A=Ay
SIT;AraA—P— A |Q:=(c:0)

spawn

We make here explicit the context merge A; >« A, which, for now, is defined in the obvious manner.
Finally, we can splice in process code u in ¥ by providing a substitution o between the functional
contexts and a renaming p between the channel contexts, both defined in the following section:
u:(I'Nrc:C)e¥ E|Thkro:T" Z|Akp: AN
SIT;Arufo;p] i (c:C)
We do not explicitly rename the offered channel c¢ since every process offers a single channel, so
they can be implicitly a-renamed accordingly.

Pvar

3.3 Substitutions and Renamings in FuSes

Our language defines three kinds of “substitutions”: term substitutions o; channel renamings p;
and metasubstitutions 6. Thus far, the former two appear directly in the syntax of process code
splicing u[o; p] to allow splicing of process code variables open under different functional and
channel contexts. We define o as a set of mappings between terms and variable names

SITe-M:z Z|Tko:(I"\(x:7)) (x:7)el’ -

dec

JE—F
ST r-:. o ST ko Mix:T

and p as a set of channel name mappings
S|Akp:(A'\(a:A) (@:A)el

— d
2|-|F.;.’Dempty S|Aa:Awpala : N pdec

Term-level substitutions [¢]|M and [o]P provide (capture-avoiding) instantiations for functional
assumptions and are mutually defined for both terms and processes. For a given term-level sub-
stitution o, we assume a lookup operation o(x) that returns some term M if M/x € o and x
otherwise.

For terms, the definition is standard:

[6](MN) = [6]M [6]N [o]lx =o(x) [o](Ax.M) = Ax.[o, x/x]M

One notable case is a box; since the captured process code is open with respect to an unrelated
functional context, the substitution must stop:

[c]box(T;AFP:c:C)=box(l';AFP:c:C)
For processes, term substitutions recursively traverse the process in the usual way:

[o]close c =close ¢ [o](a:A«—P «— A|Q)=a:A « [c]P — A | [c]Q
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The only interesting case is when it encounters a value send, where it applies the substitution to
the term that is being sent:

[c](send a M;P) = send a [c]M; [c]P

On the other hand, channel renamings [p]P are only defined for processes since functions do not
depend on channel contexts. We assume a similar lookup function p(a) that returns b if b/a € p
and a otherwise. The definition of channel renaming is as one would expect. For instance,

[p](wait a; P) = wait p(a); [p]P [p1, p2l(@:A — P — A| Q) = a:A — [p1]P — A | [p2]Q

It is worth mentioning that although we declaratively assume a split p;, p; in the second case, this
can be easily computed by referencing A, the context for process P.

The metasubstitution 0 is for now, also defined in a similar manner to term-level substitutions; it
is a list of metaobjects, i.e., process code, that provides instantiations of assumptions in some meta-
context Y. The only difference is that 0 is a list of metaobjects instead of a list of mappings because
> is ordered; the domain can therefore be inferred. We defer the details of the metasubstitution to
Section 5 where we extend the metalevel syntax to accommodate code analysis.

3.4 Example Derivations

We can type a boxed process that sends the number 5 (as given in Section 2.1) as follows, where we
omit the derivation that 5 is a natural number:

iR ——
|- kclosec(c: 1) - F5:nat
-] -+ sendc5;close ¢ :: (c:nat A1)
| < - box(-;- + send ¢ 5;close ¢ :: c : nat A1) : {-;- F c:nat A 1}

boxI

We also give a brief outline of the typing derivation for Example 2.1. We omit some typing
annotations to save space and only recover them as necessary.

1R
“lxyrx+y:nat -|xy;-+closec:(c:1)

“lxy;-Fsendcx+y;...: (c:nat Al) AR
| x:naty:nat;a: 1F waita;... ¢ 1L ul|-a vrul5/x;a’/al = b Pear
“|x:nat;a:natAlry=recva;...c AL ul|sa vbe—ul5/x;a’/al —ad|...:c spawn
|-k box(x;ary=recva;...c): {x;atkc} boxI ul-rbox(ya'v...|...uc):{sa rc} boxI
- | - letbox u = box(x;a+y=recva;...::c)inbox(;a" k... | ... ¢): {;a Fc} oxE

We point out that the premises in P,,, that we omit check that u is a process code and that the
substitutions 5/x and a’/a provide instantiations for the functional context (x : nat) and channel
context (a : nat A 1) of u.

3.5 Operational Semantics and Type Preservation

We can now give a reduction semantics for our core functional terms using the judgment M = ¢ M’,
and we write =7 for its reflexive and transitive closure. Note that since process code is static for
now, we have no operational semantics for the process layer.

The reduction rules for the simply-typed fragment of our functional layer is standard; we pick a
call-by-value semantics for functions:

M=pM N=p N’

_ [ S |
MNo MNP NS, MNP a0 o5 fojxm 2PPP

where v corresponds to values in the usual sense (variables, functions, and boxed processes).
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When eliminating boxed processes via a letbox, we step the term until we see a box. After,
we construct a metaobject corresponding to the underlying process code and substitute it for all
occurrences of the free metavariable u. As a reminder, we omit the domain (the variable u) in the
metasubstitution [(T; A.P :: ¢ : C)]N since it can be inferred given that metalevel assumptions are
ordered.

M =F M
letbox u = M in N =F letboxu =M in N

Ibox

Ib
letbox u = box(T';AFP:c:C)in N =g [([A.P::c:C)]N oxp

Before we state type preservation, we introduce two key lemmas.

LEMMA 3.1 (TERM-LEVEL SUBSTITUTION PROPERTY). Let X | T + o : IV, then:

o IfX|T"FN:7, thenX |T I [¢]N : 7.
e If X |T";ArP:(c:C), thenX |T;AF [0]P:: (c:C).

The term-level substitution property states that both functional and process typing are preserved
under some term-level substitution o that provides instantiations for the appropriate functional
context. Since our term-level substitutions are defined in the usual manner, the proof, which we
omit, has no surprises. Metasubstitutions also enjoy an analogous property:

LEMMA 3.2 (METASUBSTITUTION PROPERTY). Given some metasubstitutionY’ I+ 0 : X, the following
hold:

D) IFE|THM:z,thenY |T I [0]M : 7.
@ IFZ|T;ArP:(c:C), thenX |T;A+ [0]P :: (c: C).
B)IZ|Tro:I', thenY |T I [0lo:T".

Its proof, just like for term-level substitutions, proceeds by simultaneous induction on the
appropriate judgments for (1) to (3).

THEOREM 3.3 (PRESERVATION OF FUNCTIONAL LAYER). If - | - + M : t and M =F N, then
“|-FN:7T

Its proof proceeds by induction on the dynamics of the functional layer.

4 Running Processes and Operational Semantics

Since FuSes is a functional programming language first, we must give an interpretation of running
process code within the functional layer. As demonstrated in Section 2.2, we do so by running
the process and reifying the result of a single communication with the process. While we require
process code to be closed with respect to its channel context so that we can execute it, it can contain
free functional assumptions.

For instance, to run some process code of type {T;- I ¢ : 1}, we can supply a substitution o for
the functional assumptions I'. Since the offering protocol 1 is the trivial one where the process
closes its offered channel, there is no meaningful output to bind. We nevertheless support running
these processes for uniformity and to support future extensions to a process layer with effects.

ITW¢N:7 Z|TweM:{T";-+c:1} X|Tkro:I’
Y| Twklet () =runy(M[o])inN:t

rung

Running a process of type {I"; - + ¢ : 7 A A} results in binding a variable x : 7 and a metalevel
process variable u : (T;- + ¢ : A) to the value that is being sent and the continuation process,
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respectively. The continuation process no longer depends on the original functional context I but
instead on the context I' of the substitution:

Su: (T rc:A)|Tx:tkN:t" Z|TrEM:{T";c-+rc:tANA} X |Thko: T’ o
| Tk let (x,u) = runy(M[o]) in N : 7/

na

Processes of type {I';- + ¢ : 7 D A} receive a value of type 7 and then offer a channel of type
A. We model this receiving of x : 7 by making it free in the resulting continuation process u of
type (T, x : 7;- + ¢ : A). Intuitively, the process will “receive” a value for x when N runs u with an
instantiation for x.
Su:(Lx:torc:A)|THEN:7 Z|TrM:{I";-rc:7tDA} X|Thro:I’ -
Y|Twkletu=runs(M[o])inN:7

n-

Unlike in the examples, the subscripts in the run primitive denote the session type of the output
and serve to syntactically distinguish each run construct to simplify the metatheory. Since process
typing can be inferred, we may still adopt the generic 1et _ = run(-) syntax in an implementation.

4.1 Process Configuration

To describe the operational semantics of FuSes, we first introduce a multiset rewriting semantics
for processes.

A configuration Q is a multiset consisting of three predicates proc(A; P;c), sproc(A; P;c), and
code(P;c). Unlike in other multiset formulations of session-typed processes, we track all of P’s
client channels and types Ap which is needed to support code suspension.

Intuitively, proc(A; P;c) refers to a live process P offering a channel ¢ using client channels
A. The remaining two predicates sproc(A; P; ¢) and code(P; c) refer to currently suspending and
suspended processes respectively, which are used to capture the semantics of FuSes’s run primitive.
Suspended processes do not contain A because we ensure that they become closed. Configuration
typing = Q :: A asserts that the configuration Q provides channels A and is given by the following
rules:

o | 5AprPu(c:C) |=Q::A,ApQ
Eoae E proc(Ap; P;c),Q :c: C, A

The two remaining predicates sproc and code are typed analogously to proc; the distinctions
between the three predicates are only relevant in the operational semantics;
| 5AprPu(c:C) EQ:AAp o | kPu(c:C) EQ:=A
E sproc(Ap; P;c),Q :c: C, A sproc E code(P;c), Q= c: C,A

proc

Qcode
As is typical, we require offered channel names to appear uniquely in a given multiset.

4.2 Operational Semantics and Type Preservation

We can now give a semantics for our process configurations Q =p Q’, and we write =7, for its
reflexive and transitive closure. The multiset rewriting semantics for our process configuration is
standard aside from how we deal with process suspension. We give two cases as examples.

If a process is sending across some channel a, and another process is receiving across the same
channel a, then they can communicate:

M :>} v o value

proc(Ay, c:t A A; (x = recv ¢; P); a), proc(Az; (send ¢ M;Q);¢c) =p proc(Aq, c:A; ([v/x]P);a), proc(Az; Q;c)

If a process is spawning a subprocess, then the result will be two process predicates:

proc(Ap >« Ag; (a:A < P« Ap | Q);c) =p proc(Ag; Q;c), proc(Ap; P;a)  (a fresh)
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These standard rules do not reference non-live processes sproc and code; we will come back to
these predicates later.

4.2.1 Running Processes. When running processes from the functional layer, we first reduce the
underlying term until we reach a box:
M= M ’

let () = run;(M[o]) in N =5 let O = rumy(M'[o]) in N !

Each of the other run primitives has an analogous congruence rule.

We then defer to the operational semantics of the process layer by constructing a singleton
configuration containing the process and run it until it attempts to communicate on its offered
channel. For runy, this is simple:

proc(:; P[o];¢) =7 proc(+;close c;c)

let () = l’unl(bO)((l"/;. FP:c: l)[o]) inN S N runlﬁ

For processes offering more complex session types however, we must capture appropriate values
and continuation processes depending on the session offered by the process. For instance, consider
running some process P of type 7 AA. We expect its singleton configuration to reach some multiset of
the form proc(A; (send ¢ M; Q);¢), Q, where Q may contain other processes that were spawned by
that execution. Since Q depends on processes in Q, we must capture Q (i.e., a process environment)
so that we can continue running the process.

To keep the theory concise, we aim to capture the environment as process code. To do that, we
signal proc(A; (send ¢ M;Q);c) to suspend, which we model by replacing it with sproc(A; Q;c).
Note that when suspending, we have peeled off the action send ¢ M to model the fact that we have
observed this communication (in this case, the value to which M evaluates).

The idea then is that the semantics would force the entire configuration sproc(A; Q;c), Q to
reduce to some code(Q’;c), i.e., a closed process that represents Q and its environment €, that the
functional layer can continue to run.

proc(;;Plo];c) =} proc(A;(send ¢ M;Q);¢c),Q M =3 v sproc(A;Qsc), Q =) code(Q’;¢)

- runpf
let (x,u) = runp(box(T’; -+ P:c:tAC)[o]) in N =f [(-.Q" = c: O)][v/x]N
The semantics for running a process of type 7 O A proceeds in a similar manner.
proc(+; P[o];c) =% proc(A; (x =recv ¢;Q);c), Q  sproc(A;Q;c), Q =7 code(Q’;c) 5
run,

let u = runs (box(I’;-FPxc: 7D C)[o])inN =g [(x:7;-.Q" =c:C)IN
The multiset rewriting semantics involving process suspension is quite simple — a currently

suspending process (sproc) will change any live client processes (proc) to currently suspending
processes:

sproc(A; P;c), proc(A’; Q;a) =p sproc(A; P;c),sproc(A';Qza) (ifa:—€A)

A currently suspending process will become a suspended process once all of its clients have
suspended. In doing so, it composes all of its free channels with the code of its clients through a
sequence of spawns.

a1:A1 — P1 — -
|
| an:Ap «— Py — -
| P
Note that a currently suspending process without any client channels will immediately become
code according to this rule.

sproc(as:Ay, ..., an:An; P;c), code(Py;ay), . .., code(Py;a,) =p codelc,
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4.2.2 Type Preservation. Since we extend our functional language with run primitives, we ex-
tend our definition of term-level substitutions and metasubstitutions accordingly. Proving the
corresponding substitution lemmas with the extended definitions poses no technical challenges.
The major change in type preservation comes from the fact that processes are no longer static.
Our type preservation statement therefore also states that a well-typed configuration stays well
typed:
THEOREM 4.1 (PRESERVATION OF FUNCTIONAL AND PROCESS LAYER).

WDIf-|-+M:tandM =p N, then- |- N : 7.
@ IfEQ:AandQ =p Q' then Q = A

The proof proceeds by simultaneous induction on the respective dynamics and highlights the
advantage of our modular design. Most functional and process reduction cases are easy since they
make no mention of the other layer. The cases where they do mention each other, such as run, f3,
follow from an appeal to the induction hypothesis of the other layer.

5 Type-Safe Recursive Code Analysis

FuSes as presented thus far allows type-safe process code generation and observing the behavior
of processes on the functional layer. However, we also want programmers to be able to optimize
the process code that they have generated using domain-specific knowledge. For this reason, we
add to FuSes the ability to recursively traverse and analyze process code in a type-safe manner as
in Section 2.3.

Recall that box(I'; A + P :: ¢ : C) describes a session-typed process P that may refer to the
functional context I, the input channels A, and the output channel ¢ : C. As we recursively analyze
P, both our functional context and our input channel context may change. Furthermore, the type of
our output channel C does not remain fixed. We therefore must abstract over the functional context
T : ctx, the linear channel context A : Ictx, and the offering channel’s session type C : stp to support
pattern matching on process code; hence function types turn into dependently typed functions.
We force these abstractions over metaassumptions to only appear at the top-level to simplify later
metatheoretic results; in principle we do not see any problems removing this restriction.

These functions are defined by a collection of branches where we simultaneously pattern match
on all arguments to capture their dependencies. We hence consider pattern spines, i.e., a list of
patterns, which we denote with 6. For example, when we pattern match on a process code of the
form box(I'; A + P :: ¢ : C), we will also pattern match on I, A, and C. The particular pattern
process P that we consider may also refine the functional context I : ctx, the linear channel context
A : Ictx, or the offering channel’s session type C : stp. We describe a pattern spine using 0 together
with the pattern variables (metalevel assumptions) in Y. Hence, a branch takes the form >.0 +— M
where M is the body. We therefore extend our metalevel assumptions and objects to make contexts,
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types, and open functional code first class in order to support code analysis:

Session Types AB:=1|tANA|1DA|a

Functional Types T, i=1 — o | {I5AFa: A} S

Metalevel assumptions Su=(T;Ara:A)|ctx|letx | stp | = | (T + 1)
Metalevel objects Niu= (I:AP:c:O)]|T|A|A| 7] (T.M)
Generalized Linear Context A = (5, D)

Set of Linear Assumptions Di=-|1D,a:A

Functional Context Fe=-|[Tx:7|y

Global metacontext Su=-1%¢:8

Pattern Spine 0:=-10N

Branches B=30— M

Top-level Function Type Sig. T o=-|7,f: 127

Top-level Function Def. Sig. Ru=-|R fu= {é}

Types Ictx and ctx correspond to linear channel contexts and functional contexts, stp and * to
session types and functional types, and (T F 7) to an expression code of type 7 that depends on T.
Since we now have different metalevel assumptions, we will use the name ¢ to refer to a metalevel
assumption in X. For readability, we continue to refer to metaassumptions denoting a process
by u, v and introduce analogous conventions for metaassumptions denoting linear contexts by §,
functional contexts by y, session types by «, functional types by f, and functional terms with r.

As shown above, we extend our now first-class objects so that they can refer to metaassumptions.
Linear contexts must now allow for multiple metavariables to enable us to capture context splits
during pattern matching. This is in contrast to functional contexts that, due to weakening, are
never split, and so use at most one metavariable y.

We therefore redefine the linear context A as a pair consisting of a list of linear context variables
§= 01, .., 0, and a set of concrete channel name assumptions D = a; : Ay,. .., am : Ap. This new
definition simplifies later metatheory because we require § to be ordered while D can remain
unordered. Changing process typing rules to accommodate this new definition of A is purely
mechanical; left rules now refer to some channel in D, any rules that require the context to be
empty now also require 8 to be empty, and context merge concatenates the context variables and
channel names pointwise. We continue to informally use commas to extend linear contexts.

We define top-level function types in a signature 7~. Note that we only allow for dependent types
on the top-level. The corresponding function definitions are in R. As branches can refer to pattern
variables, we must also extend the functional layer with the ability to refer to them. We can splice
a metavariable r representing some open functional code through the syntax r[c] where ¢ is an
appropriate term-level substitution. This is analogous to splicing u[o; p] for the process layer and
is typed by:

r:rr)ex X|Tro:T’
S|Twrlo]:r var

Before we explain top-level functions in more detail, we define metasubstitutions in FuSes with
the extended metalevel objects.
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5.1 Metasubstitution
Metasubstitutions [0](—) simultaneously replace all occurrences of metavariables in (—) by the
objects in 6. We type metasubstitutions analogously to substitutions in dependently typed systems:
0 SO ZII—N:[Q]Se
Sk Y TSR (ON) (B¢ S) ke
The premise X - N : [0]S defers to the appropriate judgments for each kind of N. For instance, if
S = Ictx, then we check that N is a linear context according to its formation rules:

>+ A lctx
>k A letx

Mctx

Next, to define the metasubstitution operation [6](—), we assume a lookup function
0(¢p) =N

that finds a metaobject N' € 6 that corresponds to the metavariable ¢ in the domain of the
substitution. Formally, it must satisfy the following:

PROPERTY 1 (LOOKUP PROPERTY). If ' I 6 : X, then forall ¢ : S € 2, there exists 6(¢) such that
> 6(¢) : [0]S.

Because metacontexts ¥ are ordered, we keep the domain of § implicit for economical reasons
and assume that it can be recovered when needed. In the following sections, we may sometimes
make the domain of metasubstitutions explicit for clarity.

5.1.1 Types and Contexts. Metasubstitutions over types and contexts are mostly defined in the
obvious manner. When encountering a type variable, we look it up, and when encountering other
type constructors, we recursively apply the substitution to its components. For instance, we define
metasubstitutions over session types as follows:

[0la=0(a) [0](rAB)=[0]cA[0]B  [6](z > B) = [0]c > [0]B

Unfortunately, naively following this approach for linear contexts is unsound since they may
contain repetitions of the same context variables. For instance, consider the metasubstitution
[(a:1)/6](5,6;"), where a naive definition would result in an ill-formed context (-;a : 1,a : 1).
Preventing these kinds of contexts is non-trivial, since a seemingly innocent metasubstitution
such as [8/81, /2] (81, O2;-) would result in a linear context with repeated context variables.
Furthermore, the ability to describe a context with repeated context variables is useful. For example,
we can write a metaprogram that takes some process code as input and constructs code that runs
two copies of it in parallel.

Resolving these name conflicts through renaming individual channels is not a difficult task.
However, this renaming must be applied consistently and therefore cannot be a purely local
operation. In particular, for cases such as [@]box(; A + P :: ¢ : C), we have to ensure that channel
names in A remain in sync with P, meaning whatever renaming we choose for A must be applied
to P.

We therefore declaratively assume an (ordered) list of renamings p which provides instantiations
for the result of looking up each occurrence of a linear contextual variable in the domain such
that no name conflicts occur, which we make explicit by extending the metasubstitution operator,
[0] 5(—) for linear contexts. More precisely, we require / to

(1) A; v p; = 6(6;) for all occurrences of a context variable §; in the domain of the metasubstitution,
i.e., there must be a corresponding channel renaming for every occurrence of each context
variable;
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(2) cause no name conflicts when merged together, i.e., () dom(p;) = {}.
With this, we define metasubstitution for an empty linear context and channel extension in the
obvious manner:

[6]¢)-=- [0]5(8D,a:A) = [0]5(8D,a: [6]A)

The interesting case is when the linear context is of the form 5, &’; D. Here, we perform a lookup
on ¢’ and then apply the last renaming to its result:

[0] (5,011 (8,6 D) = [0]5(5; D) = [p'10(8)

Applying the respective renamings after each lookup ensures that the resulting context is well-
formed by the second condition on p.

5.1.2  Terms. Metasubstitutions on terms is mostly standard:
[6]r[o] = [[0]c]0(r) [0]x = x [0]Ax.M = Ax.[0]M [6]1(M N) = ([0]M) ([O]N)

One notable point is that when applying a metasubstitution to some code splicing r[c], we must
not only perform a lookup on r but also continue recursively into the term-level substitution o
since they may also depend on metaassumptions.

For boxes, we declaratively assume a renaming 5 and apply it to both the binding linear context
A and the process P; this ensures that names remain in sync after the metasubstitution:

[0]box(T5 A+ P :: ¢ : C) = box([8]T; [0] 5A + [0] 5P :: ¢ : [0]C)

Since letbox u = M in N binds a fresh metavariable u to the continuation term N, we must
extend the metasubstitution with the identity substitution for u:

[0](letbox u = M in N) = letbox u = [0]M in [0, u]N

And finally, metasubstitution for top-level function calls simply applies the substitution to the
arguments.

[01(f16']) = f116]16"]

5.1.3  Processes. Similarly to linear contexts, we must keep track of instantiations of each occur-
rence of context variables p. Process terms that perform some communication over some channel
pose no difficulties; we recursively apply the metasubstitution to its relevant components in the
obvious manner.

0] fwd ab =fwd ab [0](.)close a = close a [0] (wait a; P) = wait a; [0] ;P

[0];(send a M; P) = send a [0]M; [0] ;P [0]5(x = recv a; P) = x = recv a; [0] ;P

Since we ensure by typing that the two axioms fwd a b and close a cannot depend on any context
variables, the renaming g should also be empty, as denoted by [6].).

When encountering a spawn, we must split our instantiations p accordingly. Note that while
this split is written declaratively, it is very easy to compute in practice given that both the list of
context variables within A and the list of instantiations p are ordered and required to “match.”

(0] (pppp) (@A = P = A| Q) = a:[0]A  [0] 5,P — [0]5,A | [0] 5,0

Finally, splicing some process code u[o; p] requires some care. We must perform a lookup
0(u) and then apply the term substitution [6]c which we obtain by recursively applying the
metasubstitution 8 over o.

[0]yula; p] = [p][[0]010(w)
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5.1.4  Term Substitutions and Metasubstitutions. Applying metasubstitutions over both term substi-
tutions and metasubstitutions, which are both essentially lists of terms and metaobjects, simply
amounts to traversing the list and applying the metasubstitutions in order. When traversing meta-
substitutions, we must carry the renaming g since they could carry process code that need to
remain in sync.

[0]-=-  [0](o, M/x) = [6]o, ([0]M)/x
[015-=-  [015(6'.N) = 0156, [0];N

5.2 Type-Checking Top-Level Function Definitions

We finally define the typing rules for top-level function definitions. We assume a signature R
containing top-level function definitions and a fixed 7~ containing type signatures of these top-level
functions. For each function f in R, we look up its corresponding type in 7. We then check that
each branch of the function definition satisfies the specified type:

FRwf f:I¥reT kB :MIErforall B, B
] Rem >
- wf Py F R, f o= {B} wf

dec

We type each branch ¥;.6; — M; by checking that M; is well-typed under the metalevel assump-
tions 3; (i.e., the pattern variables) introduced in the pattern ;. We require 0; to be a metasubstitution
that maps the branch’s metacontext 3; to the metaassumptions in the function’s signature 3:

Z,-II—G,-:Z Zi|'||-MiZ[9i]T
I Ziﬂi — M; 1127

At this point, we do not consider any kind of coverage checking for process code patterns. We
believe that this can be done following the ideas for coverage on contextual objects described in
[Dunfield and Pientka 2008; Pientka and Abel 2015] and extending them to the linear setting.

We call these top-level functions from the functional layer using the syntax f[0] where 6 is a
metasubstitution that instantiates the metacontext ¥’ of the function definition.

T(H)=IIZ't Z2r0:%
ST v f[6]:[0]r

defE
To reduce a top-level function call f[6], we identify a particular branch ¥;.6; — B; alongside a
substitution 6’ that factors 6 = 6;[0’], and then we apply the metasubstitution 6’ to M;:

fui={B}eR Bi=3%1.6; > M, 0=06[0]
f16] =F [0']1M;

call

For simplicity, we leave the runtime details of top-level functions open-ended. In particular, FuSes
does not enforce that a given spine covers all patterns nor that branches do not overlap with each
other.

5.3 Example

We revisit the deep copy example in Section 2.3. We first require that its type signature appear in
T, 1ie.,
T (copy) = I(y:ctx, d:lctx, C:stp,u : (y;0 ¢ : C)){y; S+ c: C}.

We then check each of its definitions in R via R4ec. For example, the base case of the copy
function is given by the following:

yietx.(y, - 1, (y; -.close ¢ :: ¢ : 1)) > box(y;- F close ¢ :: ¢ : 1)
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where the singleton y:ctx is its metalevel context, and the metasubstitution
0=(y,- 1, (y;-.close ¢ :: ¢ : 1)) is viewed as the pattern.
This branch must then be checked against the type signature of copy:
yictx Ik 6 : (yictx, S:letx, Cistp,u : (y;8 Fc: C))  yictx | - - box(y;- +Fclosec:c:1): [0]{y;0Fc:C} .
I y:ctx.0 +— box(y;-  close ¢ :: ¢ : 1) : II(y:ctx, &:lctx, C:stp,u : (y;0 ¢ : C)) {y; 0 Fc: C}

The first premise type checks 6, which ensures that the pattern is valid, and the second premise
checks that the body is well-typed with respect to the metasubstitution 6 applied to the signature of
copy. Thatis to say, [0]{y;d F ¢ : C} = {y;- F c : 1}, so we continue type checking the body against
the type {y;- + c: 1}.
The rule defE handles any top-level function calls (in this case, a recursive call), such as
yictx, d:ctx, Cistp,u = (y;0 ¢ : C).(y,8,a: 1,C, (y;6,a : L.wait g;u : ¢ : C))
— letbox v = copy[y,d,C,u] in ...

Type checking this branch would lead to a subderivation of the form:
2 (y,8,C u) : yictx, 8:letx, C:stp,u = (y;0 + ¢ : C)
|- copyly,d,Coul : [y,8,C ul{y;5 + c:C} defE S0:(;0Fc:CO) |- ...: {y;8, a1 + e:C}
3 |-k letbox v = copyly,5,C,u] in ...: {y;8,a:1+c:C} b

oxE

where ¥ = y:ctx, d:ctx, C:stp,u : (y;0 + ¢ : C). The premise in defE ensures that the arguments to
copy is a valid metasubstitution.

5.4 Metasubstitution Lemma and Type Preservation

The extensions that we present in this section mostly deals with the metasubstitution, and thus,
our metasubstitution lemma becomes more complex; our term-level substitution property and type
preservation remain mostly as is.

LEMMA 5.1 (METASUBSTITUTION PROPERTY FOR TYPES AND CONTEXTS).
Given some metasubstitution ' I+ 6 : X, the following hold:

(1) If =+ Astp, then 2’ + [0]A stp.

(2) If ZF 7%, thenX + [0]7 =

(3) If =+ Alctx, then ' + [0] ;A Ictx for some p.

(4) If 2+ T ctx, then ' + [0]T ctx.

Its proof proceeds by simultaneous induction on the appropriate formation judgments. Most of
the cases fall under a lookup case such as [0]a = 6(«) or a recursive case such as [0](t A A) =
[0]7 A [B]A. In the former, we refer to the lookup property 1 and in the latter, we rebuild the
appropriate object after applying induction hypothesis on its sub-objects.

LEMMA 5.2 (METASUBSTITUTION PROPERTY FOR TERMS, PROCESSES, AND SUBSTITUTIONS).
Given some metasubstitution ' I+ 6 : 3, the following hold:

M IFE|THM:r, thenX | [0]T I [6]M : [0]r.

@ IfE|T5A P (c:C), thenX | [0]T; [0]5A F [0]5P = (¢ : [0]C) for some p.
B)IfE|Tro:T, thenX | []T  [0]o : [0]T".

4) If w0 2, thenX \ [0]6" : 2.

Note the use of the same renaming p in (2), which applies to both A and P. This ensures that the
two remain in sync with regards to channel names after the metasubstitution operation. The proof
proceeds by simultaneous induction on the appropriate typing judgments.

The only change in type preservation is the addition of a new reduction case, call, for the
functional layer.
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6 Implementation and Further Examples

To show the practicality of FuSes and to allow us to write larger examples, we have implemented a
prototype for it [Sano et al. 2025]. In particular, our artifact implements type checking for FuSes
and simulates its operational semantics.

To develop a usable front-end, we infer type annotations. For example, type annotations for
contextual objects can be inferred, and similarly, empty contexts in the spawn construct are optional.
We also add some basic primitives such as integers, Booleans, common binary operations, and
conditionals.

Our type-checker uses a bidirectional typing approach > | T'+e = rand X | T + e & 7 to type
expressions. Since type annotations are optional, our process typing judgment ¥ | T;AF P c: C
also outputs some I'", A’, P/, and C’, potentially containing newly inferred typing information.

Our implementation can type-check and run all the examples in this section.

6.1 Further Examples

The examples that we present previously are mostly for illustrative purposes to demonstrate
features of our language. In this section, we use the surface language syntax used in Section 2 to
implement more interesting and realistic metaprogramming operations; as mentioned, these are all
implemented (with some modifications) and can be ran with our prototype.

>

6.1.1  Batch Optimization. In concurrent programming, a batch optimization refers to “batching’
sequences of message transmissions into one. In our setting, this amounts to converting processes of
the form c M; c N; ...to c <M, N>; ... where <M, N> is the usual functional
product type. We define a function batch: (C:stp, C':stp, u:(-;- + c:C)). {-;- F c:C'} 1
that performs this transformation over the offering channel of an arbitrary process.

batch 1 1 (+;- — c—>c:l) =
box(-;- — c — c:1)

% the interesting/main case

batch (t1 A t2 A C) ( (t1 X t2) A C') (-5 — c M; cN; u—->c:tl At2 AC) =
letbox u' = batch C C' (-;- —» u — c:C) in
box(:;- — c <M, N>, u'" — c: (t1 X t2) A C")

% examples of recursive cases

batch (t1 > C) (t1 > C') (+;- = x = c; u—> c:0) =
letbox u' = batch C C' u in
box(-;- — x = c; u' — c:C")

batch (t1 A C) (t1 A C") (- — cM; u—>c:tl AC) =
letbox u' = batch C C' (-;- > u — c¢:C) in
box (-;- — cM; u — citl ACY)

A similar function can be defined to batch transform a client channel.

batch_c 11 C (-; a:1 — a; u - c:0) =
box(:; a:1 — a; u - c:0)

batch_c (t1 A t2 A A) ((t1 X t2) A A') C (;a:(tT A t2 A A) — a M; aN; u— c:C) =

letbox u' = batch_c A A' C (;a:A — u — c:C) in
box(:; a:((t1 X t2) — A') — a <M, N>; u' — c:C)

1We assume the process is closed to save space. Supporting arbitrary open processes simply amounts to abstracting over the
appropriate context variables and passing them on during recursive calls.
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As currently written, both of these functions only batch two consecutive sends into one; for
instance, if we have a process of the form

c M1; c M2; c M3; c M4; ...

applying the transformation gives a process

c <M1, M2>: c <M3, Md>; ...
because the function would recur on the continuation process c M3; ... after it batches the
sending of M1 and M2 together.
Of course, for any fixed n, it is easy to manually write all pattern that batches 2,3, ..., n consecu-

tive sends, but more generally, one way to ensure that all consecutive sends are batched would be
to modify the recursive call in the main case such that it recurs on the entire transformed process
instead of just the continuation:

batch (t1 A t2 A C) ( (t1 X t2) A C") (+;- — c M; cN; u—->c:tl At2 AC) =
batch ((t1 X t2) A C) C' (-5 — c <M, N>; u — c:C")

If c is of the form t3 A ¢'', then the function would batch the two consecutive sends of t1 X t2
and t3 together, and so on.

Although this would work in theory, it is questionable whether an implementation of FuSes can
automatically infer that this modified pattern would be terminating if we choose to implement a
coverage and termination checking for top-level functions.

A safer approach would be to call the batch function multiple times; since each application
would group two consecutive sends into one, we would only need to call the function log(n) times
where n is the maximum number of consecutive sends within the process. Unfortunately, due to
the nature of our pattern matching, it does not seem possible to write a function that would, in
general, find n; we have no way of encoding such properties that speak of “all channels” in the
context. It would however be possible to find n for fixed channels such as the offering channel.

6.1.2  Run-Time Monitoring. In process calculi, monitors [Gommerstadt et al. 2018] refer to pro-
cesses that interface between two communicating parties, checking run-time invariants of messages
exchanged between the two. For instance, a monitor of type {x:nat; a:nat A 1 + c:nat A 1}
could ensure that the natural number received from a is greater than x:
let mon = box(x:nat; a:nat A 1 —

x' = a;

if x' > x, c x'; fwd a ¢

else abort(...) — c:nat A 1)

In general, suppose we implement a monitor of some arbitrary protocol A that ensures some
invariant that we would like to enforce on all internally spawned processes. We can achieve this by
traversing the process that we would like to modify and check every spawn:

insert_mon : (A:stp, mon:(:; a:A F c:A), 8:lctx, C:stp, u:(;8 + c:C)). {-;6 + c:C}
% main case: insert mon in between the spawn since type matches

insert_mon A mon (81 >« §2) C (+;(81 b« 62) — (a:A « u« 81) | v—o c:iC) =
box(-; (81 »a 62) —
letbox u' = insert_mon A mon 51 A (-;81 — u — a:A) in
letbox v' = insert_mon C mon 62 C (-;62 — v — c:C) in
(a':A « u' «— 61) |
(a:A & mon « a':A) |
v' — c:0)

Proc. ACM Program. Lang., Vol. 9, No. ICFP, Article 250. Publication date: August 2025.



250:22 Chuta Sano, Deepak Garg, Ryan Kavanagh, Brigitte Pientka, and Bernardo Toninho

6.1.3 Tracing. Another useful debugging mechanism is tracing, where we continuously log mes-
sages that a process receives that are relevant to its execution behavior. In our process calculus
setting, this amounts to logging choices, which we discuss in Section 7.1.

The idea is that given a process, we extend its channel context with a logging channel 1og of type
string — string — ..., traverse the process, and then insert code that sends appropriate messages
to log. We assume a primitive chan_str (-) that stringifies channels and a string concatenation
operator ++ to generate relevant logging messages. We also do not fix any implementation details
of this logging channel — one can implement one that does anything with the data it receives.

% T:stp is the type of the trace monitor. It is of the form string -> ... -> 1
tracing : (T:stp, &:1lctx, C:stp, u:(-; 6+ c:C)). {-; &, log:T + c:C}
% case when the offering channel c receives the choice
tracing T 6 (A & B) (-; 6— case c of (inl —» u , inr » v) — c:A & B) =

letbox u' = tracing T 8 A (-; § > u — c:A) in

letbox v' = tracing T § B (-; § > v — c:B) in

box(:; 8, log:(string — T) —

case c¢ of (inl — log (chan_str(c) ++ "inl"); u',
inr — log (chan_str(c) ++ "inr"); v') — c:A & B)

% case when some client a:A+B in our context receives the choice
tracing T (5, a:(A+B)) C (+; &, a:(A + B) — case a of (inl — u, inr - v) — c:C) =

letbox u' = tracing T (J, a:A) C (-; &, a:A —» u — c:C) in

letbox v' = tracing T (J, a:B) C (-; 8, a:B —» v — c:C) in

box(-; &8, log:(string — T), a:(A+B)—

case a of (inl — log (chan_str(c) ++ "inl"); u',
inr —» log (chan_str(c) ++ "inr"); v') — c:C)

% an example of an axiom/leaf case — T must be set to 1, and we must insert a ’wait’ to
% satisfy typing
tracing 1 - 1 (+; - — c—>c:l) =

box(-; log:1 — log; c — c:1)

7 Extending the Process Layer

In this paper we focus our attention to investigating the design and techniques needed to combine
functional programming with process calculus while keeping the two as separate as possible. Thus,
our paper works over a very simple functional layer consisting only of functions 71 — 7, and also a
process calculus layer consisting only of termination 1, value output 7 A A, and value input 7 O A.

In this section we focus on extending our process layer with additional constructs as evidence of
the modularity of FuSes’s design.

7.1 Internal and External Choice

The internal and external choices A @ B and A & B respectively denote protocols where either the
server or client chooses to commit to either of two protocols. Operationally, A @ B corresponds
to the server sending either a “left” or “right” label and then transitioning to the protocol A or B
respectively. The client must therefore receive a label and perform a case analysis on it to determine
which protocol to follow.

ANa:ArP:c:C Aa:BrQuc:C ArP:uc:A A+P:c:B

@R 52}
Aa:A®Brcasea (P, Q):c:C oL Arc[inl;P::c:A®B ! Arclinr];P:c:AdB

Ry

The typing rules for A & B follows by reversing the role of the client and the server — the client
must send a label while the server must case on the label and proceed accordingly. Extending these
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typing rules to our system is trivial — we merely add the metacontext ¥, the functional context T',
and account for the differing structure of our linear context A as in Section 5.

To support running processes of this type, we must interpret the result of communicating with
these session types in the functional setting. We can interpret a communication with the internal
choice A @ B as a case statement — running a process of type {I"’;- + ¢ : A ® B} will produce either
a process of type {T';- + ¢ : A} or {T';- + ¢ : B} where T is the current context.

Su:(T;-kc:A)|THENy:T
0:(T;-Fc:B)|[THENy:z X|TwM:{TI";c+c:A®B} X |Thkro:T’
% | T I case rung(M[o]){inl = u.Ny| inr > 0.N>} : 7

rung

Similarly, we can interpret the external choice A & B as a pair — running a process of type

{T’;- + ¢ : A & B} should produce two processes, one offering A and the other offering B:

Su(l;-rc:A),v:(T;-+c:B)|[TFN:7t X|T+rM:{T";-+c:A&B} X |Thko:I' ;
| Tk let (u,0) =rung(M[o]) inN : 7

ung

Finally, extending metasubstitution for these additional constructs is simple. For types A & B
and A & B, we recursively apply the metasubstitution to their components A and B, and for
processes alinl]; P, a[inr]; P, and case a (P, Q), we again recursively apply the metasubstitution
to its component processes. Importantly, since both P and Q must use the same linear context in
case a (P, Q), we do not split our instantiations p.

7.2 Channel Output and Input

Channel output and input A ® B and A — B respectively denote protocols where either the server
or client sends a channel that offers a communication of session type A. The interpretation for
A —o B can be obtained by reversing the role of client and server in A ® B and vice versa, so we
focus our attention to A ® B. There are two common (logically equivalent) presentations of the
right rule for this connective:

A+FP:c:B SR AMFPza:A AyFQ:uc:B n
ANa:Arsendca;P::c:AQ®B ! A,Ayra:A—P« Aj|sendca;Q::c:A®B

R,

The first rule assumes a channel a : A in the context whereas the second rule spawns a process P
that outputs a session of type A alongside some fresh channel which it proceeds to send. Although
these two rules are logically equivalent, the former formulation is problematic because we only
want to run closed processes. Thus, we take the second variation.

The left rule corresponds to receiving a channel

Ab:Ba:A+P:uc:C L
Ab:A®Btra=recvb;P:c:C

Both of these rules can be trivially extended with the two additional contexts ¥ and I'. The
context split Aj, A, in ®R; must be made explicit as in our cut rule. The rules for A —o B can be
obtained by reversing the role of client and server, i.e., receiving a channel for the right rule and
sending a channel for the left rule.

We can interpret a closed process offering a session of type A ® B as a pair of processes offering
a session of type A and B just like in the external choice A & B. This is unsurprising since logically
speaking, A® B and A & B are only distinguishable with linearity — they both collapse to a standard
product in the functional layer that has weakening and contraction.

S,u:(l;-Fc:A),o:(l;-Fc:B)|[TFN:7 Z|TrM:{I";-+c:A®B} X|Tikro:I’
| Tk let (u,0) =rung(M[o]) inN : 7

r'ing
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Analogously, we think of running closed processes offering sessions of type A — B as obtaining
an open process that depends on a channel of type A to offer a session of type B.

Su:(T;a:Arc:B)|[TFN:t X|TkEM:{T";-rc:A—-oB} X|Tko:I' -
| Twkletu=run(M[o])inN:rt

—

7.3 Summary

In short, these examples reveal guiding principles to extend the process layer. First, we must
take the typing rules for the appropriate construct and/or session type and extend it with ¥ and
I', most likely in the trivial manner. The extension to our formulation of the linear context A
follows the strategy used in Section 5. Next, we must define a corresponding run primitive for the
construct, which involves interpreting the result of a single round of communication. This amounts
to capturing the relevant data in the process syntax as either values (for instance, in value output)
or as metaassumptions such as continuation processes in a let-style syntax.

Finally, we must account for context splits during metasubstitutions [0] ;; when branching on a
choice, case a (P, Q), both P and Q use the same linear context, so we apply the instantiations p
to both subprocesses without splitting. However in the case of a : A «< P «— A; | send ¢ a; Q, the
context is split between P and Q, so we must appropriately split g as in the metasubstitution case
for our spawn construct (see Section 5.1).

We believe that extending our metatheoretic results with these additional connectives is straight-
forward given that none of these connectives interact with the metalevel layer nor the functional
layer in any unique way; the additional cases they introduce would correspond exactly to standard
proofs in a process calculus.

8 Related Work

Our paper is a confluence of several ideas and contributions. In particular, it builds on ideas from
three different areas:

(1) Combining functional programming with session types
(2) Metaprogramming over linear type systems
(3) Typed heterogeneous metaprogramming

8.1 Combining Functional Programming with Session Types

A key aspect of FuSes is the fact that it tames a session-typed process calculus language within a
functional programming setting. Because session types usually assumes a process calculus-like
framework and the process semantics is inherently incompatible with (pure) functional program-
ming semantics, is has been challenging to integrate session typed processes into a practical
functional programming language.

SILL [Toninho et al. 2013], which our system is heavily inspired by, gives a logical foundation
towards this combination by separating the sequent calculus-like process layer and the natural
deduction-like functional layer. We follow their approach of embedding process calculus code
through a contextual box monad in the functional layer.

The core fragment of FuSes as given in Section 3 captures the kind of function-process interactions
that are available in SILL. The remaining developments of process code execution and observation
(Section 4) and type-safe code analysis (Section 5) are all new features that SILL does not support.

Furthermore, a very notable design choice of SILL is that it is process first — it tames a functional
programming language within a process calculus language, meaning it is not well-suited to be
implemented as a functional programming language. On the contrary, FuSes is functional first —
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functions can generate and run concurrent process code, making it a better suited foundation for a
programming language.

Other variants of SILL [Balzer and Pfenning 2017; Das and Pfenning 2020] are orthogonal to
our work since they tend to omit the contextual box and solely focus on the session-typed process
layer.

GV [Gay and Vasconcelos 2010] and its extensions [Thiemann and Vasconcelos 2016], unlike
FuSes, do not separate concurrency into any sort of process layer and instead implement session
types directly within a functional programming language. Their approach can roughly be summa-
rized as extending a core functional programming language with a linear type system and adding
appropriate primitives that enable message-passing communication over channels and concurrent
execution of functions.

In contrast, FuSes treats functional programming and concurrent programming separately. One
notable result of this design choice is in supporting metaprogramming, which GV does not support.
Our separation enables us to target our metaprogramming to the process layer. Metaprogramming
support in GV on the other hand would require supporting both the process/concurrency aspects
and the functional aspects of GV, making the development more complex.

The other advantage of our separation is that FuSes has a modular design, making metatheory
relatively self-contained within each (functional/process) layer. For instance, our proof of type
preservation can be separated into purely functional, purely process, and a mix of functional/process
cases. The purely functional and process cases make no reference of the other layer and are
essentially identical to proof cases of type preservation in a A-calculus and a session-typed process
calculus, respectively. Any complexities that arise from extending one layer would be isolated to
the few constructs where the functional and process layers interact, making FuSes easier to scale,
demonstrated by our extension of the process layer in Section 7.

And finally, various libraries [Imai et al. 2019; Kokke and Dardha 2021; Padovani 2017] imple-
ment variants of session types. These libraries necessarily rely on concurrent primitives in the
implementation language and typically even unsafe features, making it challenging to establish
any sort of safety guarantees. In contrast, FuSes is meant to be a foundational work; our separation
between functional and concurrency allows for metatheory to be performed mostly in isolation.

8.2 Metaprogramming over Linear Type Systems

One key technical challenge that we address in our system is our need to support code generation,
analysis, and execution for a linear type system.

To our knowledge there is very little work that aims to provide a foundation for metaprogramming
with linear type systems through (linear) contextual types while preserving the distinction between
(static) code and (meta)programs that compute. LINCX [Georges et al. 2017] is one such language.
It extends the linear logical framework with contextual types and shares very similar technical
challenges with our setting. However, they do not distinguish between an unrestricted context and
a linear context for contextual objects like in our setting and instead use one context with tags.
The key difference with our contexts is that they only allow one context variable in the context
formation; they nevertheless partially recover context splits as is typical in linear systems through
an algebra on subscripts. Their restriction greatly simplifies metasubstitutions since they do not
have to deal with the kinds of name conflicts that FuSes faces, their system forces a bottom-up
view of derivations and therefore requires upfront knowledge of all assumptions. They also cannot
support merges of two identical context variables, which we believe is a fairly important and
common paradigm that appears in metaprogramming for session types, such as running two copies
of the same process in parallel.
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Similarly, [Angelo et al. 2024] develops a staged metaprogramming system that support linear
contextual objects based on Moebius [Jang et al. 2022]. Their technical development is however
limited to the linear A-calculus, although they do give a brief outline on how to extend their system
to support session types. This effectively amounts to repeating their technical developments over
the system GV. Furthermore their system does not support code analysis or pattern matching,
which, when combined with a linear type system, contributed most to the complexity of our system.

Finally, a major strength of FuSes is that it has an implementation. To our knowledge, no systems
that support type-safe metaprogramming with recursive code analysis have been implemented.

8.3 Heterogeneous Metaprogramming

Another dimension of our paper is that it is closely related to (typed) heterogeneous metapro-
gramming systems since we may view FuSes as a heterogeneous metaprogramming language that
combines two different programming paradigms.

For instance, in MetaHaskell [Mainland 2012], the author describes a heterogeneous system
that supports code generation over multiple target languages including Linear MiniML. The ideas
involved in supporting the linear type system in Linear MiniML is mostly in line with the core of
FuSes in Section 3. However, there seems to be an explicit design choice for the metaprogramming
language to be agnostic to the syntax of the target language for the sake of generality, meaning
features such as code analysis or execution cannot be possible in their system.

Systems such as Beluga [Pientka and Cave 2015] or Cocon [Pientka et al. 2019] can be seen as a
form of heterogeneous metaprogramming systems in some sense as well. Both of these systems
take (flavors of) logical framework LF as its target language and build a richer computation layer
based on contextual type theory which supports generation and pattern matching of contextual LF
objects. However, none of these frameworks support linearity or session types directly; one would
have to encode linearity by adopting techniques such as the one introduced in [Crary 2010] or even
model a linear context as some data structure and also model the operational semantics. Recently,
this framework has also been used to implement session-typed processes in LF where Sano et al.
use an explicit linearity predicate to enforce linearity constraints within an intuitionistic setting
to write proofs about well-typed session types at Beluga’s computation layer [Sano et al. 2023].
More importantly, languages such as Beluga [Pientka and Cave 2015] or Cocon [Pientka et al. 2019]
clearly separate the syntax of code from programs that generate and analyze code. This means the
semantics of session-typed processes cannot be fully integrated into the functional layer; the best
one can do is simulating the behavior. In FuSes, we can observe the native behavior of processes
from the functional layer.

9 Conclusion

In this paper, we present FuSes, a functional programming language that enables the generation,
execution, and analysis of session-typed process calculus code. We support code generation and
composition by enriching the functional language with a contextual box type that has both a linear
channel and a functional context. Standard techniques such as code splicing can be done naturally
through a letbox construct that binds process code to a global metacontext accessible from the
process layer. Next, we allow functions to run and observe process code through a series of run
primitives. Finally, we support type-safe code analysis through top-level functions that can abstract
over metalevel assumptions.

We demonstrate the expressive power of FuSes through an extensive collection of examples
of code transformations and optimizations, thereby proving that these manipulations are type
safe. We implement FuSes and all examples. Section 7 illustrates the extensibility afforded by our
modular design.
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9.1 Future Work

We view this paper primarily as setting a logical foundation for both metaprogramming over session
types and incorporating concurrency to functional programming. Thus, there are many interesting
directions that we would like to further pursue.

Implementation. Since we describe the system in a declarative manner, there are many parts of
the system that we had to reformulate algorithmically in our implementation. The current imple-
mentation uses a backtracking algorithm to establish a metasubstitution between the arguments
given in a top-level function call f[6] and patterns in a particular branch, which is quite expensive.
In practice, we may want to restrict the kinds of patterns that programmers can write, which would
greatly simplify the pattern matching algorithm. Similarly, we do not check that a top-level function
covers all its cases nor make only well-founded recursive calls. It will be interesting to understand
the exact tradeoffs between the kind of guarantees that the language can offer and the expressivity
of the language under certain constraints on patterns.

Equirecursive session types. While our modular design makes extending the process layer far more
tractable, as evidenced by Section 7, it is unclear how to extend our language with recursive session
types and processes. Indeed, standard presentations of recursive session types are equirecursive,
and their non-syntax-directed nature makes pattern matching difficult. While we can simulate a
finite unfolding of recursive session types and processes through recursion in the function layer, it
would be useful from a practical standpoint to integrate recursion directly to the process layer of
FuSes.

Shared memory. In this paper, we focus on metaprogramming over session types due to its
well-understood logical foundations. However, shared-memory concurrency has also recently
been given similar logical foundations [Pruiksma and Pfenning 2022]. It would be interesting to
understand whether our approach also works in the shared memory setting, given its prevalence
over message-passing concurrency.

Data-Availability Statement

The software containing the implementation of FuSes alongside the implementation of case studies
is available on Zenodo [Sano et al. 2025].
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