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We introduce the Linear SAM, an abstract machine for mechanically executing session-typed programs
that precisely correspond to Linear Logic CLL via the propositions-as-types correspondence. In this basic
computation model, programs are naturally interpreted as concurrent systems. However, inspired by a fine-
grained analysis of proof conversion and focalisation, we derive in this work a fully deterministic sequential
evaluation strategy, which may be implemented via co-routining and session buffered communication. Our
development targets a language extending CLL with second-order quantifiers (polymorphism) and inductive
types (recursion and co-recursion), which supports general higher-order polymorphic functional/session-based
computation. A remarkable feature of the SAM’s design is its ability to seamlessly coordinate sequential
session behaviour with concurrent session behaviour within the same program. We provide an intuitive
discussion of the SAM structure and its underlying design, and state and prove its adequacy, showing that
SAM executions always correspond to CLL proof reductions, and that any CLL proof reduction is simulated by
the SAM execution. To that end, we technically factor our development via an intermediate logical language
CLLB, which extends CLL with a 'buffered’ cut construct, and bridges between the logical/algebraic level and
the lower-level machine architecture. We also discuss a proof-of-concept implementation of the SAM that
suggests its potential to support the native linear execution of general session-functional linear programming
languages with concurrency.
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1 Introduction

In this work, we build on the linear-logic-based foundations for session types [19, 21, 105] to
construct the Linear Session Abstract Machine (SAM), or SAM for short, an abstract machine
specially designed for executing session processes typed by (classical) linear logic CLL. Although
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12:2 L. Caires and B. Toninho

motivated by the session type discipline, which originally emerged in the realm of concurrency and
distribution [39, 45, 47, 50], a basic motivation for designing the SAM was to provide an efficient
deterministic execution model for the implicitly sequential session-typed program idioms that
often proliferate in concurrent session-based programming. It is well-known that in a world of
fine-grained concurrency, building on many process-based encodings of concepts such as (abstract)
data types, functions, continuations and effects [16, 69, 78, 93, 94, 97, 102], large parts of the code
turn out to be inherently sequential, further justifying the foundational and practical relevance
of our results. A remarkable feature of the SAM’s design is therefore its potential to efficiently
coordinate sequential with full-fledged concurrent behaviours in session-based programming.

Leveraging early work relating linear logic with the semantics of linear and concurrent com-
putation [1, 2, 11], the proposition-as-types (PaT) interpretation [106] of linear logic proofs
as a form of well-behaved session-typed nominal calculus has motivated many developments
since its inception [8, 18, 96, 97]. We believe that, much how the A-calculus is deemed a canonical
typed model for functional (sequential) computation with pure values, the session calculus can
be accepted as a fairly canonical typed model for stateful concurrent computation with linear
resources, well-rooted in the trunk of ‘classical’ Type Theory. The PaT interpretation of session
processes also establishes a bridge between more classical theories of computation and process
algebra via logic.

It also reinstates Robin Milner’s view of computation as interaction [68], ‘data-as-processes’ [69]
and ‘functions-as-processes’ [67], now in the setting of a tightly typed world, based on linear logic,
where types may statically ensure key properties like deadlock freedom, termination and correct
resource usage in stateful programs. Session calculi are motivating novel programming language
design, bringing up new insights on typeful programming [26] with linear and behavioural types,
e.g., [8, 29, 33, 86]. Most systems of typed session calculi have been formulated in process algebraic
form [39, 45, 47], or on top of concurrent A-calculi with an extra layer of communication channels
(e.g., [40]). Logically inspired systems such as those discussed in this article (e.g., [19, 21, 32, 38, 55,
82, 86, 105]) are defined by a logical proof/type system where proof rules are seen as witnesses for
the typing of process terms, proofs are read as processes, structural equivalence is proof conversion
and computation corresponds to cut reduction. These formulations provide a fundamental semantic
foundation to study the model’s expressiveness and meta-theory, but of course do not directly
support the concrete implementation of programming languages based on them.

Although several programming language implementations of languages based on nominal calculi
have been proposed for some time (e.g. [79]), with some introducing abstract machines as the
underlying technology (e.g., [66, 100]), we are not aware of any prior design proposal for an
abstract machine for reducing session processes exploiting deep properties of a source session
calculus, as e.g., the CAM [30], the LAM [58], or the KM [57], which also exploit the Curry-Howard
correspondences, may reclaim to be, respectively for call-by-value cartesian-closed structures,
linear logic and the call-by-name A-calculus.

The SAM reduction strategy explores a form of ‘asynchronous’ session interaction that essentially
expresses that, for processes typed by the logical discipline, sessions are always pairwise causally
independent, in the sense that immediate communication on some session is never blocked by
communication on another different session. This property is captured syntactically by prefix
commutation equations, valid commuting conversions in the underlying logic: adding equations
for such laws explicitly to process structural congruence keeps observational equivalence of CLL
processes untouched [75]. Combining insights related to focalisation and polarisation in linear
logic [4, 62, 77], we realise that all communication in any session may be operationally structured as
the exchange of bundles of positive actions from sender to receiver, where the roles sender/receiver
flip whenever the session type swaps polarity. Communication may then be mediated by message
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buffers, first filled up by the sender (‘write-biased’ scheduling), and at a later time emptied by the
receiver. Building on these observations and on key properties of linear logic proofs leveraged
in well-known purely structural proofs of progress [19, 21, 86], we identify a sequential and
deterministic reduction strategy for CLL typed processes, based on a form of co-routining where
continuations are associated to session queues, and ‘context switching’ between co-routines occurs
whenever polarity flips.

That such strategy works at all, preserving all the required correctness properties of the CLL
language does not seem immediately obvious, given that processes may sequentially perform
multiple actions on many different sessions, meaning that multiple context switches must be
interleaved. The bulk of our article is then devoted to establishing all such properties in a precise
technical sense. We believe that the SAM may provide a principled foundation for safe execution
environments for programming languages combining functional, imperative and concurrent idioms
based on session and linear types, as witnessed in practice for Rust [53], (Linear) Haskell [13, 54, 64],
Move [14], and in research languages [33, 52, 84]. This also justifies why we prefer to designate the
SAM more generally as the ‘Linear Session Abstract Machine’. To further substantiate these views
we have developed a proof-of-concept implementation of the SAM, integrated as an alternative
backend for CLASS [86], an experimental language for session-based programs [23].

1.1 Outline and Contributions

In Section 2, we briefly review the session-typed calculus CLL, which exactly corresponds to
(classical) Linear Logic with mix, second-order quantifiers, and (co)inductive types. In Section 3, we
discuss the motivation and design principles of the core SAM, gradually presenting its structure for
the language fragment corresponding to session types without the exponentials and polymorphism,
which will be introduced later. Even if the core SAM structure and transition rules are fairly simple,
the required proofs of correctness are more technically involved, and require progressive build
up. Therefore, in Section 4, we first bridge between CLL and SAM via an intermediate logical
language CLLB, which introduces cuts with explicit queues. We show preservation (Theorem 4.9)
and progress (Theorem 4.11) for CLLB, and prove that there is a two-way simulation between CLLB
and CLL via a strong operational correspondence (Theorem 4.16).

Given this correspondence, in Section 5, we state and prove the adequacy of the SAM for
executing CLL processes, showing soundness w.r.t. CLLB (Theorem 5.6) and CLL (Theorem 5.7),
and progress/deadlock absence (Theorem 5.9). In Section 6, we modularly extend the previous
results to the exponentials, and revise the core SAM by introducing explicit environments, stating
the associated adequacy results (Theorem 6.7 and Theorem 6.8).

In Section 7, we discuss a uniform and modular extension of the SAM towards concurrency and
present the related correctness results. This demonstrates how the SAM design naturally allows
sequential and concurrent session behaviours to be smoothly coordinated, while preserving the
basic safety properties of the type system, namely soundness (Theorem 7.5) and progress/deadlock
freedom (Theorem 7.6).

Although the main focus of this article is on the foundations and meta-theoretical analysis
of the SAM, in Section 8, we discuss our current development of a prototype proof-of-concept
implementation of the SAM and its potential to support the native linear execution of general linear
programming languages with concurrency. We also benchmark, with several interesting examples,
the SAM against prior fully concurrent implementations of CLL. We conclude in Section 9 with a
discussion of related work and additional remarks.

This article contains significant revisions and additional material that was not included in the
conference version of this work [22]. Section 2 presents the basic CLL language in greater detail,
now also including universal and existential polymorphism, recursion, co-recursion, not present
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in [22], and additional examples. Section 3 reports on the intuitions behind the design of the SAM
in greater detail, including a slightly different execution strategy, allowing us to do without the
[S-] rule of [22] and simplifying the adequacy proofs. The technical development of Section 4 was
substantially revised and reorganised, with many new definitions and restructured proofs (fully
detailed in Appendices A.1 and A.2).

Section 5 now includes polymorphism, recursion and co-recursion in the SAM design. A new
introduction explains in much greater detail the correctness invariants, with a transition diagram
also added. The technical development has been substantially rewritten, in particular the basic
definition of a ready configuration (Definition 5.2) has been reorganised and streamlined. Further
examples on the SAM execution of recursion and co-recursion were also added, with Appendix A.3
including auxiliary technical definitions and all proofs related to the SAM’s correctness.

Section 6 includes a much more detailed outline on correctness proofs extending those of
Section 5, with Appendix A.4 presenting the additional proof cases in detail and additional auxiliary
definitions. The new Section 7 provides a detailed outline of the correctness proofs for the concurrent
semantics of cut and mix. The companion Appendix A.5 presents the proofs of Section 7 in detail.
Section 8 now discusses our proof-of-concept implementation of the SAM and provides some
insights on the performance of our implementation. Section 9 now includes an extended discussion
and updated related work.

2 The CLL Language and Its Type System

We start by revisiting the language and type system of CLL, and its operational semantics. The
system is based on a PaT interpretation of Girard’s linear logic [42]; in this work, we follow standard
notations for classical linear logic proofs as processes [17, 21, 84, 86, 105], where types correspond
to propositions and language constructs to proof rules. We start by types and duality.

Definition 2.1 (Types). Types A, B are defined by

AB:z= 1 |L |A®B |A®B | &werAr | @&ecrAr [!1A [?A]
X |X |3XA |VXA |pX.A | vX.A

Types comprise of the units (1, L), multiplicatives (®, ’?), additives (®ye As, e Ar), exponentials
(!, ?), type variables, (X, Y) and dual type variables (Y , ?), quantifiers (3, V) and inductive types (y,
v). We adopt here an applied version of the additive types, where, e.g., the primitive linear logic
(binary) sum type A @ B is replaced by a finite collection of labeled options @®,c1A,. There is a
notion of type polarity [62] where the positive types are 1, ®, @, 3, !, and 1, and the negative types
are 1,9, &, ¥, ? and v. We write A* (resp. A™) to assert that A is a positive (resp. negative) type.

Definition 2.2 (Duality). Type duality A — A is the involution on types induced by linear logic
negation:

X = X 1 = 1 A®B = A%$B SrerAr = SperAy

X = X 1A = 7B XA = VXA XA = vXA

Duality captures the symmetry of behaviour in binary process interaction, as manifest in the cut
rule. We may abbreviate A’® B by A —o B. We denote by {T/X}A the capture-free substitution of
type X for variable X in type A. Notice that {T/X}A = {T/X}A.

Definition 2.3 (Processes). The syntax of CLL program terms (processes) P, Q is defined in Figure 1.
We describe the various process constructs together with their typing principles.

Definition 2.4 (Typing Rules of CLL). The typing rules of CLL are presented in Figures 2, 3 and 4.
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P,Q :u=
Pl | o
| fwd x y | Ix(y); P 1A
| cut {P |x:A| Q} | ?x;P ?A
| close x 1 | cut! {y.P|x:A Q}
| wait x; P L | call x(z);0
| case x {|#f € L:P;} &yeLAr | sendty x(B); P AX.A
| # x; P BrerAp | recvty x(X); P VX.A
| send x(y.P); Q AQ®B | unfold, x; P uX.A
| recv x(z); P A B | recX(z,w);P [x,y] vX.A

Fig. 1. Program terms (processes) of CLL, and hint to type assigned to subject channel x.

[T0] PrA;T QrAT

[Tmix]
PQFA,AT

0OrO;T

[Tfwd]  Pr A x: AT QFAX: AT
cut {P|x: Al Q}r A,AT

[T1] QrAT

fwdxyl—x:Z,y:A;F

1. TL
closex kx:1;T waitx;Ql—A,x:J_;F[ ]
PorAx:ApT (alltel FA,x:Asq; T #leL
i sl ( ) T&] Q 4l Te]
case x {|[#£ € L:Pp} F A, x : &perAp; T #x;0F Nx : @pe Ay T
PirALy: AT Py Ayx:BT FAz:Ax:BT
! (Ts] ¢ 5]
send x(y.P1); P2 + A1, Az, x : A® B;T recvx(z);QF A, x: A B;T
Pry:AT FATL,x A
y—[T!] < [T?]
x(y); P+ x AT %0 F A x ?A;T
Pry:AT QrAT,x:A OQFAz: AT x: A

Tcut! [Tcall]
cut! {y.P|!x : Al Q} + A;T [Teut] Ciix(@);Qr AiTox: A

Fig. 2. Typing rules I: CLL.

Pr A x:{B/X}A;T QrAx: AT
(T9] [TV]
sendty x(B); P+ A, x : 3X.A; T recvty x(X); Q F A, x : VXA T

Fig. 3. Typing rules II: polymorphism.

Typing judgements have the form P +, A; T, where P is a process and the typing context A; T is
dyadic [4, 12, 19, 76]: both A and T assign types to names, the context A is handled linearly while
the exponential context I' is unrestricted. This means that no implicit contraction or weakening
is allowed on A. The type system exactly corresponds, via a propositions-as-types [19, 21, 104]
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Pry Az: AT ' =nX(zw)— Az:Y;T

- - — — [Tcorec]
rec X(z,w); P [x,y] by {y/W}A, x : vV A {y/w}T

n=n,X079) - Ax:Y;T

— — ——— [Tvar]
X(z,w) by {W/y}A, z : Y; {w/y}T

Py Ax: {uX A/X}AT
unfold, x;P by A, x : uX.A;T

[Th]
Fig. 4. Typing rules IlI: induction and coinduction.

correspondence, to second-order classical linear logic with mix, extended with inductive/coinductive
types (cf. [83, 86, 95]). The index 7 is a finite map from type variables to coinduction judgements,
used in typing rules for corecursive types, further discussed below.

2.1 Identity—Mix, Cut, Inaction

The process 0 denotes the inaction (do-nothing, terminated) process, typed in the empty linear
context (rule [T0]).

The mix P || Q denotes independent parallel composition of processes P and Q (rule [Tmix]),
whereas the cut {P |x:A| Q} denotes parallel composition of communicating processes P and Q,
where P and Q share exactly one channel x, typed as A in P and A in Q (rule [Tcut]). In many
situations, a cut type annotation may be easily inferred from the context, in such cases we may
omit it to lighten notation, and write cut {P |x| Q}.

The forwarder fwd x y captures bidirectional forwarding between dually typed names x and y
(rule [Tfwd]), which operationally consists in renaming x for y.

2.2  Multiplicatives—Send, Receive, Close, Wait

Process close x explicitly initiates termination of the session, while wait x; P represents the dual
action of waiting for session termination, as typed by rules [T1] and [TL].

Process send x(y.P;); P, outputs on channel x a fresh channel y performing a behaviour specified
by P;, and continues as P, afterwards (rule [T®]). The process recv x(z); Q receives from x a channel
on input parameter z and continues as Q, which will have access and use z (rule [T°%]). When such
send and receive processes interact on dual endpoints of a session x, the behaviour defined by P,
is linearly passed from sender to receiver, via a dual action synchronisation. Notice that the sent
name y is bound in send x(y.P;); P, with scope P;, and the input parameter name z is bound in
recv x(z); Q with scope Q.

2.3 Additives

Process #| x; P selects label #| on session x and continues as process P. It is typed by a labeled
sum type of the form ®;c; A, (rule [T®]). Such label selection always acts on an offer process
case x {|#£ € L:P;} holding the dual endpoint of session x. The offer process branches to continuation
P, if the selected label is #¢, and is typed by the offer type &1 A, (rule [T&]).

2.4 Exponentials

Processes !x(y); P, ?x; Q and call x(z); Q embody replicated processes and their invocations. Repli-
cated processes represent non-linear computations, comparable to exponential (or intuitionistic)
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values as available in functional languages, that may be dropped or used an arbitrary number of
times.

Process !x(y); P represents a process that may be called at x, to yield a fresh new behavior at y,
as defined by P (depending on no linear sessions—rule [T!]).

Process ?x; Q and call x(z); Q allow for replicated servers to be activated and subsequently used
as (fresh) linear sessions (rules [T?] and [Tcall]). Composition of exponentials is achieved by the
cut! {y.P |!x : A| Q} process, where P cannot depend on linear sessions and so may be safely
replicated.

2.5 Quantifiers—Polymorphism

The process sendty x(T); P sends a type T on along x and continues as P and is assigned type 3X.A
(rule [T3]). The matching receiver process recvty x(X); Q receives the sent type on x, instantiating
type input parameter X in Q, which provides the continuation. The type parametric receiver is
assigned type VX.A. Existential and universal types allow us to introduce type abstraction and
parametricity in our session typed language [18, 86, 104, 105]. In particular, the resulting language
has the same expressive power as Linear System F [97].

2.6 Induction and Coinduction—Recursion

We follow the presentation of inductive/coinductive session types developed for classical linear
logic [83, 86], which in turn built on the intuitionistic version [91, 95]. These approaches are similar
to those of [65], all of which are related to the work on least and greatest fixpoints in linear logic [7].
Corecursive processes introduced by rule [Tcorec] have the form rec X(z, w); P [x,7]. In such a
process, the subterm rec X (z, w); P denotes a (co) recursively defined parametric process abstraction
where the parameters z, w are bound in the body P, where they may be used. Notice that although
a ‘recursive process’ rec X(z, w); P [x, §] formally provides a co-inductive typed behaviour in our
CLL mode in the sense that it consumes any inductive session at x, we prefer to use the standard
rec keyword on it, as usual practice in programming languages for recursive definitions.

The process variable X is also bound in P, and occurs free in P to express recursive calls, each
of the form X (a, E) for some parameters (a, l;) In the whole process rec X(z, w); P [x, §], the free
names x, § are passed as arguments to the current call on the recursive process. The coinductive
behaviour of type vY.A of a corecursive process is always offered by the first argument channel z. In
rule [Tcorec] to type the body P of a corecursive process, the map 7 is extended with a coinductive
hypothesis that binds the process variable X to the current typing context A, z : Y;I'. Whenever
a call to X appears inside the body P we rely on n(X) to recover the appropriate co-inductive
invariant. This is captured by rule [Tvar], that types a corecursive call X (z, w) by looking up in 7 for
the corresponding binding and renaming the parameters with the arguments of the call. Inductive
types are explicitly unfolded with rule [Ty].

2.7 Reduction Semantics

We call action any process that either realises an introduction rule ([T®], [T*®], [T1], [TL], [T],
[T?]) or is a forwarder. We then denote by A the set of all actions, by A(x) the set of action
with subject x (the subject of an action is the channel name in which it interacts [69]). An action
is deemed positive (resp. negative) if its associated type is positive (resp. negative) in the sense
of focusing [4] and polarisation [62]. Positive types (®, @, ?, 1, 3), whose logical rules are non-
invertible, thus correspond to output actions, whereas negative types (°@, L, !, V), whose logical rules
are invertible, correspond to input actions. The set of positive (resp. negative) actions is denoted
by A* (resp. A~). We often use, e.g., A or A*(x), A*(x) to denote processes (of the mentioned

ACM Transactions on Programming Languages and Systems, Vol. 48, No. 3, Article 12. Publication date: July 2026.



12:8 L. Caires and B. Toninho

fwd x y = fwd y x [fwd] (provisos)

cut {Px : A| Q) = cut {Q |x : 4 P} [com]

Pllo=P P|Q=0Q[P PI(Q|R =(P|Q) IR [par]

cut {P x| (Q || R)} = (cut {P x| Q}) IR [cM] x € n(0)

cut {P x| (cut {Q [y RV} = cut {Q |y (cut {P[x R})} [cc] x.y € fn(R)

cut {P 2| (cut! {y.0 |!x| R})} = cut! {.Q |!x| (cut {P 2| R})} [cc x ¢ fn(Q) and z ¢ fn(P)
cut! {y.Q|'x[ (P||R)} =P || (cut! {y.Q|'x| R}) [CM] x ¢ fn(Q) and z ¢ fn(P)
cut! {y.P |'x| (cut! {w.Q |'z| R})} = cut! {w.Q |'z| (cut! {y.P['x|R})} [C!C!]

cut! {y.P |!x| (Q | * | R)} = cut! {.P 'x| O} | ¥ cut! {y.P |'x| R} [cr]

a(x);Q|*|R=a(x); (Q*|R) [C+7]

a*(x); b7 (y); P = b~ (y);a” (x); P [C]  x#y bn(b(x)) N fna(y)) =0

Fig. 5. Structural congruence P = Q.

polarity) in A, and a(x), a*(x), a~ (x) for appropriate action prefixes (e.g., in A = wait x; Q we
have A = a™ (x); Q with a™ (x) = wait x).

The CLL operational semantics is given by a structural congruence relation = that captures static
identities on processes, corresponding to commuting conversions in the logic, and a reduction
relation — that captures process interaction, and corresponds to cut-elimination steps.

Definition 2.5 (P = Q). Structural congruence = is the least congruence on processes closed
under a-conversion and the =-rules in Figure 5.

The definition of = reflects expected static laws, along the lines of the structural congruences/
conversions in [19, 104]. The binary operators forwarder, cut and mix are commutative. The set
of processes modulo = is a commutative monoid with operation the parallel composition (- || —)
and identity given by inaction 0 ([par]). Any static constructs commute, as expressed by the laws
[CM]-[C!sC!]. The unrestricted cut distributes over all the static constructs by law [C*], where
— | % | — stands for either a mix, linear or unrestricted cut. The laws [C+x] and [Ci] are commuting
conversions, denoting sound proof equivalences in linear logic. Law [Ci] brings explicit that linear
positive actions, noted b*(x) can be postponed over negative actions on different sessions x [75].
These conversions are not required to obtain deadlock freedom in closed programs and therefore
not needed to provide an operational semantics for CLL. However, they are necessary for full cut
elimination in open terms (see [83, 86, 104]), and expose more redexes, thus more non-determinism
in the choice of possible reductions. Interestingly, this extra flexibility is important to allow the
deterministic sequential evaluation strategy for CLL programs adopted by the SAM to be expressed
in the intermediate language CLLB (Section 4).

Definition 2.6 (Reduction —). Reduction — is defined by the rules of Figure 6.

For readability, we omit the type declarations in the cuts, as they do not actually play any
operational role in reduction. We denote by = the reflexive-transitive closure of —. Reduction
includes the set of principal cut conversions, i.e., the redexes for each pair of interacting constructs.
It is closed by structural congruence ([=]), in rule [cong] we consider that C is a static context,
i.e., a process context in which the single hole is covered only by the static constructs mix or
cut. The forwarding behaviour is implemented by name substitution [fwd] [20]. All the other
reductions act on a principal cut between two dual actions, and replace it with smaller ranked cuts
on subprocesses.
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cut {fwd x y ly| P} — {x/y}P (
cut {close x |x| wait x; P} — P [
cut {send x(y.P); Q |x| recv x(2); R} — cut {Q |x]| (cut {P [y {y/z}R})} (
cut {case x {|#f € L:P,p} |x| #l x; R} — cut {Py |x| R} [
cut {ix(9); P lx 2x;Q) — cut! {y.P |ix| O} [
cut! {y.P |'x| call x(2); Q} — cut {{z/y}P |z| (cut! {y.P |'x| O})} [call]
cut {sendty x(A); P |x| recvty x(X); Q} — cut {P |x| {A/X}Q} [
cut {unfold,, x; P [x| rec Y(z,w); Q [x,§]} — cut {P |x| {x/z}{y/w}{rec Y(z,w); Q/Y}Q} [
P—>P =C[P] > C[P] [
P=Q, Q0-Q, Q=P =P->P [

Fig. 6. Reduction P — Q.

CLL satisfies the basic safety properties, type preservation and progress. Preservation follows
since structural congruence and reductions are sound linear logic proof conversions (see [19, 21, 86]).

THEOREM 2.7 (TYPE PRESERVATION). Let P+ A;T.

(1) IfP=Q, thenQ + A;T.
(2) IfP — Q, thenQ + A;T.

A process P is live if and only if P = C[Q], for some static context C (the hole lies within the
scope of static constructs mix and cut) and where Q is an action process. The proof of Theorem 2.8
(see [19, 21, 86]) leverages deep properties of linear logic proofs, allowing deadlock absence to be
proved by purely structural means.

THEOREM 2.8 (PROGRESS). Let P + 0; D be live. Then P — Q for some Q.

2.8 Examples

After formally presenting the operational semantics of our language, we illustrate the various
operators with some example code written in a programmer-friendly, sugared syntax.

To simplify the presentation of examples, we omit explicit unfolding actions, and write inductive
and coinductive type definitions with equations of the form rec A = f(A) and corec B = f(B)
instead of A = pX.f(X) and B = vX.f(X), respectively. Similarly, we write corecursive process
definitions as Q(x, ) = f(Q(-)) instead of Q(x,j) = rec X(z,w); f(X(-)) [x, §], while of course
respecting the constraints imposed by typing rules [Tvar] and [Tcorec].

We begin by defining a recursive session type encoding the natural numbers:

recNat =@ {#Z : 1,#S : Nat }

We can now define processes implementing some natural numbers incrementally as follows:
zero(n : Nat) = #Z n;close n
one(n : Nat) = #Sn; zero(n)

two(n : Nat) = #S n; one(n)
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12:10 L. Caires and B. Toninho

We can now define a recursive process which doubles a given natural number (on channel n) by
emitting the corresponding behavior on channel r:

dupl(n : Nat,r : Nat) = case n { #Z : wait n; #Z r;close r,
#S : #Sr;#Sr;dupl(n,r) }

Process dupl(n,r) consumes a (linear) Nat at n and produces a (linear) Nat at r. It performs
case analysis on the label sent along channel n. If the label corresponds to zero (#Z), then the
corresponding label is sent along r. If the label corresponds to a successor (#S), then two successor
labels are sent along r, and then the process recurs on n, thus doubling the value of n on r. We can
define a replicable (non-linear) version of the doubling process via the exponentials as follows:

ddup(dup : !(Nat —o Nat)) = !dup(f);recv f(x);dupl(x, f)
The ddup process above provides at dup a replicated ‘function’ process, which may be called on

channel dup to yield a fresh linear session (on fresh channel f) that will input the number x to be

doubled using dupl. Notice that the type !(Nat — Nat) abbreviates !(Nat ’® Nat). A shared usage
of such a function process by two parallel clients, one calling with the number one and the other
with the number two, is given by program main as follows:

main() = cut {
ddup(dup)
|dup : !(Nat — Nat)| rec printnat(n : Nat) =
( case n { #Z : wait n; 0,
call dup(cy);send ¢y (n.one(n)); printnat(c; ) #S : printnat(n) }

I
call dup(cy);send cz(n.two(n)); printnat(cz)
)

}

where printnat(n) simply consumes the given natural number n.

3 The Design of the SAM

In this section, we develop the key insights that guide the construction of our linear SAM (SAM)
and introduce its operational rules in an incremental fashion. We consider here the basic (multi-
plicative/additive) fragment of linear logic for the sake of clarity of presentation, postponing the
analysis of exponentials, polymorphism and recursion to Section 6.

One of the main observations that drives the design of the SAM is the nature of proof dynamics in
(classical) linear logic, and thus of process execution dynamics in the CLL system of Section 2. The
proof dynamics of linear logic are derived from the computational content of the cut elimination
proof, which defines a proof simplification strategy that removes (all) instances of the cut rule
from a proof. However, the strategy induced by cut elimination is non-deterministic insofar as
multiple simplification steps may apply to a given proof. Transposing this observation to CLL
and other related systems, we observe that their operational semantics does not prescribe a rigid
evaluation order for processes. For instance, in the process cut {P |x| Q}, reduction is allowed in
both P and Q. This is of course in line with reduction in process calculi (e.g., [69]). However, in
logical-based systems this amounts to don’t care non-determinism since, regardless of the evaluation
order, confluence ensures that the same outcomes are produced (in opposition to don’t know non-
determinism which breaks confluence and is thus disallowed in purely logical systems). The design
of the SAM arises from attempting to fix a purely sequential reduction strategy for CLL processes,
such that only one process is allowed to execute at any given point in time, in the style of co-routines.
To construct such a strategy, we consider session channels as a kind of buffered communication
medium (this idea has been explored in the context of linear logic interpretations of sessions
in [34]), or queue, where one process can asynchronously write messages so that another may;,
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S x= (P,H) Configuration
X,y € SRef SRef
H €  (SRef,SRef) — SRec Heap
SRec == x(q,P)y Session Record
q == nil | V| q@q Queue
Val == Close token

| #l Choice label

| clos(x, P) Process Closure

Fig. 7. The core SAM components.

subsequently, read. To ensure the correct directionality of communication, the queue has a write
endpoint (on which a process may only write) and a read endpoint (along which only reads may be
performed), such that at any given point in time a process can only hold one of two endpoints of a
queue. Moreover, our design takes inspiration from insights related to polarisation and focusing
in linear logic, grouping communication in sequences of positive (i.e., write) actions on the same
session. This approach, although not precisely following the same structure as focused proofs, can
be seen as imposing a focused-like structure to CLL proofs insofar as focusing organises proofs
into alternating groupings of negative and positive actions. Allowing session channels to buffer
message sequences, we may then model process execution by alternating between writer processes
(that inject messages into the respective queues) and corresponding reader processes. Thus, the
SAM must maintain a heap that tracks the queue contents of each session (and its endpoints), as
well as the suspended processes. The construction of the core of the SAM is given in Figure 7. An
execution state S is simply a pair (P, H) consisting of the running process P and the heap H.

A heap is a mapping between session endpoints (x,y) and session records of the form x(g, Q)v,
denoting a session with write endpoint x and read endpoint y, with queue contents g and a
suspended process Q, holding one of the two endpoints. If Q holds the read endpoint then it is
suspended waiting for the process holding the write endpoint to fill the queue with data for it
to read. If Q holds the write endpoint, then Q has been suspended after filling the queue and is
now waiting for the reader process on y to empty the queue. We write H[x(g, Q)y] to denote the
lookup of the session record for endpoints x in heap H, containing queue g and suspended process
Q, noting that the endpoints associated with a session record are unique by construction.

We adopt the convention of placing the write endpoint on the left and the read endpoint on the
right. In general, session records in the SAM support a form of co-routines through their contained
processes, which are called on and returned from multiple times over the course of the execution
of the machine. A queue can either be empty (nil) or holding a sequence of values. A value is either
a close session token (v'), identifying the last output on a session; a choice label #| or a process
closure clos(x, P), used to model session send and receive. While omitted for the sake of clarity at
this stage, in Section 5 we expand the grammar of queue contents to include types ty(T) (exchanged
by polymorphic processes) and recursion markers, of the form step, to account for recursion.

We now discuss how the several CLL program constructs are executed by the SAM. The SAM
semantics is defined by a deterministic set of transition rules, where each program construct P is
executed by a rule of the form

(P,H) = (P',H')

that transitions configuration (P, H) to configuration (P’, H’), in general changing the code P and
the heap H. Notice that the SAM does not rely or need any use of structural congruence for its
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operation, as expected from a low level abstract machine. Notice that we may annotate session
record endpoints with types here just for the sake of clarity, they do not play any operational role.
We now go through the specific SAM rules for each construct, starting with Cut.

Cut. We begin by considering how to execute a cut of the form cut {P |x : A| Q}, which consists
of the composition of processes P and Q, exclusively sharing the new session channel x. Given the
choice of either scheduling P or Q, we rely on the polarity (in the sense of polarised logic [41]) of
type A to drive the execution of the SAM. A positive type corresponds to a type denoting an output
(or write) action, whereas a negative type denotes an input (or read) action. We are thus forced
to schedule the process whose next action on x is a write rather than a read: the only way for a
process to exercise its read capability on such a new session successfully is to wait for the writer to
have exercised (at least some of) its write capability.

Recalling that P uses x according to type A and Q according to A, if A is positive, we must
schedule P. If A is negative, we must schedule Q. Thus, the SAM rule for cut is:

(cut {P|x: Al Q},H) = (P, H[x:A(nil, {y/x}Q)y:A])P [SCut]

The rule allocates a new session record with an empty queue, relying on the operation
(P(x), H[x:A(nil, Q(y))y:A])? which used to prepare the newly created session. The operation,
defined as

(P, H[x:A(nil, Q)y:B])? % if (A+) then (P, H[x:A(nil, Q)y:B]) else (Q, H[y:B{nil, P)x:A])

essentially schedules process P(x) for execution if the type A of x is positive, which then becomes
the write endpoint, and suspends Q(y) at the negative endpoint y. If A is negative, the session
record is set conversely, with Q(y) scheduled and P(x) suspended. Note that in general, the holder
of the write and read endpoint can change throughout execution of the machine. Moreover, both P
and Q can interact along many different sessions as both readers and writers before exercising any
action on x (resp. y). However, they alone hold the freshly created endpoints x and y and so the
next value sent along the session must come from P and Q is its intended receiver.

Session Output. To execute an output of the form send x(z.R); Q in the SAM we lookup the
session record for x and add to the queue a process closure containing R (which interacts along z).
We must then choose the next process to execute. Again, this choice relies on the polarity of the
(continuation) session type. If the type is positive, execution will continue with the continuation
process Q. Otherwise, execution will switch control to the suspend process P, holding the read
endpoint of the session:

(send x(z.R); Q, H[x:A ® C{q, P)y:B]) = (Q, H[x:C{q@clos(z, R), P)y:B])*" [S®]

The control choice is implemented using the operation (P, H[x:A{g, Q)y:B])*" (write-to-read ad-
just), given by:

(P, H[x:A{q, Q)y:B])™" = if (A+) then (P, H[x:A{(q, Q)y:B]) else (Q, H[x:A{q, P)y:B])

The write-to-read adjust operation prepares the state of the SAM after a positive operation in an
ongoing session, according to the description above, effectively allowing all positive operations in
sequence in a given session to take place before a context switch to the reader process happens
(once the type polarity switches from positive to negative). Notice that this action of (P, H)™" is
different from (P, H)?, since the latter initialises a fresh session record, while the former performs
a context switch on an ongoing session, by flipping processes.
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Session Closure. The execution of close follows a similar spirit, but no continuation process exists
in this case and the SAM resumes the process P holding the read endpoint y of the queue:

(close x, H[x:1{g, P)y:B]) = (P, H[x:0{q@V/, 0)y:B]) [S1]

The process P will eventually read, via wait, the session termination mark from the queue, triggering
the deallocation of the session record from the heap:

(wait y; P, H[x:0(v/, 0)y:1]) = (P, H) [SL1]
Note the requirement that v' be the final element of the queue.
Session Input. The rule for recv is as follows:
(recv y(w:A); Q, H[x:C(clos(z:A, R)@q, P)y:A’® D]) &= (Q, H[ (x:C(q, P)y:D) ™ ][w:A(nil R)z:A])?  [$7]

where (x:A{q, Q)y:B)"™ = if (¢ = nil) then y:B(q, Q)x:A else x:A{q, Q)y:B. The execution of an
input action requires the corresponding queue to contain a process closure, denoting the process
that interacts along the received channel w. In order to ensure that no inputs attempt to read from
an empty queue, we rely once again on the init-adjust operation (...)?, which schedules R or Q
depending on the polarity of the type of w. If A is positive, Q will eventually write on w, thus w is
the positive or write endpoint and Q is scheduled for execution.

In either case, the session record for the original session is updated by removing the received
message from the queue. Crucially, since processes are well-typed, if the resulting queue is empty
then it must be the case that Q has no more reads to perform on the session, and so we swap the
read and write endpoints of the session. This is achieved by the read-to-write adjust operation
(x:A{q, Q)y:B)"™. This swap serves two purposes: first, it enables Q to perform writes if needed;
secondly, and more subtly, it allows for the process P, that holds the other endpoint of the queue to
be resumed to perform its actions accordingly.

To see how this is the case, consider that such a process will be suspended just before attempting
to perform a negative action on the write endpoint of the queue. After the swap, the endpoint of the
suspended process now matches its intended action. Since Q now holds the write endpoint, it will
perform some number of positive actions on the session which end either in a close, which context
switches to P, or in a negative polarity action which will context switch to P through the write-to-
read adjust operation. To illustrate this point, consider the process recv d(y); send d(2); wait d; 0
executing in a context where the corresponding session record (omitting type annotations) is of
the form a(1, P)d (i.e., a queue holding a value 1 and a suspended process P). When we apply rule
[S®] to such a state, the process will read from the queue and the read-to-write adjust operation
swaps the endpoints of the session record, enabling the send operation to be performed (rule [S®])
and subsequently switching execution to the suspended process P due to the polarity change,
implemented by the write-to-read adjust.

Choice and Selection. The treatment of the additive constructs in the SAM is straightforward:
(#1 x;Q, Hx : @11 A(q, P)y : B]) & (Q, H[x:Au(q@#l, P)y:B])™" (Se]
(case y {|#€ € L:Q¢}, H[x:A(#1@q. P)y:&ec1Be]) = (Qu, H[(x:A(q, P)y:Bx)™])  [S&]

Sending a label #1, a positive action, simply adds the #l to the corresponding queue and proceeds with
the execution, performing the write-to-read adjustment analogously to the [S®] rule. Executing
a case reads a label from the queue and continues execution of the appropriate branch. Since
removing the label may empty the queue, we perform the read-to-write adjustment as in rule [S®].
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Forwarding. Finally, let us consider the execution of a forwarder:
(fwd x y, H[2:A{q1, Q)x : B][y:B{qs, P)w : C]) = (P,H|z : A{q:@q1, Q)w:C]) [Sfwd]

A forwarder denotes the merging of two different sessions x and y, with x:B and y:B. Without loss
of generality (because of fwd x y = fwd y x), we assume the forwarder fwd x y holds the read and
write endpoints at respectively x and y, with B negative and B positive. Since the forwarder holds
the read and write endpoints x and y, respectively, Q has written (through z) the contents of g1,
whereas the previous steps of the currently running process have written g,. Thus, P is waiting to
read q,@q, justifying the rule above.

The reader may then wonder about other possible configurations of the SAM heap and how they
interact with the forwarder. Specifically, what happens if y is of a positive type but a read endpoint
of a queue, or, dually, if x is of a negative type but a write endpoint. These cases are ruled out by
the SAM since the heap satisfies the invariant that any session record of the form x:A{(g, P)y:A € H
is such that A must be of positive polarity or P is the inert process.

3.1 On the Write Bias of the SAM
To illustrate the write bias of the SAM, Consider the following CLL process:
P2 cut{P;la:1®1|{a/b}Q1}

Py £ send a(y.P,); P3 Q1 = recv b(x); Oz
P, = close y Q2 = wait x; Qs
P; £ close a Q3 = wait b;0

Process P consists of a cut between processes P; and Q;, where P; sends a channel y to Q; along
their shared session channel, both of which are subsequently closed. Since closing a channel acts
as a write operation, the execution of P will first perform the send on g, followed by the closing of
a. Only then will Q; execute the corresponding channel receive, which will trigger the closure of y
to execute before both waits. The execution of P in the SAM begins in the state:

(P, 0)

which executes the cut through rule [SCut]. Since the type of a is positive, we execute Py, and
allocate the session record, suspending Q;:

(P, 0) = (Pl,a<ni|, Q1>b)

Since P; is a write action on a write endpoint, we proceed via the [S®] rule, resulting in the SAM
configuration,

(P1, a{nil, Q1)b) = (Ps, a{clos(y, P3), Q1)b)
executing P; and adding a closure containing P, to the session queue with write endpoint a. To
execute P3, a close action, we add the v to the queue and switch to the process Q; (rule [S1]), now
ready to receive the sent value:

(Ps, a{clos(y, P), 01)b) = (Q1, a(clos(y, P,) @V, 0)b)

The applicable rule is now [S’®], and so execution will context switch to P, after creating the session
record for the new session with endpoints y and x:

(Q1, a{clos(y, )@V, 0)b) = (P2, y(nil, Q2)x, a{v, 0)b)
Process P, will execute as follows (rules [S1],[SL] and [S]):
(P2, y(nil, Q2)x, a(v/, 0)b) = (Q2, y(V, 0)x, a(v/, 0)b) = (Q3,a({v, 0)b) = (0,0)
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consuming the appropriate v/ and deallocating the session records. Note how after executing the
send action of P; we eagerly execute the positive action in P5 rather than context switching to Q;.
While in this particular process it would have been safe to execute the negative action in Q,, switch
to P, and then back to Q,, we would now need to somehow context switch to Ps; before continuing
with the execution of Q3, or execution would be stuck:

(Pl> a<ni|> Ql)b) = (Qla a<Cl05(y, PZ)’P3>b) = (P2> y(nl[’ QZ)X’ a<ni|, P3>b)
= (Qa, y{v, 0)x, a(nil, P3)b)
B (Qs, a(nil, P3)b) ¥
However, the relationship between P; and Q; is unclear at best. Moreover, if the continuation of
Q; were of the form wait b; wait x; 0, the context switch after the execution of P, would have to

execute Ps, or the machine would also be in a stuck state trying to execute the read on b before the
corresponding write performed by Ps.

3.2 lllustrating Forwarding

To better illustrate the execution of a fwd x y action, consider the following CLL process (to simplify
the execution trace we assume the existence of output and input of integers typed as int ® A and
int ’@ A, respectively, eliding the need for process closures in this example):

P2 cut {P,|b:intgint’ 1| {b/c}cut {Q; |a:int®int’® 1| {a/d}R,}}
Py £ recv b(x); P, Q7 = senda(1); Q; Ry £ recvd(y); Ry
P, £ recv b(z); Ps Q; = send ¢(3); Q3 R, £ sendd(2); Ry
P; £ close b Q3= fwdac R; £ wait d;0

Consider the execution of P (rules [SCut], [SCut], [S®]):
(P,0) = (cut {Q1 |a| {a/d}Ry}, c(nil, P1)b) = (Q1, alnil, Ry)d, c(nil, P1)b) = (Ry, a(l, Q2)d, c{nil, P;)b)

The first three steps of the execution of P allocate the two session records and perform the write by
Q;. After firing rule [S®], since the continuation type is negative, a context switch to R; and rule
[S®] applies:

(Ry, a(1, Q2)d, c(nil, P)b) = (Ry, d{nil, Qz)a, c{(nil, P;)b)

Note how after Ry performs its read, the read-to-write adjust operation swaps the endpoints of the
session record, enabling the send by R, to be performed via rule [S®]:

(Rs, d{nil, Q2)a, c(nil, P1)b) = (Q2,d(2, R3)a, c{(nil, P;)b)
Rule [S®] applies again, performing the write on c:
(Q2,d(2, Rs)a, c{nil, P1)b) = (Qs,d(2, Rs)a, c(3, P1)b)

where Qs is a forwarder for endpoints a and c. Note that a is a read endpoint and c a write endpoint,
as needed. Thus we apply rule [Sfwd], merging the two session records:

(Q3,d(2,Rs)a, c(3, P1)b) = (P1,d(3@2, R3)b)
The execution can then proceed (rules [S®], [S®], [S1], [SL]):
(P1,d(3@2,R3)b) = (P2, b(2,R5)d) = (P3, b{nil,R3)d) = (Rs, b{v',R3)d) = (0,0)
Note the correct ordering in which the sent values are dequeued, where 3 is read before 2, as

intended.
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At this point, the reader may wonder about the correctness of the SAM’s evaluation strategy as
just discussed. Our evaluation strategy is devised to be a deterministic, sequential strategy, where
exactly one process is executing at any given point in time, supported by a queue-based buffer
structure for channels and a heap for session records. Moreover, we adopt a write-biased stance and
prioritise (bundles of) write actions on the same session over reads, where suspended processes
hold the read endpoint of queues while waiting for the writer process to fill the queue, and hold
write endpoints of queues after filling them, waiting for the reader process to empty the queue. This
strategy is inspired by focusing and polarised logic, where focusing structures proofs into alternating
focusing (where a positive connective is chosen for focus and fully deconstructed), corresponding to
a sequence of write actions in the same session; and inversion phases (where negative connectives
are deconstructed), corresponding to a sequence of read actions on a given session. Notably, the
alternation between eagerly applied inversion and focusing acts as a synchronisation point during
proof search. The SAM execution strategy can be understood as enforcing a focused-like structure
on (unfocused) CLL proofs. A key distinction is that because proofs (i.e., programs) are not being
constructed but rather simplified (i.e., evaluated), positive connectives are prioritised rather than
negative ones.

While this write-biased strategy seems like a reasonable way to ensure that inputs never get
stuck, it is not immediately obvious that the strategy is sound w.r.t. the more standard semantics
of CLL and related languages, given that processes are free to act on multiple sessions. Thus,
the write-bias of the cut rule (and the overall SAM) does not necessarily mean that the process
that is chosen to execute will immediately perform a write action on the freshly cut session x. In
general, such a process may perform multiple write or read actions on many other sessions before
performing the write on x, meaning that multiple context switches may occur. Given this, it is not
obvious that this strategy is adequate insofar as preserving the correctness properties of CLL in
terms of soundness, progress and type preservation. The remainder of this article is devoted to
establishing this correspondence in a precise technical sense.

4 CLLB: A Buffered Formulation of CLL

In this section, we prove that the SAM adequately accounts for the full language of CLL from
Section 2; to that end, we need to show there are two-way simulations between the two systems.
However, there is a substantial gap between the language CLL, presented in an abstract algebraic
style with its operational semantics defined by non-deterministic equational and rewriting systems,
and an abstract machine such as the SAM, that evolves deterministically and represents the
computation state by manipulating several ‘low-level’ structures (heap, queues, etc.). Even if the
core SAM structure and transition rules are fairly simple, proving its correctness in relation to
CLL is technically challenging, as is often the case with corresponding results relating higher-level
languages and automata-style machines.

Therefore, to smoothly approach our results, we rely on a progressive build up. To construct the
operational correspondence between the SAM execution and reduction in CLL, we first introduce
an intermediate logical language CLLB that bridges between CLL and the SAM, conservatively
extending CLL with a buffered cut construct, and approximating the effect of session queues in the
SAM in a precise sense. The CLLB buffered cut has the form

cut {Pla:A[q] b:B|Q}

and mediates all interactions between processes P and Q via a message queue g with two polarised
endpoints a and b, where a of type A is held by process P and b of type B is held by process Q. The
queue q stores values expressing messages communicated between channel endpoints. A polarised
endpoint has the form x or x. The endpoint marked X is the one allowing writes, the unmarked x is
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cut {Qla:A[qlb: B| P} =B cut {Q|b:B[qla: Al P} [Bcomm]
cut {P |x[qlyl (Q | R)} =® (cut {P|x[qly| Q}) || R (BM] y € fn(Q)
cut {P x[glz| (cut {Q lylplw] RN} =B cut {Q[ylplwi (cut (P |x[qlzl R})) (BB]  wzef(R)

cut! {y.P 'x| (cut {Q |z[q]w| R})} =B cut! {y.P|!x| cut {(cut! {y.P|'x| Q}) |z[q]w| R})} [BdistC!]

Fig. 8. Additional structural congruence rules for CLLB.

the one allowing reads, with exactly one of the two endpoints being marked at each moment. In a
buffered cut the endpoint types A, B are related but do not need to be exact duals. In particular,
the (session) type of the writer endpoint may be advanced ‘in time’ with relation to the (session)
type of the reader endpoint. This situation reflects that messages already sent by the writer process
have been enqueued but have not yet been consumed by the reader. If the queue is empty, we must
have A = B. Thus a buffered cut with an empty queue corresponds exactly to a basic cut of CLL.
Structural congruence for B (noted =) is obtained by extending = with commutative conversions
for the buffered cut, listed in Figure 8. Conversion rule [Bcomm] encodes the swapping of buffer
endpoints, allowing the rules to be written with the active endpoint always on the left. Rule [BM]
codifies the interaction of cut and independent parallel composition provided by mix. Rule [BB]
codifies the associative and commutative nature of cut and rule [BdistC!] captures the replicating
nature of exponentials.

Definition 4.1 (Queue Values). Queue values and queues are defined by

V = Vv (Close token) | step (Recursion Unfold) q == nil|V]|q@q (Queue)
| # (Selection Label) | clos!(x,P) (Exponential Closure)
| clos(x,P) (Linear Closure) | ty(T) (Type)

The value v denotes session closure request, and #l a selection label issued from a selection process
to an offer process. The linear closure clos(x, P) stores a suspended linear process P that interacts
on fresh name x, such value is issued by a sender process to a receiver. The exponential closure
clos!(x, P) is like process closure but for a replicable process. We also have ty(T), representing a type
passed in communications via type send/receive operations, and the ‘step token’ step representing
a recursion unfold request. We use @ to denote (associative) concatenation operation of queues,
with unit nil. Enqueue and dequeue operations occur respectively on the queue rhs and lhs.

Definition 4.2 (Typing Rules of CLLB). The set of CLLB typing rules is obtained from the CLL
typing rules by replacing the single [Tcut] rule with the typing [Tcut-*] rules in Figure 9. Apart
from [TcutE], each [Tcut-"] rule applies to a distinguished positive type. We assume that for each
of these rules the symmetrical one is defined.

We distinguish the type judgements as P + A;T (or P ¢y A;T) for CLL and P +B A;T for CLLB.
The [TCutE] rule sets the endpoint’s mode based on the cut type polarity, applicable whenever
the queue is empty. The remaining rules relate queue contents with their corresponding (positive
action) processes. Rule [Tcut®] can be read bottom-up as stating that typing processes mediated by
a queue containing a process closure clos(y, R) amounts to typing the process that will emit the
session y (bound to R), interacting with the queue with the closure removed. Rules [Tcut®] and
[Tcut!] apply a similar principle to the other possible queue contents. In [Tcut-1] and [Tcut!] the
write endpoint is assigned the empty context 0, to assert that the sending process has terminated
(0), either by a close x action or by turning into a replicable value !x(z); P. Thus, notice that type
annotations in endpoints of CLLB cuts may be either a CLL type or just empty 0.
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P8 A x: AT QFB A y: AT A+ cut {close x [x:1 [q] y:B| Q} +B A;T

[TcutE] [Teut1]
cut {P[x: A [nil] y: A Q} B A", A;T cut {0x: 0[qg@v ]y : Bl Q} +B A;T
cut {send x(y.R); P [x : T®A [q] y: B| Q} +B AT Teutg) Ut {#IXPIX: @cerAr [q] y: Bl Q) +B AT (Teuts)
cut {P [x: A [g@clos(y,R)] y: B| Q} +B A;T cut {P[x: Ay [q@#] y:B|Q} +B AT
cut {sendty x(T); P [x : 3X.A [q] y: B/ Q} P AT (eye3) cut {!x(z); P [X :!A [q] y: B[ Q} ¥® AT [Teut!]
cut {P [x: {T/X}A [q@ty(T)] y: B|Q} +B A;T cut {0 [x: 0 [q@clos!(z,P)] y: Bl Q} +8 A;T
cut {unfold, x;P X : uX.A [q] y: B|Q} +B AT (Teuty]
cut {P [x : {uX.A/X}A [q@step] y: B Q} B A;T
Fig. 9. Additional typing rules for CLLB.

cut {Q [z [q1] x| cut {fwd x y [§ [g2] w| P}} =P cut {Q [z [q2@q1] w| P} [fwdp]
cut {close x [¥ [q] y| Q} = cut {0[x [q@v] y| Q} (1]
cut {0 [x [V'] y| wait y; P} —Bp [L1]
cut {send x(2.P); Q ¥ [q] y| R} —® cut {Q [¥ [g@clos(z, P)] y| R} [®]
cut {Q [% [clos(z, P)@q] y| recv y(w); R} =B cut {Q [X [q] y| cut {P |z [nil] w| R}P}’ sl
cut {#l x; P [ [q] y| R} —® cut {Q [ [g@#]| y| R} (@]
cut {Q % [l@q] y| case y {|#¢ € L:P;}} —® cut {Q [x [q] y| Pu}’ [&]
cut {x(2); P [ [q] y| Q) —=® cut {0 [¥ [g@clos!(z P)] y| O} [
cut {0 [x [clos!(z,P)] y| 2y; Q} —B cut! {z.P |'ly| O} ]
cut! {y.P |'x| call x(2); Q} —B cut! {y.P |'x| cut {P |y [nil] z| Q}P} [call]
cut {sendty x(T); P [x [q] y| R} =B cut {Q [x [q@ty(T)] y| R} (3]
cut {Q [% [ty(T)@q] y| recvty y(X);R} =B cut {Q [x [q] y| {T/X}R}" [v]
cut {unfold, x; P [x [q] y| R} —B cut {P |x [q@step] y| R} (1]
cut {Q [% [step@q] y| rec Y (u, W); R [y, 2]} =B cut {Q % [q] y| {y/u}{Z/w}{(rec Y(y, W);R)/YIR}" [v]
P—B P = c[P] -8 C[P] [cong]
p=to, 08¢, o=tp =p-Bp =5]

Fig. 10. CLLB reduction P —8 Q.

Reduction for CLLB (noted —8) is obtained by replacing the CLL reduction — rules [fwd], [11],
(@], [®&], ['?], [3VY], [uv] and [corec], by the rules in Figure 10. We classify a —® reduction rule
as positive when it acts on a positive type (i.e., [1], [®], [@®], [!], [3] and [¢]), and negative when
it acts on a negative type (i.e., [L], ['®], [&], [?], [call], [V] and [v]). Essentially each principal
cut reduction rule of CLL is replaced by a pair of ‘positive’ (—,)/‘negative’ (—,) reduction rules
that allow processes to interact asynchronously via the queue, that is, positive process actions
(corresponding to positive types) are non-blocking. For example, the rule [®] for send appends a
session closure to the tail (rths) of the queue and the rule for receive pops a session closure from the
head (lhs) of the queue (lhs). Notice that positive rules are enabled only if the relevant endpoint
is in write mode (x), and negative rules are enabled only if the relevant endpoint is in read mode
(y). In the reduction rule [*®] the polarities of the endpoints in the cuts occurring in the reductum
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depend on the types of the composed processes. Rule [fwdp] for the forwarder belongs to the logic
identity group (axiom/cut) and is considered neither positive nor negative.

To uniformly express the appropriate marking of endpoint polarities after reads we define the
following convenient abbreviations.

Definition 4.3 (Adjusting Polarities).

cut {Q |x : A[nil]ly : B| P}? £ if+A then cut {Q |x : A[nil]ly : B| P} else cut {Q |x : A[nil]y : B| P}
cut {Q [x: Alqly : B| P}' 2 if (q = nil) then cut {Q |x : A[nilly : B| P} else cut {Q [x : A[q]y : B| P}

After a (negative) read operation, if the queue becomes empty, the type of the read endpoint may
change polarity from negative to positive, and thus endpoints role must be swapped, for the cut to
be typed (by [CutE]).

Definition 4.4 (Stable Process). We call a CLLB process stable if all its cuts have empty queues.
Any CLL process S can be written as stable CLLB process ST, by replacing all its cuts by (empty)
buffered cuts as follows:

(cut {R|x: A|QNT £ cut {RT [x : A [nil] y : A| ({y/x}Q)"}?

Clearly P + A;T implies PT -8 A;T. Based on this correspondence, we may overload the notation
cut {R |x : A| Q} to denote both a CLL cut or the corresponding empty-queued CLLB cut, if that
makes sense in the context of use.

If Figure 11, we exemplify reduction of a CLLB process where processes S; and R; commu-
nicate on a single session. We could understand the system as the CLLB encoding cut {S; [x :
1®1Q (L L)[nilly: L@ L9 (1 ®1)|R}ofthe CLLprocessP =cut {S;|x:1®1Q (L% L1)|
Ri{x/y}}. We illustrate the flexibility introduced by the buffer mediated session interaction with
an alternative ordering (bottom) of the first four reduction steps on the complete sequence (top).
On top, two writes to the queue are anticipated, while below the first send is immediately received
by R; before the second send. In Section 4.2, we analyse the correspondence between CLL and
CLLB reduction, where commutations such as the one just exemplified play an important role to
show operational equivalences between the immediate interactions of CLL, in the sense that the
principal cuts immediately reduce the positive and the negative process, and the asynchronous
buffer-mediated interactions of CLLB.

4.1 Preservation and Progress for CLLB

In this section, we prove the basic safety properties of CLLB: Preservation (Theorem 4.9) and
Progress (Theorem 4.11). To reason about type derivations involving buffered cuts, we first formulate
two convenient admissible inversion principles (Lemma 4.7 and Lemma 4.8). These principles, by
monolithically aggregating applications of [TCut-*] rules of CLLB, allow us to talk in a uniform way
about typing of values in queues and typing of processes connected by queues. We then introduce
an auxiliary specific type system for queues, not necessary to define provability in CLLB (which
is completely defined by the type system of Definition 4.2), but useful to express the inversion
principles. Related auxiliary type systems for queues have already been introduced in, e.g., [40].

Typing of queues q is specified by judgments of the form I'; A + g : R> W, where R and W are
types. Intuitively, the judgment asserts that the queue g contains values typed in T'; A, sequenced
in a consistent way for a process writing at type W (or a terminated writer process 0, in which case
W = 0), and a receiver reading at type R.
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12:20 L. Caires and B. Toninho

Sy =send x(cy.close ¢1); Sy Ry =recvy(v1); Ry

Sy = send x(cz.close ¢); S3 Ry =recv y(v,); Rs

S3 =recv x(2); S, R; =send y(cs.close ¢3); Ry

S4 = wait z; wait x; 0 R4 = wait v1; wait v2; close y
cut {$;[x:1®10 (L2 L)[nilly: L2 19 (1®1)| R} -8 [®]
cut {S; [x : 1® (L2 L)[clos(c.close ¢)]y: L9 L2 (1®1)| R} —B [®]
cut {83 [x : 1’9 L[clos(c;.close c1) :: clos(cp.close ¢x)]y : L79 L9 (1®1)| Ry} —B [=]

cut {83 [x : 1’9 L[clos(cz.close ¢;)]y : L2 (1® 1)| cut {close ¢1 [¢; : 1[nil]oy : L| Ry}} =B

cut {close ¢1 [¢1 : 1[nil]oy : L| cut {S3 [x : L’ L[clos(cz.close c2)]y: L8 (1®1)| Rp}} —B

cut {0[¢1 : 0[]y = L] cut {S3 [x : 1’9 L[clos(cz.close cz)]y: L9 (1®1)| Ry}} —P°

cut {close ¢y [¢5 : 1[nil]og : L| cut {0 [c; : O[vJo1 : L| cut {Rs [§: 1® 1[nil]x : L9 1| S3}}} —B
cut {06y : 0[v'Joz = L] cut {0[c1 : O[v'Joq : L] cut {R3 [§: 1@ 1[nil]lx: L9 1| S3}}} —B

cut {0y : 0[v'Joz = L] cut {0[c1 : O[v'Joq = L| cut {Ry [§: 1[clos(cs.close c3)]x : L7 1| S3}}} =B
cut {0 [y : 0[]z = L| cut {cut {0[¢; : O[v'Jog : L| Ry} |7 : 1[clos(cs.close c3)]x : L9 L| S3}} —B
cut {0 [¢y : O[v']og : L| cut {Rs |7 : 1[clos(cs.close ¢3)]x : L9 1| S3}} =B

cut {cut {0 [cy : O[v']og : L| Rs} [ : 1[clos(cs.close ¢3)]x : L9 1| S5} —B

cut {R [ : 1[clos(cs.close c3)]x : L9 1| S5} —B

cut {0 [7: O[clos(cs.close c3) = v ]x : L9 1| S5} —B

cut {0 [7: O[v']x : L| cut {close c3 [c3 : 1[nil]z : L| S4}} —B

cut {0[g:0[v]x: L cut {0fcs:0[V]z: L|Se}} —B

cut {0 [7: 0[v]x : L| wait x;0} —B 0

cut {$1 [x:1®1® (L2 L)[nilly: L9 L2 (1®1)| R} -

cut {Sy [x:1® (L8 L)[clos(cy.close ¢1)]y: L8 L9 (1®1)| Ry} —B

cut {Sy [x:1® (L% L)[nilly: L2 (1®1)| cut {close ¢; [¢1 : 1[nil]vy : L| Ry}} —B

cut {83 [x : L9 L[clos(cz.close c3)]y : L® (1 ®1)| cut {close ¢y [¢1 : 1[nil]oy : L| Ry}} —B

Fig. 11. CLLB reduction (examples).

Definition 4.5 (Typing of Queues). Queues can be typed by the following admissible rules.

P8 ALz:T;T T;Ay+q:E>-F  T;Avrq:{uX.E/X}E>F

T;knil :E-E v : 150
I;A1,A2 Fclos(z,P)@q : TQE>F I;A v+ step@q : pX.E> F
I5AFq:Ey>F PrBz: AT I;Avrq:{T/X}E>F
A+ #l@q : ®pcrEg> F T;+ clos!(z,P) :!1A> 0 I;A+ty(T)@q : 3X.E> F

Concatenation and splitting of queues preserves typing in the following sense.

LEMMA 4.6. Queue typings satisfy the following properties:

(1) (Interpolation) LetT; A + q@q’ : A»C.

Then there are B, A1, Ay such that A = A, Ay, T;A1 - q: A>BandT;A+-q' : B»C
(2) (Transitivity) LetT; A1 F q: A>BandT;A, + q' : B> C. ThenT; A1, Ay F q@q’ : A>C.
(3) (Liveness) If B is negative and T; A + q : B> C with C not positive then q # nil.

Proor. By induction on queue typing derivations. O
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(fwd] s(A)=x A P=Q 0Ol (=] Pl (mmix]
A Ly Pl (Pl Q) lx

Pl x# y Qlx x# y

—_— [cut] ———

(P Ix[qlyl Q) lx (z.P 'yl Q) lx

Fig. 12. Observability predicate P | .

fwdxy |x

[cut!]

LEMMA 4.7 (NoN-FuLr). For P # 0 the following rule is (1) admissible and (2) invertible in CLLB:
P+B Ap,x:A;T QB Ag,y:BiT T;Ag+q:B>A B negative
cut {P [x:A [q] y:B| Q} +B Ap, Ag, Ay;T

For inversion (2), the derivations for P and Q are sub-derivations of the conclusion.

ProoF. See Appendix A.1. By induction on the CLLB derivation of the conclusion. O

Notice that a CLL type, regarded as a session type, may terminate in either 1, L or in an
exponential !A/?A. We also have the following admissible inversion principle, which applies to full
buffered cuts, that is, where the process P holding the writer endpoint has terminated execution,
and the last value pushed into the queue is v/ or clos!(z, R).

LeEMMA 4.8 (Fury). The following rule is (1) admissible and (2) invertible in CLLB:
Q B Ag,y:B;T TiAq+q: B-0 B negative
cut {0 [x:0 [q] y:B| Q} +B Ag,Ag;T

For (2), the derivation for Q is a sub-derivation of the conclusion. We also have ¢ = ¢’ @V orq =
q' @clos!(z, R) for someq'.

Proor. See Appendix A.1. By induction on the derivation of the conclusion. O

THEOREM 4.9 (PRESERVATION). Let P B A;T. We have

(1) IfP =B Q, then Q +B A;T.
(2) IfP —B Q, then Q +B A;T.

PROOF. See Appendix A.1. We verify that every conversion rule for =B and —P is well-typing
preserving. ]

To prove progress, we follow the technique of inductive observations introduced in [19], also
adopted in [21, 86], that extends smoothly to the current setting of CLLB. A process P is live
if and only if P = C[Q], for some action process Q and some static process context C (a static
process context is a process context where the hole lies only within the scope of static constructs
mix or cuts, not behind an action prefix). We first show that any live process either reduces or
offers an interaction. The observability predicate P | ., defined in Figure 12 (cf. [88]), characterises
interactions of a process P with the environment on a free name x (notice that P |, implies
x € fn(P)).

LEMMA 4.10 (LIVENESS). Let P +B A;T. If P is live then either P |, or P —B P’, for some P’.

Proor. See Appendix A.1. By induction on the derivation for P + A;T, and case analysis on the
last typing rule. O

THEOREM 4.11 (PROGRESS). Let P + 0; 0 be a live process. Then, P —B P’, for some P’.

Proor. Follows from Lemma 4.10, since A,T' = @) implies P has no free names. O
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4.2 Correspondence between CLL and CLLB

In this section, we analyse the correspondence between CLL and CLLB, proving that the two
languages simulate each other in a very precise sense. In one direction, the property directly follows
from the form of CLLB reduction rules.

LEMMA 4.12 (SIMULATION OF CLL BY CLLB). Let P + 0;0. IfP — Q then P' =B QF.

Proor. See Appendix A.2. Each CLL reduction is simulated by two positive-negative CLLB
reductions (e.g., CLLB [®’@] by CLL [®] followed by [’®]), and [fwd] by [fwdp]. O

In the opposite direction, the proof of the simulation is substantially more involved, since CLLB
allows some positive actions to be buffered ahead of reception, while in CLL a single positive action
synchronises with the corresponding dual in one step, or a forward reduction takes place. We
introduce the following notations, which will allow us to express our operational correspondence
results.

Definition 4.13 (Notation). We annotate CLLB reductions as follows:

(1) Write P —8P Q for P —8 Q if this reduction is positive (by [1], [®], [®], ['], [3], or [z]).

(2) Write P —B" Q for P —B Q if this reduction is negative or [call] (by [ L], [’9], [&], [?], [call],
[V1]. [v] or [vul]).

(3) Write P —582 Q for P —8 ( if this reduction is by [fwdp].

(4) Write P S5, Ba Q for P —B2 ( if this [fwdp] reduction acts on cuts with empty queues (cf.
CLL cuts).

(5) Write P —B83 Q for P —B Q if this reduction is positive or a forwarder.

(6) Write P —B" Q for a positive action on a buffered cut with empty queue immediately followed
by a matching negative action on the very same cut (e.g., simulating a CLL reduction, cf.
proof of Lemma 4.12).

Due to the progress property for CLLB (Theorem 4.11) and because queues are bounded by the size
of positive/negative sections in types or recursion depth, after a sequence of positive or forwarder
reductions a negative reduction consuming a queue value must occur. Theorem 4.16(2) states that
every reduction sequence in CLLB, necessarily built of segments of the form =8 —Bn jg
simulated by a reduction sequence in CLL up to some anticipated forwarding and buffering of
positive actions.

We now state and prove the mentioned results. They rely on several technical observations
about CLLB reduction, which we collect in the following Lemmas. The first highlights some useful
commutation properties.

LEMMA 4.14 (COMMUTATIONS). The following commutation properties of reductions hold.

(1) Let P, —BP § —B" P, Then either (a) P, —B" P,, or (b)) P, —B" S" —BP P, for some S’.

(2) Let Py —»B2 8§ B p, Then P, —Br s’ B2 p, for some S’.

(3) Let P, —B3 S —B P, Then either (a) P, —B" P,, or (b) P, —B" §” —B3 P, for some S’.

(4) Let P, —B® N SBa g _Br P,. Then either (a) P; 5Ba N or (b) there is S’ such that
p, —Brs’ =B p,

ProOOF. See Appendix A.2. O

The postponing Lemma below makes precise the fact that all positive reductions and axioms
may be postponed, except the ones matched by the next related negative reduction. In particular,
this allows (2) a matching positive/negative pair or reductions to be anticipated and collapsed to
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an intial —B" reduction, and (1) the next negative reduction unmatched by an earlier positive
reduction to be promoted to first reduction step.

LEMMA 4.15 (PoSTPONING). Let P -8 0;0. If P =83 BN O then either

(1) P —B" R and R =82 Q for some R, or;
(2) P 5Ba _,Br R and R =B Q for some R.

Proor. See Appendix A.2. The proof relies on the commutation properties of Lemma 4.14. O

THEOREM 4.16 (OPERATIONAL CORRESPONDENCE CLL-CLLB). Let P k¢ 0;0.

(1) IfP = R then P =B R,
(2) IfP' =B Q then there is R such that P = R and R' =58 Q.

Proor. See Appendix A.6. (1) Iterating Lemma 4.12. (2) Using Lemma 4.15. O

The results in this Section assert that CLL and CLLB essentially implement the same operational
semantics (in the sense that they compute equivalent results), even given the presence of explicit
buffering queues in CLLB. These results will be leveraged in the following sections to prove adequacy
of the SAM execution, which relies on lower level data structures, w.r.t. CLL, whose reduction
relation is formulated using algebraic rewriting of proofs. The simulation clause in Theorem 4.16 (2)
implies that for any CLL process P, if P =82 B O then there is a CLL process R such that
P = Rand R =Bap Q. In other words, if there a reduction sequence from PT that terminates in a
negative action, then the such whole CLLB reduction can be simulated by a CLL reduction P =* R,
where Q is essentially R up to extra forwarding and positive actions, waiting in buffers.

Our results thus imply that every reduction path in CLLB maps to a reduction path in CLL in
which every negative reduction step in CLLB is mapped, in order, to a standard cut reduction step in
CLL. The presence of the commuting conversion law [Ci] is crucial to these correspondence results.
We should however note that our results and proofs only use prefix commutation to postpone
positive actions over negative actions (e.g., in the direction a*(x); b~ (y); P => b~ (y);a* (x); P),
but not e.g., commutation of positive or negative actions in different sessions, which also realize
observational equivalences in other general accounts of asynchronous or delayed communication
in session-typed and linear logic based languages [11, 34, 55, 56, 101, 109].

4.3 Example

We now revisit the example of Section 3.1 under the lens of CLL and CLLB execution. Recall the
process P defined as:

P2 cut{P;la:1®1|{a/b}Q1}

Py 2 send a(y.P,); Ps Q1 = recv b(x); Qo
P, 2 closey Qy £ wait x; Q3
P; £ close a Q3 = wait b;0

Under CLL semantics we have that P — cut {Ps |a| cut {P; |y| {a/b}{y/x}Q2}}, capturing the
synchronous communication where a send meets a receive. To consider CLLB execution, we first
convert the cut in P to a buffered cut: cut {P; [a: 1 ® 1[nil]b : L*® L| Q;}. We have that

cut {Py[a:1@1[nillb: L79 1| Q1} =B cut {Ps [a: 1[clos(y.P,)]b: L9 1| 01}
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which essentially mirrors the SAM execution of the corresponding process. The execution of the
right-hand side process above can then proceed by either closing a or performing the receive on b:

cut {Ps [a: 1[clos(y.Py)]b: L9 1| O} =B cut {0 [a: 0[clos(y.P)@v']b: L9 L| O}
cut {Ps [a: 1[clos(y.P;)]b: L9 1| Q1} =B cut {Ps[a: 1[nil]b: L| cut {P; [7: 1[nil]lx: L| Q;}}

In the latter case, we can see that the CLL and the CLLB processes match, modulo renaming. In the
former case, the CLLB process executes deterministically as follows:

(1) cut {0 [a: O[clos(y.P)@v|b: L| Q;} —®

(2)cut {0[@a:0[V]b: L|cut {P, [7: 1[nil]lx: 1| Q,}} —B
(3)cut {0[@a:0[v]b: Llcut {0[g:0[V]x: 1| Q}} —B
(4)cut {0Ja:0[V]b: 1| Q3} —Bo

The execution of the CLLB process after the receive on b consists of either the closure of a or of y:
cut {Ps [@: 1[nil]b : L| cut {P, [g: 1[nil]x: 1| Q2}} =B cut {0[@a: O[V]b: L|cut {P;[7: 1[nil]x: 1| Qz}}

cut {Ps [@: 1[nil]b : L| cut {P, [g: 1[nil]x: 1| Q2}} —B cut {Ps [@a: 1[nil]b: L|cut {0[g:0[vV]x: 1| Q:}}

If a is closed then the resulting process is identical to the process (2) above. If b is closed then the
possible executions consist of closing a, and we obtain the process in the trace above at point (3);
or the wait on x executes, as follows:

cut {Ps [@: 1[nillb: L] cut {0[g:0[v]x: 1| Qz}} =B cut {Ps[a: 1[nil]b: 1| Qs}
The only remaining possible move is to close a and wait on b, respectively, similar to (4) above:
(5) cut {Ps [a: 1[nil]b: L| O3} =B cut {0]a: 0[v]b: L] O3} =B 0
As for the CLL reduction, we have that:
cut {Ps |a| cut {P; |y| {a/b}{y/x}Q2}} — cut {P5 |a| {a/b}Qs} — 0

Note how after one CLL step we obtain process (5) above. These executions illustrate the operational
correspondence of Theorem 4.16, where a synchronous CLL step is matched by potentially multiple
CLLB reductions which realign following negative actions. Moreover, the execution of the SAM
for process P corresponds to the CLLB execution of P where after the send on a, the close of a is
placed in the queue, followed by processes (1)—(4).

5 The Linear SAM and Its Correctness

In this section, we formally present the Linear SAM and prove its adequacy for executing CLL
programs. More precisely we show that every execution trace of the SAM represents a correct
process reduction sequence in CLLB (and therefore in CLL, in light of Theorem 4.16). We first
consider here the language without exponentials and mix, adopting a progressive development and
presentation of our results. The basic multiplicative additive fragment of linear logic with recursion
captures the essence of the main concepts behind the SAM design, and facilitates the presentation
of results and proofs. The remaining constructs will be considered later in the article (Section 6).

5.1 Structure of the Linear SAM

The structure of the Linear SAM is presented in Figure 13. The structure of the Linear SAM is
presented in Figure 7. A configuration is a pair (P, H) where P is a (the currently active) CLL
process and H a heap. A heap is a mutable store of session records of the form x:A{q, P)y:B. In a
session record x:A{q, P)y:B, q is a queue storing the values already written, and P is a suspended
CLL continuation process. We may establish an analogy between a session record and a frame in
the call stack of a functional language, where g stores the ‘arguments’ passed in a function call, and
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S x= (P,H) Configuration
Xy € xy SRef
H €  (SRef,SRef) — SRec Heap
SRec == x:A{q,P)y:B Session Record
q == nil | V| V@q Queue
Val == Close Token
| #l Choice Label
| clos(x, P) Process Closure
| ty(T) Type Value
| step Recursion Step

Fig. 13. The linear SAM components (no exponentials).

P represents the return ‘address.” This analogy—which is of course just an approximation, since the
SAM execution is more suggestive of co-routining rather than of a call-return protocol—will be
further elaborated in Section 8, while discussing our proof-of-concept implementation.

The names x, y represent (unique) references or pointers to the record, x representing the write
endpoint and y the read endpoint for the session. We could have modelled the heap with records
accessed by a single reference z and distinguish endpoints roles using some kind of notational
qualification, e.g., z+ and z—, but prefer to use this equivalent notation with distinct names x, y to
facilitate the correspondence with CLLB. In any given heap H, all session endpoints are pairwise
distinct and every session record is referenced by its two unique endpoint references, as suggested
by the heap representation as a map (SRef, SRef) — SessionRec. The SAM operation does not rely
on general type information, just on type polarity, which can be mostly statically determined (that
is, except for type variables in polymorphic code, as explained in Section 8). Nevertheless, in our
formal description, we annotate session record endpoints with their types (A, B); this is convenient
for clarifying the SAM behaviour and for the correctness proofs. We may omit type annotations
when they may be easily recovered from the context.

The SAM queue values (cf. the CLLB queue values in Definition 4.1) are the close token (v'), rep-
resenting the session close handshake message, closures (clos(x, P)), representing sessions passed
in communications via send/receive operations, choice labels (#l), representing choices exercised
in offer/choice operations, and types (ty(T)), representing the types passed in communications
via type send/receive operations. We also have the ‘step token’ (step) representing a recursion
unfold request. The SAM executes (co)-recursive sessions lazily, in the sense that positive sections
of a session type are eagerly executed but only up to unfolds, and queues will therefore only store
positive segments of outputs that fall within a single recursion body. More details about these and
other aspects of how queue values are used during execution will be explained in detail shortly,
while discussing the SAM transition rules. Notice that all processes in a SAM configuration (P, H),
either as the active process P or the processes suspended in records and closures in the heap H, are
source CLL processes (which can be seen as CLLB processes with empty queues, cf. Definition 4.4).

We now formally present the SAM execution rules in Figure 14. The SAM execution is driven by
the top constructor of the process active in the current configuration—there is a single rule for each
process construct. Any execution sequence is therefore fully deterministic. As already motivated in
Section 3, at some well-defined steps the currently running process must yield execution to another
process, suspended in a session record. Such context-switching steps are absorbed by the transition
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(cut {P |x: A|Q},H) & (P, H[x : A(nil, {y/x}Q)y : A])? [SCut]
(fwd x y, H[z : A(q1, Q)x : Bl[y : B{g2,P)w: C]) = (P, H[z : A(q:@q1,Q)w: C]) [Sfwd]
(close x,H[x : 1(q, P)y : B]) & (P,H[x : 0{q@V,0)y : B]) [s1]
(wait y; P,H[x : 0(v,0)y: 1L]) = (P,H) [S1]
(send x(z.R); Q,H[x : A® C(q,P)y : B]) & (Q, H[x : C(q@clos(z,R),P)y : B])™" [S®]

(recv y(w: A); O, H[x:C(clos(z : A,R)@¢q, P)y:A’® D]) = (Q, H[ (x:C{q, P)y:D) ][ w:A(nil,R)z:A])P  [S$9]

(#1x;Q, H[x : ®¢erAe(q, P)y : B]) = (Q,H[x : Au(q@#],P)y : B))*" [So]
(case y {|#€ € L:Q¢}, H[x : A{#l@q, P)y : &eerBe]) = (Qu, H[(x : A{q, P)y : Bu)™]) [s&]
(sendty x(T); Q, H[x : 3X.A(q,P)y : B]) = (Q,H[x : {T/X}A(q@ty(T),P)y : B)™" (s3]
(recvty y(X); Q. Hlx : A(ty(T)@q. P)y : ¥X : B]) & ({T/X}Q,H[(x : A(q. P)y : {T/X}B)"™]) [SV]
(unfold, x;Q, H|[x : pX.A(q, P)y : B]) & (P,H|[x : {uX.A/X}A{q@step, Q)y : B]) [Su]

(rec Y(u, w); QO [y,Z], H[x : A(step, P)y : vX.B]) &
(P,H[x : A{nil, {(rec Y (u, w); Q) /Y }{u, w/y,Z}Q)y : {vX.B/X}B])? [Sv]

N.B.: (x:A(q, Q)y:B)™ = if (q = nil) then y:B(q, Q)x:A else x:A(q, Q) y:B
(P,H[x:A{q, Q)y:B])™" £ if (A+) then (P,H[x:A(q, Q)y:B]) else (Q, H[x:A{q, P)y:B])
(P, H[x:A(nil, Q)y:B])? £ if (A+) then (P, H[x:A(nil, Q) y:B]) else (Q, H[ y:B(nil, P)x:A])

Fig. 14. The linear SAM transition rules.

rules, using the control operators on configurations presented in Figure 14 (bottom): init-adjust,
write-to-read adjust and read-to-write adjust; these control operators use type-polarity information
in a crucial way. We now discuss the transition rules in detail.

5.1.1 Cut and Forwarding. The [SCut] rule decomposes the cut, creates a fresh session record
with the proper endpoints and continues execution with the process that holds the writer endpoint
(of positive type). As already discussed, even if the SAM operation is not generally guided by the
structure of types, it relies on type polarity information. In the transition rules we thus define some
auxiliary operations (Figure 14, bottom), to adjust control of execution based on type polarities. The
operation (P(x), H[x:A(nil, Q(y))y:A])? (init adjust) is used to prepare a newly created session
(a fresh session is always in write-mode, with empty queue), used in ([SCut], [S'®], [Sv]). It
essentially schedules process P(x) for execution if the type A of x is positive, which then becomes
the write endpoint, and suspends Q(y) at the negative endpoint y. If A is negative, the record is set
conversely, with Q(y) scheduled and P(x) suspended.

The [SFwd] rule involves ‘merging’ two session records into a single one. By typing, and the
readiness property defined below (Definition 5.2), the session endpoints x and y must refer to
different session records and be assigned dual types B and B. Without loss of generality (because
of fwd x y = fwd y x), we assume the forwarder fwd x y holds the read and write endpoints at
respectively x and y, with B negative and B positive. The process Q(z) suspended in the session
record z : A(gy, Q)x : B has written (via z) the contents of g;, whereas running process leading
to fwd x y has previously written g,. Thus, the process P(w) suspended in the session record
y : B{gs, P)w : C is waiting to read g,@gq;. Execution then continues with P; notice the two prior
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session records with endpoints z, x and y, w are replaced by a single session record with endpoints
z,w.

5.1.2 Send and Receive, Close and Wait. Rule [S1] writes the close token to the queue, and
switches control to the suspended process P(y) holding the read endpoint. Notice that 0 as suspended
continuation signals that the writer process has terminated. Rule [S_L] reads the close token from
the queue, disposes the session record, and continues execution. Rule [S®] writes a closure to the
queue, and either continues (if the type of the continuation session type is positive) or switches
control to the suspended process P(y), holding the read endpoint (if the continuation session type
is negative). The control choice is implemented using the operation (P, H[x:A{q, Q)y:B])*" (write-
to-read adjust), which is used to prepare the state of the SAM after a positive (write) operation
in an ongoing session ([S®], [S®], [SA])—this is not needed for [S1] since close x terminates the
endpoint x usage. If the type of the write endpoint (positive polarity) x is (still) positive after the
transition, execution continues with P and the session in write-mode. Otherwise, if the type of
the write endpoint becomes negative, P has just enqueued the last value in the positive segment. The
execution then switches context: process P is suspended, and process Q is activated, to eventually
read from the queue q at y, with the record in read-mode.

Rule [S®] reads a closure clos(z,R) from the queue and creates a fresh session record
(w:A(nil, R/Q)z:A), to handle the interaction between R (at z) and the continuation Q of the receive
process (at w). The scheduling choice of either R and Q with respect to their (implicit) cut is handled
by init-adjust (...)?, that activates either R or Q depending on the polarity of the type of w (e.g., if
A is positive, Q will write on w, so w is the positive endpoint and Q will be scheduled). A further
endpoint adjustment may be required with respect to the ongoing read sequence on y, using read-
to-write adjust (symmetric to write-to-read adjust). The operation (x:A{q, Q)y:B)™" (read-to-write
adjust) is used to readjust the polarity of session endpoints after a negative operation reads the
last value from an ongoing session queue ([S’®], [S&], [SV]). When the process holding the reader
endpoint y empties the queue g, it becomes necessary to swap endpoint polarities (the record
switches to write mode, and y to positive polarity). Otherwise, the record endpoints retain the
current polarities. Notice that there is no endpoint to adjust on [S_L] since wait y; P deallocates the
terminated session, and P may continue execution normally on the remaining open sessions. For
example, given the SAM write bias invariant, if P performs a negative action on some read session
endpoint, then the corresponding session queue is not empty, and it may progress, otherwise if P
starts by a positive action, it may always write to the session queue.

5.1.3  Choice and Offer. The rules [S®] and [S&] follow the pattern of [S®] and [S’®], in a simpler
setting. [S@®] writes a label to the queue, and [S&] reads a label from the queue, and chooses the
appropriate branch of the offer process. Write-to-read and read-to-write adjustments are applicable
as expected.

5.1.4 Type Send and Receive. In rule [S3] the active process writes a type value ty(T) to the
appropriate queue, and in rule [SV] the active process reads a type from the queue, which is to be
substituted for the type parameter X in the body of the continuation code. While describing the
Full SAM in Section 6 we will use environments to track type bindings, rather than syntactical
substitutions, which we adopt in this Section to avoid cluttering our presentation and proofs.

5.1.5 Unfold and Co-Recursion. The rules for unfold and co-recursion follow the rules for CLLB
but sequentially schedule operations in a deterministic way that needs to escape the otherwise
pervasive ‘write-bias’ of the SAM. This is because recursive (inductive types) may introduce
sequences of positive operations of unbounded length.
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Revisiting the basic example of the type for natural numbers as defined in Section 2.8
recNat =@ {#Z : 1,#S : Nat }
we observe that the full representation of the natural N is a process of the form
N(7n : Nat) = (unfold, n; #S n;)Nunfold%, n;#Z n;close n

which exhibits a positive sequence with length of order N. To preserve the ability to statically bound
queue lengths, the SAM always performs a context switching at unfold unfold, n; P execution,
yielding control to the dual co-recursive endpoint, that will start a read sequence until executing
the matching co-recursor rec Y(,w); Q [n,Z]. More precisely, in rule [Tyu] process unfold, n;Q
writes the recursion unfold token step to the queue, and the SAM immediately switches context,
yielding control to the process P that holds the dual endpoint, suspending the continuation Q in
the session record. Rule [Tv], always executed when the session under focus is in read mode will
read the recursion unfold token step, while the SAM switches context back to the code suspended
after the triggering unfold, allowing subsequent writes to complete. Thus, a recursive session’s
queue length is always bounded by the (maximum) number of same polarity actions between the
recursion binder and the recursion variable. A related observation, leveraging polarised logic is
made in [77] and for non-logical session types in [40] (see Section 9 for additional discussion).
Besides bounding queues, this strategy is consistent with the overall lazy evaluation strategy of
the SAM, allowing inductive/co-inductive processes to interact via lazy streams, as generators and
consumers. Our proofs of correctness show in detail how this execution strategy satisfies all the
required SAM safety invariants.

We illustrate with the simple example in Figure 15. Here, program main() calls printnat(n) on
two(n). Notice that although two(n) definitionally expands to the finite behavior

unfold,, n;#S n;unfold, n;#Sn; unfold, n; #Z n; close n

the SAM execution consumes the session n lazily, with the recursive process co-routining (cf. a
generator) with the co-recursive process, via the [Sy] and [Sv] transitions. We conclude the present
Section with the detailed proofs of correctness for the Linear SAM.

5.2 Correctness of the Linear SAM

We now state and prove that the Linear SAM correctly executes CLL programs. The main results
state safety—every execution of the SAM corresponds to a reduction sequence of CLL processes—
and progress—any SAM configuration reachable from a closed well-typed CLL process is either
the terminated configuration (0, 0), or still has a possible reduction. The proofs build (1) on the
tight relationship between CLL and CLLB fully developed in Section 4.2, and (2) on the operational
correspondences between reduction in CLLB and the SAM transition reduction. A key notion in
this development is configuration readiness (Definition 5.2), characterising the invariant properties
of SAM states, which together with basic typing constraints, are instrumental in proving the main
safety and liveness properties.

In a ready configuration (P, H), whenever the running process P holds a session endpoint of
negative type, and is therefore about to execute a negative action (e.g., a receive or offer action) on
it, it will always find an appropriate value (resp. a closure or a label) to read from the appropriate
session queue, an important requirement to establish progress. As a consequence, no busy waiting
or context switching will be necessary for reading actions, since the sequential execution semantics
of the SAM ensures that all values corresponding to a positive section of a session type have always
been enqueued (written into the queue) by the ‘caller’ process before the ‘callee’ process takes over
(to read from the queue). As already discussed in Section 3, even in the presence of the SAM’s
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main() = cut { two(x) |x : Nat| printnat(x) }
printnat(n : Nat) = rec Z(u);case u { #Z : wait u; 0, #S : Z(u) } [n]

(main(n),0) =

(cut { two(n) |n : Nat| printnat(n) },0) =  [SCut]

(two(x), [x(nil, printnat(y))y]) =  [Sy]

(printnat(y), [x(step, #S x; one(x))y]) =  [Sv]

(#S x; one(x), [x(nil, case y { #Z : wait y;0, #S : printnat(y) })y]) = [S®]
(one(x), [x(#S,case y { #Z : wait y;0,#S : printnat(y) })y]) &  [Sy]

(case y { #Z : wait y; 0, 4S : printnat(y) }, [x(#S@step, one(x))y]) =  [S&]
(printnat(y), [x(step, one(x))y]) =  [Sv]

(#S x; zero(x), [x(nil, case y { #Z : wait y;0,4S : printnat(y) }y]) = [S®]
(zero(x), [x(#S, case y { #Z : wait y; 0, #S : printnat(y) })y]) =  [Sy]

(case y { #Z : wait y; 0, 4S : printnat(y) }, [x(#S@step, zero(x))y]) =  [S&]
(printnat(y), [x(step, zero(x))y]) = [Sv]

(#Z x; close x, [x(nil, case y { #Z : wait y;0,#S : printnat(y) })y]) = [S®]
(close x, [x(#Z, case y { #Z : wait y;0,4S : printnat(y) })y]) = [S1]

(case y { #Z : wait y; 0, #S : printnat(y) }, [x(#Z@V/,0)y]) = [S&]

(wait y; 0, [x(v, 0)y]) = (0,0) [SL]

Fig. 15. Example trace for recursion in the SAM.

write bias, it might not seem obvious whether input endpoints (including endpoints passed around
in higher-order communications via send/receive) always refer to non-empty queues in the specific
execution strategy fixed for the SAM.

The effect of such interleaved read and write phases is captured in the notion of ready configu-
ration by requiring every session record x:A(q, R)y:B stored in the heap to necessarily be in one of
two exclusive ‘modes’: write-mode or read-mode. To intuitively motivate these ideas, we pictorially
illustrate the life cycle of a session record (Figure 16). We structure our discussion by first covering
the SAM behaviour on the simpler recursion-free fragment, and introduce recursion afterwards as
a second step.

A session record x:A{q, R)y:B is in write-mode if its free access point is the write endpoint x,
owned by some process P about to write to the queue g, so the type A is positive. In this case,
y € fn(R) and R = R(y) is the process holding the other dual endpoint of the session, waiting for
the writing phase to complete. A writing phase may terminate either because P closes the session
(P = close x and A transitions to @ by [S1]) or the write endpoint type A becomes negative (that
is, the session type changes polarity from positive to negative). If A becomes non-positive after a
write step, then the session record will switch to read mode (by write-to-read adjust), with process
R(y) starting to read from queue q at endpoint y (illustrated by the transition from write-mode
to read-mode in Figure 16 (top, left to right)). Notice that we represent the active endpoint by a
hollow bullet o and the suspended endpoint by a filled bullet e.

A session record x:A{q, P)y:B is in read-mode if its free access point is the read endpoint y, with
reading being performed by some process Q(y) owning endpoint y (so y ¢ fn(P) by linearity). In
this case, P is the suspended process that, having written to the queue, either closed the session
(P = 0and A = 0) or terminated the write phase due to session polarity inversion and is now
waiting to read on x (with x € fn(P) and A negative). The queue ¢ must be non-empty (g # nil).
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not A+

write-mode

read-mode

[Sv] A+

Eb

read-mode

[Sv]A+ B (g, ) o:A
q = q'@step
q = nil g = nil
A (g, ) o:B

q = q'@step

read-mode

read-mode write-mode

not B+

Fig. 16. Session record lifecycle.

A reading phase terminates when the queue becomes empty after a read operation. If the last
value read is v/, the session record reaches the end of its life, terminating the session by [SL].
Otherwise, the read endpoint type B becomes positive (because if the queue is empty, it is the dual
of A which is known to be negative). The session record will then switch to write-mode as an effect
of read-to-write adjust, which involves swapping the endpoints, and let Q proceed with writing on
y (illustrated by the transition from read-mode to write-mode (right, top to bottom)).

In the session lifecycle diagram (Figure 16), the evolution from bottom right (write-mode) to
top left (write mode) via bottom left is symmetric to the evolution just described, with endpoints
reversing roles. This reflects the iterated general sequence of communications between two processes
P(x) and Q(y) interacting in a session with endpoints x and y: write phase by P(x) ; read phase by
Q(y) ; write phase by Q(y); read phase by P(x), and so on.

Having explained the SAM behaviour on the basic CLL fragment, we can now cover the re-
cursion and co-recursion constructs, and the specific process co-routing pattern associated to it.
Unfolding of recursion is lazily controlled by the passing of step tokens from the inductively-typed
endpoint to the co-inductively-typed endpoint. This is illustrated in the figure by the transitions
labeled with [Su] and [Sv]. When a session record x:A{g, R)y:B is in write-mode but the cur-
rent operation is unfold, —; — (so that A = uX.C is positive), the record switches to read-mode
by [Su] as x:{A/X}C{g@step, R)y:B. The record will continue in read-mode until the matching
rec — (=, —); becomes exposed, in a state like x:{A/X}C(step, Ryy:vX.C. It will then transition
by [Sv] to write-mode as x:{A/X }C{(nil, Ryy:{B/X}C or y:{B/X }C(nil, R)x:{A/X}C, depending on
which of {A/X}C or {B/X}C is positive. Notice that this protocol ensures that queues may contain
at most one step token at any given time, always in the last queue position, and only in read-
mode session records. The execution phases related to recursion/co-recursion are also depicted in
Figure 16 in the two states in the center, connected by [Sy] or [Sv] transitions.

Our detailed analysis above motivates the following definitions, which characterise the key
invariants of safe SAM configurations, based on session record modes and related properties.

We say that a queue q is step-terminated if ¢ = ¢’ @step and step ¢ ¢q’.

Definition 5.1 (Modes). In a well-moded session record x:A(g, R)y:B, at most one of x,y may
occur free in R.
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Moreover, a well-moded session record is in:

(1) write-mode, if y € fn(R), A is positive and step ¢ q.
(2) read-mode, if x € fn(R) or R = 0 and either

(a) Aisnot positive and step ¢ g, or

(b) q is step-terminated.

Notice that read and write modes are exclusive, if a record is in write-mode then y € fn(R),
while a record in read-mode must have x € fn(R) (would contradict typing of cut) or R = 0 (would
contradict y € fn(R)). As a consequence of 2(b) and queue typing (cf. Lemma 4.6(3) Liveness), for a
record in read-mode we always have g # nil.

Definition 5.2 (Ready Configuration). A SAM configuration (P, H) is ready if any session record
in H is either in write-mode or read-mode.

To prove our adequacy results, we need to formally relate SAM transitions with reductions
in CLL. As explained before Section 4, we use CLLB as a bridge. To that end, we define the
following encoding of CLLB processes, that satisfy certain structural conditions, into SAM states.
The encoding effectively transforms processes into SAM configurations, breaking down cuts into
the corresponding session records in the heap by inspecting the queue’s write mode.

Definition 5.3 (Encoding CLLB to SAM). For well-typed CLLB processes P, P’ and well-formed
heaps H, H’ let relation (P, H) g (P’, H") be defined by the rules.
(cut {P(x) [x:A [q] y:B|Q(y)},H) = (P(x),H[x:A{q,Q(y))y:B]) [Cut-write] (x (—) y in write mode )

(cut {P(x) [%:A [q] y:B]| Q()},H) B (Q(y), H[x:A(q, P(x))y:B]) [Cut-read]  (x(-) y in read mode)
Given P +B 0, we write P & C for (P,0) S Cand enc(P) = C for P s (A,H), for A ke A
withA=AorA=0.

Given a well-typed CLLB process P, whenever enc(P) is defined, it gives a SAM configuration
(A, H) where all top-level cuts in P covering A are represented in heap H by session records,
leaving the unguarded action (A as the active process in the configuration. The well-formedness
conditions in the definition of enc(.) ensure that all generated session records are always well-
moded, and that SAM configurations are always well-formed, in particular that all processes
embedded in (A, H), be it in the active position P or suspended in heap-stored session records or
closures are always CLL processes (cf. CLLB processes with empty queues).

We write C B D if CeD by repeated use of SAM cut transitions [SCut]. We have

enc
LEMMA 5.4 (READINESS OF ENCODING). Basic properties of 5.

(1) IfC is ready and C B D, then C = D with D ready.

(2) If (P, H) is ready and P vcyy A then (P,H) B (A, H') = C and (P,H) ¥ C, for A=A or
A=0.

(3) If P rcLL O then enc(P) is ready.

Proor. (1) Any N step in a ready configuration creates a new session record in either write-

or read-mode. (2) For a CLL process P, (P, H) £ C must be by [Cut-write] (since [Cut-read] does
not apply to configurations with empty queues) coinciding with [SCut]. (3) By (1,2) applied to

(P,0) i enc(P). O
A SAM configuration C is live if C = (A, H).
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LEMMA 5.5 (SAM-CLLB STEP SAFETY). Let P +® 0 and enc(P) a ready SAM configuration. If
enc(P) is live then (1) there is C ready such that enc(P) &= C and (2) there is Q such that P —8 Q

enc”

andQ = C Ctuzt enc(Q).

Proor. See Appendix A.3. We show that each SAM transition corresponds to a reduction in
the CLLB process encoded by the machine configuration. An auxiliary technical result states that
for every ready configuration enc(P) = (A, H) there are CLLB process contexts E, F such that
P = E[F[A]]. We then show that for every SAM transition (A, H) = C F[A] is a principal cut

redex such that F[A] —B R and thus P = E[F[A]] —8 E[R] etg* C. O
We then have
THEOREM 5.6 (SOUNDNESS W.R.T. CLLB). Let P +2 0 and enc(P) a ready SAM configuration. If
enc(P) £ C then there is O such that P =8 Q and O etg* C.

Proor. In Appendix A.3. By induction on the number n of transition steps in enc(P) 5 C. o

Combining the previous results with the operational correspondence between CLL and CLLB
(Theorem 4.16) we obtain an overall soundness result for the Linear SAM relative to CLL. Every
SAM execution starting from a well-typed closed CLL process P up to a configuration C corresponds
to a CLL reduction sequence that starts in P and terminates in a CLL process Q represented by C
up to some anticipated positive (enqueueing) and forwarding operations.

THEOREM 5.7 (SOUNDNESS W.R.T. CLL). Let P ¢y 0.
If (P, 0) & C then there is Q such that P =¢;; Q and QF =82 .

Proor. Let enc(P) = C. By Lemma 5.4 (2), enc(P) is ready. By Theorem 5.6, there is Q" such
that P =8 Q" and O’ S C. By Theorem 4.16 (2), there is Q such that P =¢|; Q and QF =8 (.
We conclude QF =82 ¢’ S C. O

We now state our progress result. Any SAM execution starting from a well-typed process either
reaches the inaction process in the empty heap, with the store deallocated, or is able to make a
further transition.

cut*

LEMMA 5.8. Let P ¢ 0, and P S DB C Clg enc(P), then either C = (0,0) or there is C’
such that C = C’.

Proor. Either C g C’ orenc(P) =C = (A H) withA=00or A =A.If A =0, we must have
H = 0. Otherwise C is live, and by Lemma 5.5 there is C’ such that C = C’. m]

THEOREM 5.9 (PROGRESS). Let P ¢ 0. If (P, 0) i C then either C = (0,0) or there is C’ such
thatC = C’.

Proor. We break the assumption (P, 0) 5 C (by determinism of =) in the two cases: either (a)
cuts cutx

(P,0) > C = enc(P) or (b) (P,0) Cig* enc(P) & C. For (a), we conclude by Lemma 5.8. For (b),
we proceed by induction on the number n of transition steps in enc(P) & C. (Base case n = 0) Then
enc(P) = C and we conclude by Lemma 5.8. (Inductive case n = 1+ n’) Then enc(P) = D é C, so
enc(P) is live. By Lemma 5.5, there is Q such that P —8 Q and Q elg; D Clu:t; enc(Q). We consider

cuts

two cases, either (1) D Ci;* enc(Q) 5 C with n” < nor 2D = C Cét)* enc(Q). For (1) we
conclude by the i.h.. For (2), we conclude by Lemma 5.8. O
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S (&,P,H) State
R ab SRef
H (SRef, SRef) — SessionRec Heap
SessionRec a{q, &, P)b
q nil | Val | q@q Queue
Val = Vv Close token
| #| Choice label
| clos(z, &, P) Linear Closure
| clos!(z, &, P) Exponential Closure
| ty(T) Type Value
| step Recursion Step
EF.G Name — (SRef U clos!(z, &, P)) Environment

Fig. 17. The environment-based SAM for full CLL.

Theorem 5.9 asserts that SAM executions on well-typed processes never get stuck, but also a
‘no-garbage-left’ property, in the sense that a terminated computation always reaches the empty
heap. Although termination is not a consequence of our results just presented, it is a consequence
of the soundness property (Theorem 5.7) via the strong normalisation property of CLL [83, 86].

6 The Linear SAM for full CLL

In the previous sections, to simplify the formal presentation of the SAM, the proofs of its meta-
theory, and discuss its design at a more intuitive level, we adopted an abstract formalisation of the
operational semantics, relying on (implicit) a-conversion, and overloading language syntax names
for the intended heap references for session records. However, to handle our full language with
exponentials and bring the SAM execution model closer to a low-level implementation, we now
introduce in it a traditional environment structure allowing us to get rid of syntactic substitutions
from the definition of transition rules, as implemented in most abstract machines since Landin’s
SECD [60]. Notice that, to avoid excessive notational burden, we do not use the environment to
track type substitutions (although we might have done so), so all types in configurations are closed.
Another reason for doing so is that our dynamic use of types in the SAM is mostly computationally
irrelevant, and essentially only useful for our correctness proofs.

We thus reformulate the SAM as presented in Figure 17. Formally, a SAM configuration is a
triple (&, P, H) where & is an environment. Formally, an environment G is a finite map that sends
(linear) names to heap-record endpoint SRef and exponential names to replicated process closures,
injective on linear names. These heap references are freshly allocated and unique, thus avoiding
any clashes and enforcing proper static scoping. Process closures, representing suspended linear
(clos(z, &, P)) and exponential behaviour (clos!(z, &, P)), pair the code in its environment.

In Figure 18 we present the execution rules for the environment-based SAM. All rules except those
for exponentials have already been essentially presented in Figure 14 and discussed in previous
sections. The only changes from Figure 14 are due to the presence of environments, which record
the bindings for free names in the code.

Recall that the SAM operation relies on some type information, namely, polarity information
is required in the cut rule, in the rules for session receive [’@] and replicated session invocation
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(& cut {P|x: Al Q},H) = (G, P,H[a: A(nil, 7, Q)b:A])? [SCut]
a,b=new, G = &{a/x}, F=E{b/x}, A"

(&, fwdx y,H[c: A{q1, G.Q)a :E] [b:D(q2 F,P)c:C]) = (F,P,H[c: A{q2@q1, G, Q)d : C]) [Sfwd]
a=&(x),b=8(y)

(&.close x,H[a: 1{q, F. P)b : B]) = (F.P,H[a: 0{q@~,0,0)b : B]) [$1]
a=E&E(x)
(&, wait y; P,H[a: 0{(v,0,0)b:1]) =» (& P,H) [SL]
b=&(y)
(& send x(2.R); Q, H[@A & C(g, G, P)b:B]) = (&, Q, H[a:C{q@clos(z:A, &, R), G, PYb:B])™" [s®]
a=6&(x)
(&, recv y(w); Q, H[a:C{clos(z:A, F,R)@q. G, P)b:A» D]) =

(&,Q,H[(a:C{q, G, P)b:D)™][e:A(nil, 7', R) f:A] )P (S7%]
e,f =new,b=&(y), & = Efe/w}, F = F{f/z}
(&#x;Q,Hla: @1 Ar(q, G, P)b: B]) = (& Q,Hla: Au(q@#l, G, P)b : B])™" [Se]

a=E&E(x)

(&, case y {|#€ € L:Q,}, H[a : A(#1@q, G, P)b : &cLB]) = (8,0, H[(a: A{q. G, P)b: By)™])  [S&]
b=8(y)

(&, cut! {y.R |'x:A| P},H) = (G, P,H) e
G = &{clos!(y:A, &,R) /x}

(8,!x(z); Q,H[a:!A{q, G, P)b:B]) = (G, P, H[a:0(g@clos!(z:A, E,Q),0,0)b:B]) [S!]
a=E&E(x)
(8,7y; O, H[a:0(clos!(z:B, ¥, R), 0,0)b:?B]) = (G, Q,H) [S?]

b=68(y),G = &{clos!(z:B, F,R) |y}

(&, call y(w); 0, H) = (&,Q, H[a:A{nil, 7, R)b:A] )P [Scall]
a,b = fresh, & = &{a/w}, F = F{b/z},clos!(z : A, F,R) = E(y)

N.B.: (a:A(q, G, Q)b:B)"™ 2 if g = nil then b:B(q, G, Q)a:A else a:A{q, G, Q)b:B
(&,P,H[a:A{q, G,Q)b:B])"" £ if A+ then (&, P,H[a:A{q, G,Q)b:B]) else (G, Q,H[a:A{q, E, P)b:B])
(&, P,H[a:A(nil, G, Q)b:B])?P £ if A+ then (&, P, H[a:A{nil, G, Q)b:B]) else (G, Q, H[b:B{nil, &, P)a:A])

Fig. 18. The linear SAM transition rules (full classical linear logic with exponentials).

[Scall]. In the basic first-order typed language, such polarity information may be statically identified
at type-checking and used to tag the code before execution. However, in the presence of type
parametricity as we now consider, the polarity of the instantiation of a parametric type may depend
in general on the polarity of the types used to substitute its free type variables, so, for simplicity,
we assume that types are explicitly inspected at runtime for polarity (see, e.g., rule [SCut]). In
practice, an efficient implementation will just rely on passing around polarities dynamically, not
the (complete) types, as discussed in Section 8.

We now discuss the SAM rules for the exponentials ([S!], [S?], [Scall+] and [Scall-]). Values of
exponential type are represented by exponential closures clos!(z, F, R). Recall that a session type
may terminate in either 1, L or in a exponential !A/?A (cf. 4.8). So, the (positive) execution rule
[S!] is similar to rule [S1]: it enqueues the closure representing the replicated process, and switches
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(&, sendty x(T); Q, H[a:3X.A{q, G, P)b:B]) = (&,0,H[a:{T/X}A{q@ty(T), G, P)b:B])™" [S3]
a=6&(x)
(&, recvty y(X); Q, H{a:A(ty(T)@q, G, P)b:VX.B]) &= (6, {T/X}Q,H[(a:A{q, G, P)b:{T/X}B)™]) [SV]
b=2&E(y)

(&, unfold, x;Q, H[a:uX .A{q, G,P)b:B]) = (G, P,H[a:{uX A/ X }A{q@step, E, Q)b:B]) [Sp]
a=&(x)
(8,rec Y(u, w); Q [y, Z], H[a:A(step, G, P)b:vX.B]) =

(G, P,H[a:A(nil, F, { (rec Y (u, w); Q) /Y}Q)b:{vX.B/X}B])? [Sv]
b=8&(y), F=&E{&E(y)/u{E(Z)/w}

Fig. 19. The linear SAM transition rules (polymorphism and recursion).

context, since the session terminates (cf. [!] Figure 10). The execution rule [S?] is similar to rule
[S’®]: it pops a closure from the queue (which, in this case, becomes empty), and instead of using it
immediately, adds it to the environment to become persistently available (cf. reduction rule [S?]
Figure 10).

Any environment-stored closure holding a replicated process may be called by client code via
the transition rules [Scall], which for each invocation creates a new linear session object to be
composed with (passed to) the client code. Thus, rule [Scall] operates in a similar way to rule [S®],
instead of activating a linear closure popped from the queue, it activates an replicable closure
fetched from the environment. The need for adjusting the endpoint of the newly created linear
session depends on the polarity of the type of the new session endpoint name w. We implement
this polarity dependence using the two variant rules [Scall+] and [Scall-] as already discussed in
Section 3 for the case of [S’®]. Notice that the process closure passed in send and receive ([S®] and
[S®]) are linear, thus transferred with unique ownership from sender to queue and from queue to
receiver without any need to be stored in the environment, unlike replicated closures, which are
potentially shareable in client code. The [SCut!] rule simply binds the cut!-bound replicated closure
bound in the environment, and proceeds with the execution of P. Note that in [SCut!] we compose
an exponential channel of type A, whereas in rule [S!] we are treating a linear channel of type !A.

The SAM rules for polymorphic types and recursion are shown in Figure 19. For the case of type
send and receive, types are passed around with type values ty(T), where T is a closed type. Notice
the type substitution applied to endpoint types in [S3] and [SV], and to the continuations Q, in
[SV]. It is important to notice that the concrete types passed during a computation do instantiate
polymorphic types of endpoints. Since, as we know, SAM execution crucially relies on type polarity
to guide reduction and perform context switching via ()@ and ()", a correct SAM implementation
covering polymorphic types cannot be completely oblivious of runtime type information. Therefore,
while the CLL language enjoys the fundamental (Reynolds-style) parametricity property (cf. [18]),
its efficient implementation may need to know about the types being passed, often to guide memory
allocation. In the case of the SAM, only the polarity of types is needed (to warrant the SAM
‘write-bias’) as further discussed in Section 8.

Given the analogy of the recursion-related rules [Sy] and [Sv] with the related CLLB rules [¢] and
[v], they barely deserve any special remark. Notice however how the SAM uses the environment to
bind arguments to parameters in the rule for the co-recursive call [Sv]. We now proceed with our
technical development and update our meta-theoretical results for the environment-based Linear
SAM.
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6.1 Correctness of the Environment-Based Linear SAM

The proofs of soundness and progress for the environment-based linear SAM follow the pattern
of our development in Section 5.2. We first reformulate the notion of configuration readiness
(cf., Definition 5.2) to express the SAM invariants now required to deal with the presence of
environments, closures, and exponential constructs.

We say an environment G covers a process P if dom(G) C fn(P).

Definition 6.1 (Modes). In a well-moded session record a:A{q, G, R)b:B, G covers R and at most
one of a, b may occur free in G(R). Moreover, a well-moded session record is in:

(1) write-mode, if b € fn(G(R)), A is positive and step ¢ q.
(2) read-mode, if a € fn(G(R)) or R = 0 and either

(a) Ais not positive and step ¢ g, or

(b) g is step-terminated.

Definition 6.2 (Ready Configuration). A SAM configuration (&, P, H) is ready if & covers P and
H, and any session record in H is either in write-mode or read-mode.

Definition 6.3 handles encodings of CLLB processes into environment-based SAM configurations,
along the lines of Definition 5.3 but now dealing with environments. We first introduce the following
notations:

Write & ~p G if G(x) = E(x) for all of x € fn(P).

Write & ~, p G if G(x) = E(x) for all of x € fn(P) \ z.

Let g be a CLLB queue and ge a (environment-based) SAM queue, and write g; for the ith element
ingq.

Write ge ~ ¢Y if for all i, ge; = clos(z, 7, R) (resp. clos!(z, 7, R)) iff ¢; = clos(z,R) (resp.
clos!(z,R)) and F ~,r G.

Definition 6.3 (Encoding CLLB to Full SAM). For environments &, &, well-typed CLLB processes
P, P’ and well-formed heaps H, H' let relation (&, P, H) elge (&, P’,H') be defined by the rules.

(&, cut {P(x) XA [q] y:B Q(y)}. H) & (G,P(x), H[a:A(ge, F,Q(y))b:B]) [EC+] (a(-) b write-mode)
(& cut {P(x) %A [q] y:B Q(y)}.H) B (F.0Q(y). H[a:A(ge, G.P(x))b:B]) [EC-]  (a(-) b read-mode)
where 7 ~o(y) E{b/y} and G ~p(x) E{a/x} and ge =~ q°
(& cut! {y.R|!x: A/ P}, H) & (&{clos!(y, F,R)/x},P,H) [E!]
where F ~y p(y) &

*
ce

Given P +B 0; 0, we write P JE C for (0,P,0) ‘= C and ence(P) = C for P JE (&,A, H), where
C=(EAH)forAvrc AwithA=AorA=0.

The encoding introduces environments in session records and closures that (over)approximate all
environments possibly generated in a computation (via the equivalences & =p G). This strengthened
property, required by our correctness proofs, enables the encoding to emulate all possible closures
created in histories prior to the current CLLB state enc(P), which may contain irrelevant bindings.
We can show

ence
LEMMA 6.4 (READINESS OF E-ENCODING). Basic properties of = .

(1) IfC is ready and C D, then C = D with D is ready.

(2) If (&, P, H) is ready and P rcry A then (8,P,H) &> (&',A H') = C and (&,P,H) = C, for
A=AorA=0.
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(3) IfP rcLL O then ence(P) is ready.

Proor. (1) Any = step in a ready configuration creates a new session record in either write-
or read-mode. (2) For a CLL process P, (&, P, H) S C must be by [Cut-write], matching [SCut].
(3) By (1,2) applied to (0,P,0) ‘= enc(P). o

A SAM configuration C = (&, P, H) is live if P = A.

LEMMA 6.5 (SAM-CLLB &-STEP SAFETY). Let P -8 0 and ence(P) a ready SAM configuration. If
ence(P) is live then (1) there is C ready such that ence(P) = C and (2) there is Q such that P —8 Q

ence”

andQ = Cg* enc(Q).

ProoF. See Appendix A.4, we detail the cases for exponentials. Similar to the proof of Lemma 5.5.

O
THEOREM 6.6 (SAM SOUNDNESs WRT CLLB). Let P +2 0; 0 and ence(P) ready.
Ifence(P) & C then there is O such that P =8 Q and O ‘= C.
Proor. Similar to the proof of Lemma 5.6, using Lemma 6.5. O
THEOREM 6.7 (SAM SOUNDNESs WRT CLL). Let P + 0;0.
If (0,P,0) £ C then there is Q such that P =¢.. Q and QT =Bap ‘= c.
Proor. Similar to the proof of Lemma 5.7, but using Theorem 6.6. O

An environment-based SAM configuration C live if C = (§,P,H) if P # 0.

THEOREM 6.8 (SAM PrOGRESS). Let P +¢y; 0. If (0, P, 0) & C then either C = (0,0) or there is C’
such that C = C’.

Proor. Similar to Theorem 5.9, but using Lemma 6.5. O

7 Extending the SAM with Concurrent Versions of Cut and Mix

We have argued that our design for the SAM provides an effective deterministic sequential execution
model for session-typed program idioms. Nevertheless, in realistic concurrent programming one
usually wants certain parts of programs to be executed sequential while other parts execute truly
concurrently, at various levels of granularity.

In this section, we demonstrate how the Linear SAM naturally supports the ability to segregate
and coordinate both sequential and concurrent behaviours, at a fine grain, as intrinsically supported
by the typed session calculus. We claim that the SAM provides a principled basis to approach a
unified execution model on which essentially sequential parts of session-based programs may
be efficiently executed by the deterministic application of SAM transitions, without concurrent
synchronisation mechanisms, while explicitly parallel and concurrent execution may be selectively
used whenever necessary, for performance or functional requirements. We thus introduce an
extension of the Linear SAM from a single-threaded machine to a multi-threaded machine that
supports the concurrent execution of CLL processes by offering concurrent versions of mix and
cut, semantically equivalent to the basic cut and mix constructs in all accounts (typing rules and
conversions / reductions), but where composed processes execute in separate threads:

P == ... | ccut{Plx:AlQ} | cpar{P| Q}
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M = {P,P,,...,P,} Process Multiset)
S x= (M,H) (Concurrent SAM Configuration)
SessionRec = x{(q,P)y (Sequential Session Record)

| x{qy (Concurrent Session Record)

Fig. 20. The concurrent SAM.

(P,H) = (P',H") (M,H) =°¢ (M'",H)
(PYM,H) =¢ (PPv M,H") (0w M,H) =¢ (M',H’)

(ccut {P|x : A*| Q} w M, H) ¢ ({P,Q{y/x}} & M},H[x : A(nilyy : A]) [SCutp]
((P|Q)w M, H) = ({P,Q} ¥ M},H) [SMixp]

[Srunc] [Sop]

Fig. 21. Transition rules for concurrent SAM configurations.

To facilitate our presentation, we revert to the basic SAM introduced in Section 3 without envi-
ronments and exponentials, since such features are orthogonal to our focus on concurrency. This
allows us to develop the concurrent SAM as an extra modular layer on top of the basic architecture
and transition semantics, which we keep untouched.

The fundamental step, presented in Figure 20, consists of extending configurations from pro-
cess/heap pairs (P, H) to process-multiset/heap pairs (M, H), where M is a multiset of processes
Picr. Intuitively, each process P; in M is executing in a separate, concurrent thread, thus M plays
the role of a thread pool.

Moreover, the concurrent SAM architecture adds concurrent session records, noted a (q) b,
to the basic session records of the SAM as defined in Section 5. While basic session records
support sequential session interaction using co-routining, concurrent session records support
concurrent (and/or parallel) session interaction. A concurrent session record corresponds essentially
to a bidirectional concurrent message queue g, asynchronously accessed by session-interacting
processes via the endpoints a and b. Each individual thread P; € M executes locally according
to the Linear SAM sequential and deterministic semantics presented in prior Sections, executing
actions on sequential session record endpoints, until a concurrent process action, that is, an action
(send/receive/selection/etc.) on an endpoint of a concurrent queue, is reached.

We define in Figure 21 the transition system for the execution relation of concurrent SAM
configurations, represented by C =¢ C’. It is essentially defined as an extra layer on top of the
rules for the sequential system, that expresses execution for each single thread. Concurrency is
modelled by the non-deterministic interleaving of atomic steps from each sequential thread. The
basic SAM execution rule for a single thread, based on S = &', is now used to define a one step
execution on a concurrent SAM configuration, as expressed by rule [Srunc]; it non-deterministically
picks a (ready) process P in the multiset and performs one transition step on P using the basic
transition system of Section 5.

A single common heap is shared by all processes in M. The CLL type system ensures that all
session-record usages are safely used by the concurrent running processes, due to the linear typing.
Rule [SOp] clears a terminated thread, rules [SMixp] and [SCutp] fork the current thread into two
new threads. For [SCutp] a new concurrent session record is created, connecting the two processes
in the queue, for [SMixp] the threads are set to simply run in parallel.
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(close x, H[x {(q) y]) & (0, H[x{q@V") y]) (
(wait y; P, H[x(v, y)]) = (P, H) [
(send x(2.R); Q, H[x (q) y]) = (Q, H[x (g@clos(z,R)) y]) [
(recv y(w); Q, H[x {clos(z, A)@q) y]) = (R H[x (q) y""'] [z{(nil, Q)w])? [Sc]
(fwd x y, H[z{(q1) x] [y {g2) w]) & (0, H[z {(q2@q1) W]) [
(fwd x y, H[z (q1) x][y{q2, Q)w]) &= (Q, H[z (q2@¢1) W]) [
(fwd x y, H[z(q1, Q)x][y (q2) w]) & (Q, H[z (q2@q1) W]) [

al{q)b™ £ if (g =nil) thenb(q)aelsea(qg) b
(P, H[x:A {nil) y:B])? £ if (A+) then (P, H[x:A (nil) y:B]) else (P, H[y:B (nil) x:A])

Fig. 22. Additional SAM transition rules for concurrent actions (sample).

Notice that, remarkably, our uniform logical foundation naturally supports concurrent versions
of cut and mix safely combine with their sequential versions in a freely generated algebraic way,
since they all satisfy the same congruence rules, even if executed under different strategies. As an
example, consider the processes

cut {P|x:Alcut {Qly:A|R}} ccut{P[x:Alcut {Q|y:A R} cut{P|x:A|ccut{Qy:A R}

which are convertible modulo structural equivalence, but implement different execution strategies.
On the left, the whole process is executed using the SAM sequential strategy. In the middle, P and
cut {Q |y : A| R} are executed concurrently via busy waiting on messages exchanged in x, while Q
and R execute sequentially by co-routining, while on the right the converse happens. Concurrent
process actions on concurrent queues, e.g., send and receive, are assumed to be implemented as
atomic isolated transactions. Thus, in the operational semantics, concurrent actions are defined
in a way similar to the ‘in-thread’ sequential ones, except that while in the sequential-semantics
computation we know that negative (read) operations are only performed on non-empty queues
(session records in read-mode), in the concurrent semantics that is not the case, hence negative
actions (e.g., session receive) are blocking.

More concretely, while concurrent positive actions (e.g., session send) always progress by writing
a value into the write endpoint of the queue, concurrent negative actions will either read off a
value from the queue if such value is available, or block, waiting for a value to become available.
However, we may prove (Theorem 7.6) that in our typed language any such waiting processes will
always progress, since the process holding the dual endpoint will eventually write the expected
value in the queue. The technical development and results presented below make this claim precise.
We present in Figure 22 the concurrent SAM transition rules for 1, 1, ®, ’® typed actions. It should
be clear how to define rules for other actions, since they follow the same pattern. Notice that
when endpoints of a forwarder refer to session records of the same kind (concurrent or sequential),
forwarding is trivially implemented by queue concatenation, yielding a single session record of the
given kind (see [SfwdLc]. In the case for forwarding between session records of different kinds (one
sequential and the other concurrent), queue merging always results into a concurrent session record
(see [SfwdMc]). This mechanism of promoting sequential sessions to concurrent sessions, but not
conversely, corresponds to a form of behavioural subsumption, that does not seem to have been
formally studied before. The transition rules for the concurrent SAM extend the basic transition
system of Figure 14, invoked by the premise of rule [SRunc], thats apply to single thread execution.
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We now develop the meta-theory for the concurrent SAM, adapting the structure of the prior
developments for the basic SAM. To define readiness for concurrent configurations we only need
to require readiness for every thread, since no notion of readiness or read/write modes are required
to ensure progress in concurrent session records, that follows along the lines of Theorem 4.11
(Progress) for CLLB.

Definition 7.1 (Ready). Configuration S = (M, H) is ready if for all P € M the configuration
Cp = (P, H) is ready.

We now define an appropriate encoding & of concurrent CLLB processes into concurrent SAM
states. The definition relies on enc(P, H) (Definition 5.3) in the base case [CThr] to encode a single
thread.

Definition 7.2 (Encoding CLLB to CSAM). For multisets M, M’ of well-typed CLLB processes

and well-formed heaps H, H' let relation (M, H) enﬁcc* (M’,H’) be defined by the rules:
({0} w M, H) B (M, H) [Co]
({Pyw M. H) 5 ({Q}w M, H’) if enc(P,H) & (Q,H’) [CThr]
[
[

(cpar {P || Q} w M, H) & ({P,Q} ¥ M,H) CMix]
CCut]

encc

(ccut {P [x : Alqly : B/ Q} w M,H) = ({P,Q} w M, H[x (q) y])

Given P +-B 0, write P ‘5 C for (P,0) ‘S Cand encc(P) = C for P ‘= (A H), A; FeuL A; with
Ai =A.

If encc(P) = (A, H), the active multiset A only contains action processes A ready for execution
or is empty. We expected the following basic sanity properties (cf. Lemma 5.4). We write C =)
ifC = D by repeated use of Concurrent SAM cut transitions [CCutp], [CMixp], [COp], and [SCut]
(via [Srunc]).

encc

LEMMA 7.3 (READINESS OF ENCODING). Basic properties of = .

(1) IfC is ready and C = D, then C = D with D is ready.

encc” cut®

(2) If (M, H) is ready and M rcp. A then (M, H) = (A,H') =C and (M,H) = C.
(3) IfP rcLL O then encc(P) is ready.

Proor. Similar to the proof of Lemma 5.4. O

A concurrent SAM configuration C is live if C = (M, H) with some A € M. We have

LEMMA 7.4 (CSAM-CLLB STEP SAFETY). Let P +8 0 and encc(P) a ready SAM configuration. If
encc(P) is live then (1) there is C ready such that encc(P) = C and (2) there is Q such that P —8 Q

and Q S C = encc(Q).

Proor. See Appendix A.5. The proof modularly combines progress for the sequential SAM (cf.
Lemma 5.5) with the proof for general progress for CLLB, which is based on the technique of
inductive observations (cf. Lemma 4.10). o

We build on the strong properties identified in main Lemma 7.4 to state the following soundness
results for the concurrent SAM. Again, our proofs closely follow the structure developed in Section 5
for the basic Linear SAM.
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THEOREM 7.5 (CSAM SOUNDNESS WRT CLL). Let P ¢y 0.
If ({P},0) & C then there is Q such that P =¢1. Q and QT =Bap ‘s C.

Proor. Based on Lemma 7.4, following the proof structure of Theorem 5.7. O

THEOREM 7.6 (CSAM PROGRESS). Let P ¢y 0. If ({P}, 0) > C then either C = (0,0) or there is
C’ such thatC = C’.

Proor. Based on Lemma 7.4, following the proof structure of Theorem 5.9. O

Summarising, the concurrent SAM executes concurrent session programs consisting of an
arbitrary number of dynamically created and finalised concurrent threads, where each thread
deterministically executes sequential code, but can at any moment spawn new concurrent threads.
Remarkably, the whole model is expressed in the common language of linear logic, statically
ensuring safety, proper resource usage, termination, and deadlock absence by static typing. In
particular, Theorem 7.6 states that any well-typed configuration will either progress or terminate in
a leak-free configuration, where all heap records have been deallocated and all concurrent threads
have terminated. In the next section, we discuss our proof-of-concept implementation of the SAM,
and related experimental results.

8 Implementation and Preliminary Experimental Results

Although the main focus of this article is the foundations and meta-theoretical analysis of the
SAM, it is interesting to describe the current development of our prototype proof-of-concept
implementation, available online [25]. The main aim of our implementation is to provide a test-bed
for the experimental development of virtual machines and eventually of compilation techniques for
linear languages based on session types, of which it should be considered an initial step. The first
version of the SAM implementation was published as an ESOP artefact [23], with all badges granted
(Functional, Reusable), accompanying the preliminary conference version of this paper [22].

To allow the implementation to be tested on realistic examples, it was developed as an alternative
execution engine for the CLASS language interpreter [23, 84-87]. CLASS is a statically typed linear
session-based programming language based on linear logic CLL as presented in this paper, that
flexibly supports realistic functional-imperative-concurrent programming idioms, and is described
elsewhere [15, 83, 84, 86]. The first implementations of CLASS [23, 87] are Java-based (to facilitate
portability), and adopted a pervasive concurrent model of sessions using fine-grained threading
and locking to support session-based interaction, where session channels are modelled by shared
memory communication. This implementation strategy was therefore along the lines with most
state-of-the-art implementations of process calculi based languages (see e.g., [66, 98]). We have
initially relied on platform threads (java.util.concurrent) and, more recently, on virtual threads [81],
as they became stable and available in the JDK (openjdk 25). As already discussed, our design of
the SAM as developed in this article was strongly motivated by insights gained by experimenting
with these implementations, leading us to conjecture that a substantial part of session-based
computation in CLASS could be executed in a purely sequential execution strategy not requiring
‘real’ concurrency. Our implementation of the SAM covers the full CLL language as presented in
Section 6 of this article, but also supports other pragmatic features of CLASS, such as basic datatypes
(integers, booleans, strings). It also simulates ‘manual’ memory allocation (no GC) for session
records, and exactly reproduces the SAM sequential deterministic execution strategy designed in
this article. Indeed, our SAM interpreter closely follows the overall architecture and transition
system for the environment-based SAM (Section 6). The SAM main loop deterministically rewrites
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SAMState { SessionRecord { IndexedSessionRef SessionClosure
ASTNode code; int size; extends SessionField {  extends SessionField {
Env<SessionField> env; SessionField slots[]; SessionRecord srec; String objectid;

SessionClosure cont; int offset; ASTNode code;
| boolean polarity; | Env<SessionField> env;
} }
(selected data structures)
type T1{
recv ~ lint; recv ~ lint; close
ki > trace 1;;
type T2 { . . > sam example2();
send lint; recv ~ lint; close id-op example2

¥ cut-op b SessionRecord@3d494fbf size=3
proc PI(b: T1) { ::(;J_t;gde1 SessionRecord@79fc0f2f size=3
. recv b(x); recv b(z); close b send-op d SessionRecord@79fc0f2f @ 0
» id-op R1
proc Q1(d:T2, b: ~ T1){ recv-op d SessionRecord@79fc0f2f @ 0

send d(1); send b(3); fwd d b send-op d SessionRecord@79fc0f2f @ 0
ks ’ ’ send-op b SessionRecord@3d494fbf @ 0
7 fwd-op b d SessionRecord@3d494fbf SessionRecord@79fc0f2f
proc R1(d: ~ T2) { id-op P1

d(y); send d(2); wait d;() recv-op b SessionRecord@3d494fbf @ 0
|5 recv-op b SessionRecord@3d494fbf @ 1

clos-op b SessionRecord@3d494fbf @ 0
proc example2() { wait-op d SessionRecord@3d494fbf @ 0
empty-op

cut {
P1(b) | b=~ T1| Q1(d,b) | d:~ T2 | R1(d)

(execution trace of sample code)

Fig. 23. The SAM PoC implementation.

machine configurations, executing, in the current environment and heap, and at each iteration, the
specific transition rule associated to each program construct.

A machine state configuration is represented by the structure SAMState (Figure 23 (top)), that
aggregates the current code and environment(s), and is imperatively updated by the machine
transitions. The SAM heap is not explicitly represented in the SAMState, as session records are
implicitly represented as (free-list managed) host language objects.

Queues on session records are efficiently implemented with arrays and updated in place, where
queue positions are directly indexed by integer offsets determined at type-checking from the
(session) types. This also allows us to statically determine the size of session records from types.
Notice that the behaviour of session records in the SAM differs significantly from the behaviour and
implementation of queues as often found in concurrent implementations of (asynchronous) session
types [49, 72, 73]. Since we use a single record to efficiently implement ‘message’ passing (unlike in
concurrent implementations that usually rely on a queue for each communication direction [40, 56])
a session record is preferably seen as a stack frame in a co-routine based language, where the
queue-enqueue behaviour results from the linear write/read discipline.

Interestingly, in the expected encoding for the SAM of a function object of type (®;c1A;) — B
as a process of type ("9;c1A;) 9 B, the session record x(g, &, P)y that mediates caller and callee
essentially suggests a conventional stack frame, where the queue g first stores the values passed from
caller to callee and, after polarity inversion, stores the single returned value. Here, the continuation
P represents the ‘function’ return address, and the environment & the ‘static link’. This means that
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when executing encodings of functions-as-processes [67] in the SAM, session records map to the
usual function-call stack frames in functional language implementations.

Polarity of types, as necessary to guide SAM context switches (e.g., read-to-write and write-to-
read adjust), is also mostly determined at type-checking time, except for the case of type variables,
whose polarity is only determined after instantiation. Our current implementation can be improved
by passing polarity information around (a single bit, instead of a complete type) on sendty and
recvty operations, to dynamically determine type polarities at a minimal cost. Notice that, as already
mentioned in Section 6, runtime information about polarity does not contradict parametricity
of the foundational language, as in many implementations of polymorphism that aim for data
representation efficiency (e.g., [44, 63, 90]).

The SessionField slots[] field stores up to int size queue values during session execution. The
slots[] array positions are used linearly, written once during a sequence of operations of pos-
itive polarity, and read once during the matching sequence of operations of negative polarity,
where the read operation clears (sets to null) the session slot contents. For technical reasons, we
chose to store the currently active polarity in the boolean polarity field of the session record.
The SessionClosure cont field stores a reference to the session ‘continuation’ (suspended) process
code P, it may be understood by analogy to the ‘return address’ of the activation record in a
functional language implementation. The SessionClosure cont field also holds the session record
environment &, which would then correspond to the ‘dynamic link’ of the activation record in
a functional language implementation as well. Session record endpoints are represented by the
structure IndexedSessionRef, that bundles a session record reference with the current write/read
offset in the slots[] array, stored in the int offset field. The size of the slots[] array is fixed at type-
checking time as the length of the longest positive section of its session type. Notice that the session
offset is reset to 0 whenever a session moves from read-mode to write-mode (empty queue at that
moment). For recursive session types, even if the complete (runtime) session length cannot be
statically determined, the session record size is always bounded by the maximum number of same
polarity actions between the recursion binder and the recursion variable. In fact, unlike in [40], in
our implementation the session record size is in general less than the complete session length, even
for non-recursive session types. This is due to the execution strategy of the SAM, which only buffers
actions within the same focalisation segment of the session type (e.g., in sequences of actions of
the same polarity), as manifest in the write-mode/read-mode alternation of session records.

As a consequence of the linear typing discipline, the SAM promises a very efficient memory
management scheme, which we already approximate in our prototype. In particular, linear session
records and associated environment entries are explicitly allocated when sessions are created, and
deallocated (in fact, recycled) after the session closes, without relying on garbage collection. For
exponential closures, we may also explore the type discipline and rely on reference counting, which
provides a natural solution given the intrinsic acyclicity of references in environment reference
chains that arises in linear logic proofs. The top-level REPL of the interpreter provides a trace
option that outputs a trace of the SAM execution, listing the sequence of applied evaluation rules
and information on the active session record. For instance, for the example in Section 3.2, rewritten
in CLASS source, we obtain the execution trace depicted in Figure 23 (middle). Each line shows
the SAM operation executed, the reference of the active session record (as the Java object id), and
the current offset in the session. For example, consider the last section of the execution trace in
Figure 23:
id-op P1
recv-op b SessionRecord@3d494fbf @ 0

recv-op b SessionRecord@3d494fbf @ 1
clos-op b SessionRecord@3d494fbf @ 0

ACM Transactions on Programming Languages and Systems, Vol. 48, No. 3, Article 12. Publication date: July 2026.



12:44 L. Caires and B. Toninho

Benchmark | tm (sam) | #th (sam) | MaxM | MaxR | speedup (vt) | speedup (pt) | #mtb
systemF 195 1 1035(1-5) | 1634k x18,8 X180,5 764
bitcounter 16 1 15(1-5) 12k x26,1 X 37,3 17
ackermann 91 1 1542(1-5) | 520k X78,0 xX361,1 1032
prime 74 1 504(1-4) 137k x23,3 85,50 503
primec 93 2 503(1-4) 137k X18,8 X73,3 503
life50 456 1 272(1-6) | 1992k x31,53 X192,4 583
life100 899 1 272(1-6) | 3983k xX31,75 X 195,5 585
workers8 1385 1 9716(-) 8331k x10,7 - -
workersc8 240 8 2566(-) | 1041k %x59,0 - -

tm (sam): baseline SAM execution time (milliseconds).

# th (sam): maximum number of simultaneously active threads in the SAM execution.
MaxR: total number of session records requested to the SAM memory pool.

MaxM: largest number R of session records actually allocated in the SAM memory pool and the
range of number k of slots requested, depicted as R(k).

SpeedUp: execution time ratio between SAM (mostly sequential) execution and the basic
fully-concurrent CLASS implementation, using virtual threads (vt) and platform threads (pt),
respectively.

# mtb: maximum number of simultaneously active threads in the basic fully-concurrent CLASS
implementations.

Fig. 24. Some runtime statistics for the SAM PoC implementation.

wait-op d SessionRecord@3d494fbf @ 0
empty-op

This fragment refers to the execution of process P1. It starts by two recv-op instructions on session
endpoint b, the first at slot 0, the second at slot 1, then closing with clos-op also at b, where b
references session record SessionRecord@3d494fbf, and concludes, after context-switching, with
wait-op on session endpoint d, also referencing the same session record.

We now discuss some experimental results of executing CLASS programs using the SAM,
comparing with our prior implementations. We selected a nine benchmark suite, with CLASS
source code available at [24], which compares the fully concurrent non-deterministic execution
engines implemented in [23, 87] with the much more efficient linear SAM execution. Moreover,
our examples were designed and selected to cover the most important features of CLL as presented
in this article, and exercise realistic computations, most being fairly intensive.

To run our tests, we used an Apple M1 MacBook Pro with 16GB RAM and 10 cores (8 performance
and 2 efficiency). The statistics obtained, on execution times, and thread and memory usage, are
summarised in Figure 24. Execution times have been measured by instrumenting the CLASS
interpreter to register and report execution (user+system) time. In all cases, we sampled several
repeated executions, and compute the average time, to increase statistical significance. Since
absolute execution time depends on the platform used, we show the baseline reference execution
time for the SAM in the testing system, and more relevantly report on the speed up ratios between
the fully concurrent interpreters and the SAM-based interpreter. We now present in more detail
each of the benchmarks.

systemF. This example heavily exercises the basic polymorphic session calculus, exploring a
CLL encoding of recursive types using second-order types and parametricity, along the lines of
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Wadler’s ‘recursion for free’ [97, 103]. We encode naturals as polymorphic processes (polymorphic
Church numerals), as well as the maps needed to primitively represent the ADT (initial algebra)
functors and the associated fold and unfold operations. We do not rely here on the primitive SAM
implementation of recursion, but just use plain linear logic with exponentials and second-order
quantifiers (System-F). The benchmark computes 4* = 256 using this low-level System F encoding
of arithmetic.

bitcounter. We consider a CLL implementation of the process-based infinite-precision bit counter
from [94], where each bit is represented by a process node. The benchmark repeatedly counts up to
2'2 and computes the average of the observed runtimes. Of the total 15 session records allocated,
exactly 12 contain 5 slots, each one representing the state of one of the bits in the network, with
behaviour expressed by the session protocol Clmpl.

type corec Clmpl {
offer of {
|#val: recv ?colint; send !lint; Clmpl
|#inc: choice of {J#carry: Clmpl [#done: CImpl}
[#printf: Clmpl
[#halt: close

}
b

ackermann. We define the Ackermann function over the Peano naturals represented by a recursive
type (as defined as the example of Section 2.8), and computes Ack(6,3) = 509. Remarkably, due to
the implicit linear lazy computation strategy of the SAM, we observe that the required number of
allocated (three-slot) session records representing zero and successor ‘natural-number’ nodes (517)
essentially corresponds to the ‘size’ of the computation output value 509.

primes. We consider a CLASS implementation of Turner’s filter process-network [15, 99] of the
sieve of Eratosthenes. In this example we use efficient primitive integer datatype and associated
arithmetic operations, and iteration on such integer values, as supported by our SAM prototype. The
benchmark computes the first 500 prime numbers. Again, it is interesting to observe the allocation
of (four-slot) 500 session records, each one representing one (recursive) filter process for each prime
stored in the pipeline.

primesc. We exercise the concurrent extension of the SAM (Section 7) on a variation on the prime
sieve example above, where the filter process-network primeStream is now spawned concurrently
with a consumer process printfirstN that prints out the first np primes. The only difference between
the code of primesc and primes is the use of ccut instead of cut in a single place in the code, as
shown below.

proc main(;np:colint) { proc main(;np:colint) {
cut { primeStream(primes) ccut { primeStream(primes)
| primes:~ IntStream| | primes:~ IntStream|
printfirstN(primes;np) printfirstN(primes;np)
} }
b b

In this example, we observe some performance penalty (X25%) of introducing a single shared channel
supporting concurrent synchronisation, when compared with the (must faster) SAM execution
where processes execute sequentially as co-routines. This suggests that concurrent shared channels
become necessary mostly when true concurrency or parallelism becomes necessary by the nature
of the problem in itself, as illustrated in example workersc below.

life. Here we consider a CLASS implementation of the Game of Life [5], a commonly used
software benchmarks. We deal with a closed board of 8 x 8 and exercise sequences of 50 life50 and
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100 life100 generations. Notice that these examples only use session programming and "functional’
data structures—no imperative mutable state or arrays. It therefore also intensively exercises the
session-based programming, in particular threads and memory allocation in the fully concurrent
non-deterministic implementation of CLASS. Notice that the SAM speed up ratios do not change
much by duplicating the number of generations, even if the baseline execution time duplicates, as
expected.

workers. In this benchmark, we illustrate a use of real parallelism with substantial effect on
execution times, using a traditional example of a worker pool, here expressed in pure CLL. We
consider eight worker processes composed together, each worker process computing values of
the Ackermann function in Peano Arithmetic as in ackermann above, with the result of each
one collected in a join process that sums them all together. We measure a purely sequential
implementation worker, and a selectively concurrent implementation in workerc, simply expressed
by using a concurrent ccut for composing each worker. In this case each worker performs a
substantial amount of work, but using ccut as designed Section 7, the SAM may actually exploit
the presence of multiple cores while computing intensive parallel tasks. Indeed, just by changing
from cut to ccut in a single place, our SAM implementation is able to smoothly exploits up to eight
truly parallel threads (the maximum number of cores available in our platform), obtaining a 5,7
times speedup. Interestingly, we do not show results for this benchmark in the fully concurrent
interpreter using platform threads, because it demanded too many resources from our test platform.

Notice that the SAM implementation achieves between circa X18 to X80 speedups over the
fully-concurrent interpreter based on virtual threads (we also include in our results the speedup for
our first naive implementation using platform threads, for the sake of completeness). These results
are due to the inherent sequentiality in many session typed programs, which was our main starting
point in this work. This is a key contribution of our design, which justifies, in our appreciation,
the observed speedups, since basic SAM execution is completely freed from non-determinism and
from the overhead of allocating costly concurrent resources such as threads and synchronisation
primitives. Large portions of session-based code also benefit much more from the implicit lazy
evaluation of session-based code and explicit memory management than from real parallelism.

An in-depth analysis of many interesting issues related to SAM implementations, in particular
its potential for efficient compilation [5], lie outside the scope of this paper, which focuses on
foundational work leading to the principled design and meta-theory of the SAM. However, we
believe that the preliminary results reported is this section are important to offer some perspective
on the relevance of the SAM to support the execution of realistic general higher-order linear
session-based programming languages [5, 78, 84-87].

9 Concluding Remarks and Related Work

We have introduced the Linear SAM, or SAM, an abstract machine for executing session processes
typed by (classical) linear logic CLL, deriving a deterministic, sequential evaluation strategy, where
exactly one process is executing at any given point in time, according to a fixed co-routining (N.B.
not concurrent) strategy. This execution strategy is inspired by focusing, which structures proofs
in (alternating) sequences of negative rules (or inversion) and positive (or focusing) rules, with the
switch from inversion to focusing acts as synchronisation point in proof search. The SAM enforces
a focused-like simplification strategy to CLL proofs (i.e., processes), but with a few significant
differences: since we are not performing proof search, positive connectives are prioritised rather
than negative ones, with a focusing phase essentially mirroring our write-biased strategy on a
single session; for negative connectives, inversion generally applies all such rules before switching
back into focusing mode. This has no direct analogue in the SAM, where a process need not perform
all possible reads on all sessions before performing a write. Moreover, we also develop a concurrent
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extension to the Linear SAM that naturally supports the ability to segregate and coordinate both
sequential and concurrent behaviours, at a fine grain, as intrinsically supported by the typed session
calculus, simply by offering concurrent, but semantically equivalent, versions of the logical mix
and cut constructs.

Despite its specific strategy, the SAM semantics is sound w.r.t. CLL and satisfies the correctness
properties of logic-based session type systems. We also present a conservative concurrent extension
of the SAM, allowing the degrees of concurrency to be modularly expressed at a fine grain, ranging
from fully sequential to fully concurrent execution. Indeed, a practical concern with the SAM
design lies in providing a principled foundation for an execution environment for multi-paradigm
languages, combining concurrent, imperative and functional programming. The overall SAM design
as presented here may be uniformly extended to cover any other polarised language constructs
that conservatively extend the PaT paradigm, including affine types and shared state [77, 86]. We
have also developed a proof-of-concept implementation of the SAM for full CLL as defined in
this article, provided as an alternative backend execution engine for the ongoing CLASS language
development [23, 84-87] (moreover, our implementation already supports shared mutable state
primitives as introduced in [84, 86], to be discussed elsewhere). The experimental results we have
presented corroborate significative performance improvements by the SAM when compared with
fully-concurrent virtual machines for 7-calculus based languages [66, 98], which relied on blocking
message queues, like in our first CLASS implementation.

A machine model provides evidence of the algorithmic feasibility of a programming language
abstract semantics, and illuminates its operational meaning from a concrete semantic perspective.
Since the seminal work of Landin on the SECD [60], several machines to support the execution of
programs for a given programming language have been proposed. The SAM is then proposed herein
in this same spirit of Cousineau, Curien and Mauny’s Categorical Abstract Machine for the call-by-
value A-calculus [30], Lafont’s Linear Abstract Machine for the linear A-calculus [58] and Krivine’s
Machine for the call-by-name A-calculus [57]; these works explored Curry-Howard correspondences
to propose provably correct solutions. In [31], Danvy developed a deconstruction of the SECD
based on a sequence of program transformations. The SAM is also derived from Curry-Howard
correspondences for linear logic CLL [21, 105], and we also rely on program conversions, via the
intermediate buffered language CLLB, as a key proof technique. We believe that the SAM is the first
proposal of its kind to tackle the challenges of a process language, while building on several deep
properties of its type structure towards a principled design. Among those, polarisation [46, 62, 77]
played an important role to achieve a deterministic sequential reduction strategy for session-based
programming, perhaps our main initial motivation. This allows the SAM to naturally and efficiently
integrate the execution of sequential and concurrent session behaviours, as presented in Section 7,
and suggests effective compilation schemes for mainstream virtual machines or compiler frame-
works, as we have already started to investigate [5]. The SAM then also appears to conservatively
extend familiar implementation structures for functional languages within a broader context.

In the SAM, session channels are implemented as single queues with a write and a read endpoint,
which are written to, and read by executing processes. In the basic sequential SAM execution model
there are no concurrent threads waiting, and thus execution never blocks on writes or reads due to
progress (Theorem 6.8). In this basic setting, partner processes in a session always ‘synchronise’ at
polarity inversions, where they flip execution, according to the write-mode/read-mode alternation
of session records. The fact that positive actions can always buffer outputs to session records,
certainly gives a flavour of asynchrony to the basic model, which is only genuinely recognisable in
the concurrent extension (Section 7). We highlight the work [27], which studies the relationship
between synchronous session types and game semantics, which are fundamentally asynchronous.
Their work proposes an encoding of synchronous strategies into asynchronous strategies by
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so-called call-return protocols. While their focus differs significantly from ours, the encoding via
asynchrony is reminiscent of our own.

The observation that polarization can be exploited to determine (or enforce) buffer lengths
was originally argued in [77], where the (session) type structure is fully polarized with explicit
shift operators mediating between positive and negative types. In their equi-recursive setting,
message queues can be unbounded since polarity shifts are imposed only at the type level and so
a recursive type that outputs continuously requires a potentially unbounded queue. By inserting
a shift following a sequence of positive types, queues become bounded due to the semantics
requiring queues to be emptied at polarity shifts, as we do. In our setting, polarity shifts are
generally implicit in the type structure, but type unfolding acts as an explicit polarity shift (in
the style of iso-recursive types) from positive to negative type, disallowing unbounded queues. A
related argument is formalised in [40] for a related session-typed language (not based on linear
logic).

The adoption of session and linear types is increasing both in research languages such as
FreeST [3, 37, 80], Rast [33], SiLL [94, 107], C0 [77], CLASS [15, 23, 84-87] and in more adopted
languages as Linear Haskell [13, 54], Rust [29, 59], OCaml [51, 74], F# [71], Move [14] and Go [61]
among others, which typically require sophisticated encodings of linear typing via type-level
computation or forego some static correctness properties for usability purposes. Such developments
typically have as a main focus the realisation of the session typing discipline (or of a particular
refinement of such typing), with the underlying concurrent execution model often offloaded to
existing language infrastructure.

The works [32, 101] combine the linear logical foundations of session types with partial-order
based techniques which assign (natural number) priorities to type constructors to enable the
analysis of deadlock freedom in cyclic process topologies. While the current definition of the SAM
would not be directly applicable to this line of work in a deadlock-free manner, we conjecture that
a a revised execution strategy which eagerly performs all outputs (along multiple sessions, rather
than just a single session) in a given running process to be deadlock-free in their setting.

We further note the work [70] which develops a polarised variant of the Apji-calculus suitable
for sequent calculi like that of linear logic. While we draw upon similar inspirations in the design
of the SAM, there are several key distinctions: the work [70] presents Au-calculi featuring values
and substitution of terms for variables (potentially deep within the term structure). Our system,
being based on process calculus, features neither—there is no term representing the outcome of a
computation, since computation is the interactive behaviour of processes (cf. game semantics); nor
does computation rely on substitution in the same sense. Another significant distinction is that our
work materialises a heap-based abstract machine rather than a stack-based machine. Finally, our
type and term structure is not itself polarised. Instead, we draw inspiration from focusing insofar
as we extract from focusing the insights that drive execution in the SAM.

We also note that it is not uncommon for works based on the correspondence between linear
logic and session types [8, 9, 43] to adopt a semantics based on multiset rewriting [28] instead of the
more traditional structural operational semantics (SOS) style used in process algebra. However,
the multiset rewriting approach directly mirrors the SOS style and is immediately relatable to
SOS [92]. This is in contrast with the semantics of the SAM whose correspondence with CLL is
non-trivial, as illustrated by our technical development in Section 4.

The works [36, 55] adopt a different perspective to the propositions as types view of linear logic
based on hypersequents. Their idea is to generalise classical linear logic from sequents with single
environments to sequents with collections of environments. The resulting calculus (dubbed HCP)
maps sequent composition to ® and environment composition to ’® and allows for the extraction
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of a labelled transition semantics from proof rewritings (as opposed to a reduction semantics),
with a robust behavioral theory. Since their semantics differs significantly from that of CLL, we
conjecture that the current formulation and theoretical framework of the SAM is not compatible
with their work. A reconciliation of the SAM with HCP is interesting future work.

In other future work, we plan to study the semantics of the SAM in terms of games along the
lines of [27, 30, 58]. We also intend to investigate the ways in which the evaluation strategy of
the SAM can be leveraged to develop efficient compilation of fine-grained linear and session-
based programming languages, and its relationship with effect handlers, co-routines and delimited
continuations [6, 10, 35]. On the way we will also extend the SAM to support shareable mutable
state [83, 84, 86]. Preliminary work on SAM-based CLASS compilation for CLang/LLVM was
investigated in [5]. Linearity plays a key role in programming languages and environments for
smart contracts in distributed ledgers [33, 89] manipulating linear resources (assets); it would be
interesting to investigate how linear machines like the SAM would provide a basis for certified
resource-sensitive computing [14, 108]. A related topic of future work is a distributed version of
the SAM, potentially leveraging multiparty sessions [48].
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A Appendix
A.1 Proofs for Section 4.1: Preservation and Progress for CLLB
LeEMMA 4.7 (NoN-FuLr). For P # 0 the following rule is (1) admissible and (2) invertible in CLLB:
P+B Ap,x:A;T QB Ag,y:BiT T;Ag+q:B>A B negative
cut {P [x:A [q] y:B| Q} +B Ap, Ag, Ay;T

For inversion (2), the derivations for P and Q are sub-derivations of the conclusion.

Proor. (Admissibility) By induction on the size of the queue g.

m (Case g = nil) We have A = B, so A is positive and we conclude by [TCutE].

m (Case g = ¢’@c) By Lemma 4.6 (1), there are E, A;, Ay such that Ay = Ay, Ay, T;A1 +¢q - B>E
and T'; Ay + ¢ : E>» A. We consider each case forT; Ay + ¢ : Ev A.

B (Subcasec =v') Wehave E=1and A=0and A, =0 and T;A; + ¢ :B>1.Hence P = 0,
contradiction.

m (Subcase ¢ = clos(z,R)) Wehave E=T ® Aand R+ Ay, z: T;T, and T A1 F ¢ - BrT®A.

By [T®], we derive send x(z.R); P FB A, Ap, x:T ® A;T.

By i.h., we conclude cut {send x(z.R); P [x:T ® A [q'] y:B| Q} +® Ap, Ao, AgT.

By [TCut®], we have cut {P [x:A [¢’@c] y:B| Q} +B Ap, Ag, Ag;T where ¢’ @c =q.

m (Subcase ¢ = #l) We have E = @,c E, and ;A + ¢ : B> @, E; and A, = 0. By [Te®], we
derive #| x; P +8 Ap,x : @ Ep;T. By i.h., we conclude cut {#l x;P [x : ®crE; [q'] y:B| Q} +B
Ap, Ao, AgsT.

By [TCut®], cut {P [x:A [¢’@c] y:B| Q} +B Ap, Ag, Ag;T where ¢’ @c = gq.

m (Subcase ¢ = ty(T)) We have E = 3X.Fand T;A; + ¢’ : B>3X.Fand A, = 0 and A = {T/X}F.
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By [T3], we derive sendty x(T); P +8 Ap,x : AX.F;T.

By i.h., we conclude cut {sendty x(T); P [x : 3X.F [q] y:B| Q} +® Ap, A, AgT.

By [TCut3], cut {P [x:{T/X}F [¢'@c] y:B| Q} +® Ap,Ap, Agy;T where ¢'@c = g and
{T/X}F = A.

m (Subcase ¢ = clos!()) We have E =!C and A = 0 and A, = @ and T; A; + ¢’ : B>!C. Hence P = 0,
contradiction.

m (Subcase ¢ = step) We have E = yX.Fand ;A + ¢/ : BepX.Fand A, = 0 and A = {uX.F/X}F.

By [Tu], we derive unfold, x; P kB Ap, x uX.F;T.

By ih., we conclude cut {unfold, x; P [x : uX.F [q'] y:B| Q} +® Ap,Ag, Ag;T.

By [TCuty], cut {P [x : {uX.F/X}F [¢'@c] y:B| Q} +® Ap, Ao, Ag;T where ¢’@c = q and
{uX.F/X}F = A.

(Inversion) By induction on the size of the queue g. In each case, we may verify that the proofs
of the extracted premises are always subderivations of the conclusion.

m (Case g = nil) Then the conclusion is derived by [TCutE], so A = B, P +B Ap,x:A;T and
Q +B Ag, y:B;T and A is positive. So we also have I; Ag + g : B> A where A4 = 0 and B is negative.
Trivially, the proofs of premises are smaller than the conclusion.

m (Case ¢ = ¢’@c) We consider each case for c.

B (Subcase ¢ = V) If the conclusion is derived by [TCut1], contradiction since P = 0, not
applicable.

m (Subcase ¢ = clos!(z, P)) If the conclusion is derived by [TCut!], contradiction since P = 0, not
applicable.

m (Subcase ¢ = clos(z, R)) We have cut {P [x:A [¢’@clos(z, R)] y:B| Q} +B Ap, Ag, Ay;T derived
by [TCut®] from cut {send x(z.R); P [x: T ® A [¢'] y:B| Q} +B Ap, Ag,Ag;T.

By ih. inversion, we have send x(z.R); P +8 Ag, Ap,x:T ® A;T, Q +B Ag,y:B;T, and T; Ay +
q : B»T ® A with Ay = A;, Ag and B negative. By [T®] inversion we have P 8 Ap, x:A;T and
RB AR, zT;T.

Since T'; AR + clos(z,R) : T ® A» A. by Lemma 4.6 (2), we conclude T'; Ay + g B> A.

m (Subcase ¢ = ty(U)) cut {P[x:A [¢ @ty(U)] y:B| Q} +B Ap, Ag, Ag;T derived by [TCut3]

from cut {sendty x(X); P |x : 3X.F [¢'] y:B| Q} +B Ap, Ag,Ag;T where A = {T/X}F.

By i.h. inversion, we have sendty x(X); P 8 Ap, x:3X.F;T, Q +B Ag,y:B;T, and T; Ay + ¢ :
B> 3X.F with Ay = A"Z and B negative. By [T3] inversion we have P FB Ap, x:A; T.

Since T;+ ty(T) : 3X.F» {T/X}F = A. by Lemma 4.6 (2), we conclude T'; Ay + g : B» A.

m (Subcase ¢ = step) cut {P |x:A [¢’@step] y:B| Q} +B Ap, A, Ag; T derived by [TCuty]

from cut {unfold, x; P [x : uX.F [q'] y:B| Q} FB Ap, Ag, Ag;T where A = {uX.F/X}F.

By i.h. inversion, we have unfold, x; P +8 Ap, x:puX.F;T,Q B Ag,y:B;T,andT; Ay + q : §>,uX.F
with A, = A;I and B negative. By [T3] inversion we have P +B Ap,x:A;T. Since T;F step :
uX.Fo {uX .F/X}F = A. by Lemma 4.6 (2), we conclude T; Ay g : B»A.

The proof for the remaining cases follow the same pattern. O

LEMMA 4.8 (FuLL). The following rule is (1) admissible and (2) invertible in CLLB:

Q B Ag,y:B;T T5Aq+q: B-0 B negative
cut {0 [x:0 [q] y:B| Q} +B Ag,Ay;T

For (2), the derivation for Q is a sub-derivation of the conclusion. We also have q = ¢’ @V orq =
q’ @clos!(z, R) for someq’.
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Proor. We consider the case ¢ = ¢’@v'. To verify admissibility, assume Q B Ag,y:B;T, and
A v d@V B> 0 and B negative. By Lemma 4.6 (1), A v q B> 1. By Lemma 4.7
(admissibility), we derive cut {close x [x : 1 [¢'] y : B| Q} +? Ao, AgT. By [TCutl], we have
cut {0[x:0 [¢@v]y:BQ}F® Ag,Ay;T .

For inversion, assume cut {0 [x:0 [q] y:B| Q} +B Ao, AgT. By inversion [TCutl], we have
cut {closex [x:1[q'] y:B| Q} +B Ag, Ag;T. By Lemma 4.7 (inversion), we have close x FB x:1;T,
and Q B Ag,y:B;T,and T; A4 + g : Bv1,and B negative. Since I'; Ay + ¢’@V : Br0 by Lemma
4.6 (2) we conclude.

The case g = ¢’ @clos!(z, R) is similar. O

Type substitution principles are relevant for polymorphism and recursion in the proof of type
preservation .

LEMMA A.1 (TypE SuBSTITUTION). The following hold

(1) (Instantiation) Let P ks A;T. Then {A/X}P Fia/xyy {A/XTH(A;T).
(2) (Unfolding) Let rec Y(z,w); P [z, W] I—S Az : vX.A;T. Then, {rec Y(z,w);P/Y}P I—s A,
z: {vX.A/X}A;T.

Proor. (1) Proof by induction on the type derivations for P I—,E; A;T. (2) We first prove the
more general property (A): Let rec Y(z,w); P [z, W] +y Az : vX.A;T, Q I—s,, AN;T7, and let " =
n’,Y(z,w) — A,z : X;T where 1’ is any mapping extending 5 for which Y, X are fresh. Then,
{rec Y(z,w);P/Y}Q FS, {vX.A/X}(A’;T7). Then, (2) results by [Tcorec] inversion and considering
n’ =nandusing (A)on Q FB A";T" =P B A z: A;T. o

THEOREM 4.9 (PRESERVATION). Let P B A;T. We have

(1) IfP =B Q, then Q +B A;T.
(2) IfP =B Q, then Q +B A;T.

PROOF. (1) We verify that conversion rules for structural congruence =® are type preserving. For

any equation of =8, we rely on Lemma 4.7 or Lemma 4.8, to factor out queues in cuts. We illustrate
with one case.

m (Case [BM]) Assume cut {P[a: A [q] b:B| (Q|R)} +B Ap, Ag, Ao, Ap;T where b € fn(Q).
By Lemma 4.7 (inversion), P FBa: A Ap;Tand O || R B b B, Ag,Ap;T and T';A4 + q - Br A.
SoQ B b:B,Ag;T and R +B Ag;T. By Lemma 4.7 (admissibility), cut {P [@: A [q] b : B Q} +B
Ap,Ag, Ag;T. By [Tmix], cut {P|a: A [q] b:B|Q} [ R

(2) We verify that conversion rules for reduction >, are type preserving.

m (Case [fwdp]) P = cut {Q’ [z:A [q1] x:B| cut {fwd x y [y:B [gz] w:C| P'}} +B A;T.

If g, = nil, and then B = C, hence Q = cut {Q’ [z:A [q1] w:C| P’} +B A;T.

Otherwise g, # nil. Let Fy = cut {fwd x y [7:B [qa] w:C| P’} where F, +B Ay, x:Band A = Ay, A,.
By Lemma 4.7 (inversion), fwd x y +B x: B, y:B, P+ w:C,Ap;T and Ay = Ag,, Ap and T Ay Fqz:
C»B.

Let F; = cut {Q’ |z:A [q1] x:§| F,} with F; +B A;T. By Lemma 4.7 (inversion), Q’ +2 Agr,z : AT
andT;Ag, + g1 : B>Aand Ay = Ay, Agr. By Lemma 4.6 (2),T; Ay, Ag, + q2@4; : CrA. By Lemma 4.7
(admissibility) we conclude cut {Q’ |z:A [q2@q1] w:C| P’} +B A;T.

m (Case of [®]) Let cut {send x(z.P);Q [x : A®C [q] y : B| R} + A;T. By Lemma 4.7
(inversion), we have A = Ap, A, Ag, Ag and send x(z.P); Q +B Ap,x : Aand R r AR,y : B and
I;A;+q:B>A®C.
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By inversion [T®], Ap = A}, A}j and Q +B A}',x :C;Tand P B A;,,z : A, T. We have F;A}, -
clos(z,P) : A®C»C.

By Lemma 4.6 (2), I'; Ag, A, + g@clos(z, P) : BrC.ByLemma 4.7, cut {Q[x : C [g@clos(z,P)]| y :
B| R} +B A;T.

m (Case [®]) Let cut {P [x : A [q] y : B| recv y(w); Q} +B A, with ¢ = clos(z, R)@q’. We assume
P # 0, the proof for case P = 0 is similar and simpler, using Lemma 4.8 (inversion).

By Lemma 4.7 (inversion), P + Ap, x : A and recv y(w); Q B Ag,y : BandT; Ay + clos(z, R)@q' :
B> A, where A = Ap, Ag, Ay. By [T°9] inversion we have B = T » C, for some T, C and OB w:
T,AQ,y:EandE=T®C.

By Lemma 4.6 (1), there are A, , A, = Ag such that T; Ay, + clos(z,R) : T® Ce Cand T;A,, +
q :CrAand R+ z:T,A,;T. If ¢ = nil we have cut {P [x: A [nil] y :C| (cut {R|z1 : T [nil] w:
T| Q})P}" +B Ap, Ag, Ag. If ¢" # nil, by [TCutE] we conclude cut {R [z; : Ty [nil] w: Ty Q}P B
Ap,Ap,y C;T. By Lemma 4.7 (admissibility), we have cut {P [x : A [¢'] y : C| (cut {R |z, :
T [nil] w: T Q})} +B Ap, Ay, Ag.

m (Case [3]) Let cut {sendty x(T);P [x : 3X.A [q] y : B| R} +2 A;T. By Lemma 4.7 (inversion),
we have A = Ap, Ag, Agq and sendty x(T); P FB Ap,x: Aand R+ Ag, y: Band [iAqkq: B 3AX.A.

By inversion [T3], P +8 Ap,z : {T/X}A,T. We also have T;+ ty(T) : 3X.Av {T/X}A.

By Lemma 4.6 (2),T; Aq + q@ty(T) : B-{T/X}A. By Lemma 4.7, cut {P|x : {T/X}A [q@ty(T)]| y :
B|R} +B AT,

m (Case [V]) Let cut {P [x : A [q] y : B| recvty y(X); Q} +B A;T, with q = ty(T)@q’. We
assume P # 0, the case P = 0 is similar and simpler, using Lemma 4.8 (inversion). By Lemma 4.7
(inversion), P + Ap,x : A and recvty y(X); Q +B Ag,y : Band T; A4 + ty(T)@q' : B A, where
A = Ap, Ag, Aq. By [TV] inversion we have B = ¥X.C, for some C and 0 B Ao,y : Cand B = 3X.C.
By Lemma 4.6 (1), T;+ ty(T) : 3X.C» {T/X}C and T;A, + ¢’ : {T/X}C» A. If ¢’ # nil, then by
Lemma A.1 (1), we have {T/X}Q +?® Ag,y : {T/X}C, so Q B Ag,y : {T/X}C. By Lemma 4.7
(admissibility) we conclude cut {P [x : A [¢'] y : {T/X}C| {T/X}Q}" +B A;T.If ¢ = nil, we
conclude cut {P [x : A [nil] y: {T/X}C|{T/X}Q}" +B A;T.

m (Case [p]) Let cut {unfold, x; P [x : uX.A [q] y : B| R} +B A;T. By Lemma 4.7 (inversion), we
have A = Ap, A4 and unfold,, x; P FB Ap,x: Aand R+ Ag, y:BandT;A4+q: B» uX.A. By inver-
sion [Tu],P +B Ap,z : {uX.A/X}A,T.We also have T'; +- step : uX.A»{uX.A/X}A. By Lemma 4.6 (2),
I';Aq + g@step : B> {uX.A/X}A. By Lemma 4.7, cut {P |x : {uX.A/X}A [q@step]| y : B| R} +-B
AT

m (Case [v]) Let cut {P|[x : A [q] y : B| unfold, y;Q} +8 A;T, with ¢ = step@q’. We
assume P # 0, the case P = 0 is similar and simpler, using Lemma 4.8 (inversion). By Lemma 4.7
(inversion), P + Ap,x : A;T and unfold, y; Q B Ag,y : B;T and I'; A4 + step@q” : B A, where
A = Ap,Ag,A4. By [Tv] inversion B = vX.C for some C and Q +B Aoy : {vX.C/X}C and
B = uX.C. By Lemma 4.6 (2), T;+ step : uX.C» {uX.C/X}C and LA+ g - {pX.C/X}C» A
Since {4X.C/X}C = {vX.C/X}C, by Lemma 4.7 (admissibility) in the case g # nil we conclude
cut {P[x: A [q'] y: {vX.C/X}C| Q} +B A;T. The case ¢’ = nil follows from [TCutE]. O

LEMMA A.2 (BARBs INVERSION). Let P +B A;T and P |,.

(1) Ifx €T then P = call x(y); Q, otherwisex : A € A and
(2) P=fwdxy|=*|Q,or

(3) IfA=1thenP = close x | % | R.

(4) IfA =1 then P = wait x;Q | = | R.
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(5) IfA=BQ®C then P = send x(y.Q);R | *|S.
(6) IfA=B"9 CthenP =recvx(y);Q | *| R
(7) If A = ®¢pcLEp then P = #| x; Q.
(8) IfA = &eLE; then P = case x {|#f € L:Q} | % | R.
(9) IfA=!BthenP =x(y);Q|*|R.
(10) If A =?B then P = ?x;Q | * | R.
(11) IfA =3X.C then P = sendty x(T); Q | = | R.
(12) If A =VX.C then P = recvty x(X); Q | = | R.
(13) IfA = pX.C then P = unfold, x; O | * | R.
(14) IfA = vX.C then P = unfold, x;Q | * | R or P = rec x(Y,2); O [x,Z] /= | R.

Proor. Induction on the typing derivation of P + A;T. O

LEMMA 4.10 (LIVENESS). Let P +B A;T. If P is live then either P |, or P —B P’, for some P’.

Proor. By induction on the derivation for P + A; T, and case analysis on the last typing rule. The
result is immediate for introductions and forwarder, since in all such cases P | . We then consider
the case of the cut rules.

m (Case of [TcutE]) we have P = cut {P; [x : A [nil] y : Z| P} +B A’ A;T, derived from
P B A x: A;T and P, +B A, y: A:T, where A is positive. By the ih. we conclude that P; — or
P; |x,- Soif P; —, then P —. Otherwise, Py |,. If x; # x then P |,, with x; € A.

Otherwise x; = x. Since A is positive, by Lemma A.2 (2,3,5,7,9,11,13), either P; = fwd x o | % | R
(a), or we must have P; = a(x); Q where a(x) is a positive action (b).

In case (a) if v ¢ A the both x; and v are bound in P by cuts, and P reduces by [fwdp]. Otherwise
veAandP, |, and P |,. In case (b) we must have P — by one of [1], [®], [®], [3], [!], or [x],
depending on the form of a(x).

m (Case of [TCut®]) We have P = cut {P; [x: A [q] y : B| P,} +B A;T where q = ¢’ @clos(z, R).
By Lemma 4.7 (inversion), we have that P, FBx: A Ap,; T, to which the i.h. applies. Hence P; —
or Py |y

If x # x; then Py |y, and P |,.If x = x; and A is a positive type, by the same reasoning as above
for P; in case [TCutE] we conclude that P | ,, for some w or P — by some positive action by P;
writing into the queue. Otherwise, since the queue g is not empty and the process is well-typed, if
P, can perform an action in y then it will reduce by reading the value at the queue. We detail this
reasoning.

Byih. P, » orP; |;.If z # y then P |,. Otherwise, P, |,. By Lemma 4.7 (inversion), B is a
negative type. Then by Lemma A.2 (2,4,6,8,10,12,14), either P, = fwd y o | * | R (a), or P, = a(y); Q
where a(y) is a negative action (b).

For case (a), if v is free in P, the P |, otherwise P — by [fwdp], since both y, v are bound by
cuts.

In case (b) we must have P — by one of [1], [’®], [&], [V], [?], or [v], [vv], depending on the
form of a(y).

m (Case of [TCut®], [TCut3], [TCuty]) Similarly to the case [TCut®] above, we show that either
Py |, withw # xor P — or P; |,, withw # y or P, — and then P |,, or P —. Otherwise P; |x
and P, | . If A is positive then P — by P; adding a value to the queue. If A is negative then P —
by P, reading a value from the queue.

m (Case of [TCut1]) Let P = cut {0 [x: 0 [q] y : B| P,} +B A;T where q = r@v derived from
cut {closex |[x:1 [r] y:B| P;} +B A;T.Byih. P, — or P, |,.If z # y then P | .. Otherwise, P; Ly
By Lemma 4.8, either B = T9C (@)or B= 1 (b).If P, = fwd y v | *| Q’, then as for [TCutE] we
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conclude that P — or P |,. For (a), by Lemma A.2 (6), P, = recv y(w); Q" | % | Q”, and P — by ['®].
For (b), by Lemma A.2 (5), P, = wait y; Q" | * | Q”, and P — by [L].

(Case of [TCut!]) Let cut! {y.R |'x : A| O} +B A;T derived from R +® y: A;T and Q +B A;T, x : A.
By ih. either Q —» or Q |,.If z # x then P — or P |,. If z = x then by Lemma A2 Q =
call x(y); Q | *| R and P — by [call]. O

A.2  Proofs of Section 4.2: Correspondence between CLL and CLLB

We illustrate reduction commutations used in the proofs, those for pairs —BP /B are checked
similarly.

LEMMA A.3. Commutation (pos-neg-commute):

cut {send x(z.R); P |x [clos(u, S)@q] y| recv y(w); Q} —BP
cut {P [x [clos(u, S)@q@clos(z, R)] y| recv y(w); Q} —B" cut {P ¥ [g@clos(z,R)] y| cut {S |u[]w| Q}}
cut {send x(z.R); P |x [clos(u, S)@q] y| recv y(w); Q} —Bn
cut {send x(z.R); P [x [q] y| cut {S [u[]w| Q}} —PBP cut {P |x [g@clos(z,R)] y| cut {S |u[]w| Q}}
LEmMMA A.4. Commutation (pos-neg-promote):
Eq[cut {X |y [g1] @] send a(z.R); recv b(w); Q}] —BP
Ey[cut {Y [x [clos(u, S)@q2] b| recv b(w); Q} —B" Es[cut {Y X [g2] b| cut {S |u[]w| Q}}]
Eq[cut {X |y [¢1] @] send a(z.R);recv b(w); 0} =  (by [Ci])
Fy[cut {W |x [clos(u, S)@gz] b| recv b(w); send a(z.R); Q}] —Bn
Fs[cut {Z ly [q1] @] cut {S [u[lw| send a(z.R); Q}} —®P Es[cut {Y [X [g2] b] cut {S [u[lw| Q}}]

LEmMMA A.5. Commutation (fwd-neg-comm):

Efcut {P [ [q1] x| fwd x y [§ [clos(s, 5)@gs] b| recv b(w); Q)] —®2
E[cut {P |z [clos(u, S)@q:@q1] b| recv b(w); Q}] —B" E[cut {P |z [q2@q1] b| cut {S [u[]w| Q}}]

Efcut {P 2 [q1] x| fwd x y [§ [clos(u, S)@qz] b| recv b(w); Q}] —B
Efcut {P 2 [q1] x| fwd x y [5 [g2] b cut {S [ul[lw] Q}}] =52 E[cut {P 2 [q:@a:1] b cut {S ulIw| 0}}]

We recall the following notations.

(1) Write P —BP Q for P —® Q if this reduction is positive (uses [1], [®], [®], [!], [3], or []).

(2) Write P —B" Q for P —B Q if this reduction is negative or [call] (uses [L], ['?], [&], [?].,
[call], [V], [v] or [vu]).

3) Write P —82 Q for P —B Q if this reduction is by [fwdp].

4) Write P 5Ba Q for P —B2 Q if this [fwdp] reduction acts on empty cuts.

5) Write P — B2 Q for P —B Q if this reduction is positive or a forwarder.

6) Write P —B" Q for a positive action on a buffered cut with empty queue immediately followed
by a matching negative action on the very same cut.

(
(
(
(

LEMMA 4.14 (COMMUTATIONS). The following commutation properties of reductions hold.

(1) Let P, —BP § —B" P, Then either (a) P, —B" Py, or (b)) P; —B" S" —BP P, for some S’.

(2) Let P, —»B2 8§ =B p, Then P, —Bn s’ B2 p, for some S’.

(3) Let P, —B3 S —B" P, Then either (a) P, —B" P,, or (b) P, —B" §” —B3 P, for some S'.

(4) Let P, —B® N SBa g _Br P,. Then either (a) P; 5Ba N or (b) there is S’ such that
p, —Brs’ =B p,

Proor. (1) Either (al) reductions are in the same cut, or (b1) the reductions are in different cuts.
For (a), reductions match acting on the same queue value, and we conclude (a). Otherwise they
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commute (by Lemma A.3 ) so P; —8" S —BP P, for some S and we have (b). For (b1), if reductions
are independent (different threads), they commute, and we conclude (b). If the reductions are
dependent (same thread), they commute (by Lemma A.4) and we conclude (b).

(2) We consider two cases: either (a) the reductions are in the same cut, or (b) the reductions are
in different cuts. For (a), the reductions commute (by Lemma A.5), so we have P —58" § —B2 O for
some S. For (b), the reductions are independent and commute.

(3) By (1) and (2).

(4) Assume P; —BP N. Since the reductions in § —8" P, act on the same cut with an initially
empty queue, and all reductions N =B2 S are on empty cuts, the reduction P; —BP N must
act on a different cut of all those involved in N =582 § and § —B" P,. It thus commutes with
N =82 § B p, and we conclude (b). If P; —52 S then either this reduction generates one empty
cut, so P; 5,Ba S, and we conclude (a), or, as above, it must be independent of all reduction steps in

N =Bag _Br P, and we conclude (b). o

LEMMA 4.12 (SIMULATION OF CLL BY CLLB). LetP + 0;0. IfP — Q then PT =8 Q.

Proor. Each cut reduction of CLL is simulated by two reduction steps of CLLB in sequence:
[®%] by [®] followed by [*®]; [1L] by [1] followed by [L]; [!?] by [!] followed by [?]. In a closed
CLL process a [fwd] reduction has the form cut {Q |x : Al fwdxy|y: A/ P} — cut {Q |x :
A| {x/y}P}, which, for A+, reduces by [fwdB] as cut {Q [x:A [nil] z:A| fwd z w [w [nil] y| P} —,
cut {Q [x:A [nil] y:A| P}. O

LEMMA 4.15 (PosTPONING). Let P -8 0;0. If P =83 —BM O then either

(1) P —B" R and R =82 Q for some R, or;
(2) P =Ba _,Br R and R =Bap Q for some R.

Proor. Note that (1) is an auxiliary induction hypothesis to prove (2).

We have P( — B2 )*Q’ —B" 0. We proceed by induction on P( — B2 )*Q’.

(Base) We have P = Q" —B" Q, hence (1) with R = Q.

(Inductive) Case P —Ba p* =Bap _,Bn g

By i.h. for P’ there is R’ so that (c1) P” —B" R” and R” =83 Q, or (c2) P’ SBa B proand
R =P¥ Q.

Case (c1). We have P —BaP P’ —Bn R" and R” =82 Q. By Lemma 4.14 (3)on P —B82P p* B R/,
either P —8" R’ and we conclude (2) with R = R’, or there is R such that P —B" R —B82 R” and we
conclude (1).

Case (c2). We have P —Ba pr SBa _Br R/ and R’ =82 . By Lemma 4.14 (4) either (a)
P 5B P’ or (b) there is R” such that P —B" R” —Ba R’ In case (a) P =Ba _,Br R’ we conclude

(2) with R = R’. In case (b) we obtain (2) as well, with P =82 trivial. O
LEmMA A.6. IfPT =82 B O then there is R such that P = R and RT =5 Q.

PROOF. Assume PT =82 B" O By Lemma 4.15 (2) we have PT =82 B R and R =82 0
for some R’ (Lemma 4.15 (1) cannot apply, since in P' all queues are empty, so P* /B"). Then
there is P* such that P = P* by [fwd] and P* — R’, where P*T = R". So P = R’ and R’ = R' for
some R since all cuts are empty in R’, these reductions taking place in CLL. Since RT =82 Q we
conclude. O
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THEOREM 4.16 (OPERATIONAL CORRESPONDENCE CLL-CLLB). Let P ¢ 0;0.

(1) IfP = R then P =B RT.
(2) IfP* =B Q then there is R such that P = R and R' =58 Q.

Proor. (1) Iterating Lemma 4.12.
(2) Now, we note that PT =8 Q implies PT( =82 —Bn )* =Ba § We then iterate Lemma A.6
on each =82 —B" reduction sub-sequence to conclude (2). O

A.3 Proofs of Section 5: The Linear SAM and Its Correctness

In the proof of Lemma 5.5 we map each SAM transition into a reduction of the CLLB process P
encoded by the machine configuration. Lemma A.7 in useful to identify the action redex A via a
context decomposition P =8 E[F[A]].

LEmMmA A.7 (ENCODING TO CONTEXT). Let P +g O and P = (Q,H).

Then P =g E[Q], where E[O] = F,, [F,,[... [F;,[0O]]...]]1, H = Sx,y, - * - Sx,y,.» and

for everyi, F,, is a one-hole cut context binding z; and Sy,, a session record such that either:
(a) z; = x; and F;; = cut {0 [x;:A [q] yi:B| R} and Sy,y, = X;:A{(q, R(y:))y;:B in write-mode, or
(b) z; = y; and F;; = cut {R [x;:A [q] y;:B| O} and Sy, = X;:A{q, R(x;))y;:B in read-mode.

Proor. By induction on P eg (Q, H), we consider at each step one of the two cases of Defini-
tion 5.3. O

LEMMA 5.5 (SAM-CLLB STEP SAFETY). Let P +8 0 and enc(P) a ready SAM configuration. If
enc(P) is live then (1) there is C ready such that enc(P) & C and (2) there is Q such that P —8 Q

and Q eln:c; C Ci;t; enc(Q).

Proor. Assume enc(P) = (A, H) live. We consider each process construct A.

m (Case of A = fwd x y) Wlog, assume that x:B is negative, so y:B is positive. By Lemma A.7,
there are contexts E, Fy, F, such that P =B E[F, [Fy[fwd x y]]]. Hence, x and y must be endpoints of
different session records, arising from the cuts of F, and F,, where P =B E[cut {P; [Z:A [q1] x:B]|
cut {fwd x y |[y:B [q2] w:C]| P;}}] and H = H’[z{q1, U(z))x:B] [y:B{q2, V(w))w] with y (—) w
in write-mode (B+ and step ¢ g;) and z (—) x in read-mode (q; step-terminated, or not A+ and
step ¢ g1). Thus we have (1) enc(P) = (fwd x y, H'[z:A{qy, P,)x:B][y:B{gz, P;)w:C]) = C by
[Sfwd] where C = (P,, H' [2:A{q2@q1, P1)w:C]). C is ready with z (—) w in read-mode. Then (2)

P —B Q = E[cut {P, [Z:A [q2@q:] w:C]| P,}] by [fwd] , and Q 5 C where C ' enc(Q) by
Lemma 5.4 (2).

m (Case of A = close x) By Lemma A.7, there are contexts G, F, such that P =8 E[F,[close x]]
and P =P E[cut {close x [x:1 [q] y:B]| R(y)}], with H = H’[x:1(g, R(y))y:B] and x (=) y in
write-mode.

Then enc(P) = (R(y), H' [x:0{q@V/, 0)y:B]) = C by [S1], and C is ready with x (—) y in read-
mode. Then (2) P —8 Q = E[cut {0 [x:0 [¢q@V'] y:B]| R(y)}] by [1] and Q S C where C =Y
enc(Q) by Lemma 5.4 (2).

m (Case of A = wait y; R) By Lemma A.7, there are contexts E, F, such that PB = E[Fy[waity;R]]
and P =B E[cut {P [x:A [q] y:L]| wait y;R}] and H = H’ [x:A(q, P)y: 1] with the session record
in read-mode. Since A + g : 1> A, we must have ¢ = v and A = 0 and P = 0. Thus, H =
H'[x:0{q,0)y:L]. Then (1) enc(P) = C = (R, H’), with C ready. Hence (2) P —? Q = E[R]. We

enc” cuts
have Q = C = enc(Q) as above.
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m (Case of A = send x(z.R(z)); U(x)) By Lemma A.7, for E, F, we have P =B E[F,[send x(z.R(2));
U(x)]] =B E[cut {send x(z.R(2)); U(x) |[x:T ® A [q] y:B]| S(y)}] and H=H’[x:T ® A{q, S(y))y:B]
with x (—) y in write-mode. Then, if A+ (a), enc(P) = C; = (U (x), H' [x:A{q@clos(z,R(z)), S(y))y:B])
by [S®]; if A— (b), enc(P) = C, = (S(y), H'[x:A{q@clos(z,R(z)),U(x))y:B]) by [S®]. Notice
that C; is ready (x (—) y in write-mode), C, is ready (x (—) y in read-mode). For (a), P —8 Q =

Elcut {U(x) [F:A+ [q@clos(z R(2))] y:B]| S(y)}] by [®], and O = ¢ &5 enc(Q); for (b),

P —B Q = E[cut {U(x) [F:A— [q@clos(z R(z))] y:B]| S(y)}] by [®], and O > C, & enc(Q).

m (Case of A = recv y(w:A); U(y, w)) By Lemma A.7, P =B E[Fy[recv y(w:A); U(y, w)]] =B

E[cut {S(x) [x:C [q] y:A’9 D]| recv y(w:A); U(y, w)}], for some contexts E, Fy. Thus, H =
H'[x:C{q,S(x))y:A 9 D] with x (~)y in read-mode. Since A + q¢ : A® D » C, we have q =
clos(z:A,R(2))@¢" (A + nil : A® D» C is not derivable, because then not +C would hold by
the read-mode condition). We prove the statement for A+, the case A— is similar.

We have (1) enc(P) = C where either (a) C = C; = (R(z), H' [x:C{q’, S(x))y:D][z:A{nil, U (y, w))
w:A]) (if ¢ # nil), or (b) C = C, = (R(2), H'[y:D(nil, $(x))x:C] [z:A(nil, U(y, w))w:A]) (if ¢ =
nil). Notice that in (a) C; is ready (x (—) y in read-mode and z (—) w in write-mode); in (b) C,

is ready, (y (~) x in write-mode and z (~) w in write-mode). For (2), in (a) then P —B Q =
enc cutx*

Elcut {S(x) [©C [q] y:D| cut {R(z) [Z:A [nil] wA| U(y, w)}}] by [%], and 0 &S &5 ¢,
eng(Q); in (b) then P —B Q = E[cut {S(x) [x:C [nil] 3:D| cut {R(2) [z:A [nil] w:A| U(y, w)}}] We

enc” enc

have Q = = G, Cgk enq(Q).

m (Case of A = #l x; R(x)) By Lemma A.7, P =8 E[#l x; R(x)] =B E[F,[cut {#l x;R(x) [X:®,cL As
[q] y:B]| S(y)}]] for E, Fy, and H = H’[x:®¢erAr(q, S(y))y:B], with x (-) y in write-mode. So
(1) enc(P) = C where (a) C = C; = (R(x),H' [x:Ax{(q@#l,S(y))y:B]) if Ay+ and C = C; =
(S(y), H' [x:Ax{(q@%#), R(x))y:B]) if Ay—, with C; ready in (a) or (b). For (2), let P —B Q =

E[cut {R(x) [F:Au [q@#1] y:B]| S()}] by [8),and 0 5 €5 eng(Q) in (a) or (b).

m (Case of A = case y {|#f € L:P;(y)}) Similar to A = recv y(w:A); U(y, w).

m (Case of A = sendty x(T);R(x)) By Lemma A.7, there are E,F, such that P =8
E[Fy[sendty x(T);R(x)]] =P E[cut {sendty x(T);R [x:3X.A [q] u:B]| S(y)}] and
H = H'[x:3X.A{q, S(y))y:B]. So (1) enc(P) = C by [S3] where C = (R(x), H[x:{T/X}A<q @ ty(T),
S(y)>y:B])"". Then (2) P —® Q = E[cut {R(x) [x:{T/X}A [q@ty(T)] y:B]| S(y)}] by [3] and
Q Ctg* C for the two cases of (...)"").

m (Case of A = recvty y(X);R(y)) By Lemma A.7, for some E,F, we have P =B
E[Fy[recvty y(X);R(y)]] =B E[cut {S(x) [x:C [q] y:VX.D]| recvty y(_X);R(y)}] and
H = H'[x:C{q,S(x))y:¥X.D] with x (—)y in read-mode. Since A + ¢ : 3X.D » C, we have
q =ty(T)@q’ for some T, q’, so H = H' [x:C{ty(T)@q’, S(x))y:YX.D].

Then enc(P) = C (1) where C = ({T/X}R(y), H[(x:A{q, S(x))y:{T/X}B)™]) with C ready.

For (2), we have P —B Q with Q = E[cut {S(x) |x:A [q] y:{T/X}B]| {T/X}R(y)}]

or Q = E[cut {S(x) |x:A [nil] 3:{T/X}B]| {T/X}R(y)}]. As in [S’?], in both cases we conclude

enc” cutx

Q0 = C B enq(Q).

m (Case of A = unfold, x;R(x)) By Lemma A.7, for contexts E,F, we have P =B
E[Fy[unfold, x;R(x)]] =B E[cut {unfold, x;R(x) [x:pX.A [q] y:B]| S(y)}] and
H = H'[x:uX.A(q, R(x))y:B], with x (=) y in write-mode.

Thus (1) enc(P) = C = (S(y), H' [x : {pX.A/X}A{q@step, R(x))y : B]) by [Su]. We then have

cut*

(2) P —P Q = Elcut {R(x) [¥ : {1X.A/X}A [q@step] y : Bl Sy} by [u] and 0 = € 5
enq(Q).
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B (Case of A = rec Y(u, w);Q [y, Z]) Abbreviate R(y) = rec Y(u,w);Q [y,Z]. By Lemma A.7,
there are E, F, such that P =P E[R(y)] =P E[F.[cut {P(x) X:A [q] y:vX.B]| R(y)}]] and
H = H'[x:A{q, P(x))y:vX.B] with x (=) y in read-mode. Since A + q : ,uX.E > A, we must have
q = step@q’ and g step-terminated hence q = step,do H' = H[x:A(step, P(x))y:vX.B]. We consider
the case A+. Then (1) enc(P) = (P(x),H"”)? = C where H' = H[x:A(nil,U(y))y:{vX.B/X}B]
and U(y) = {(rec Y(u,w);Q)/Y}Hy,Z/u,w}Q. We also have (2) P —B Q = E[cut {P(x) |

x:A [nil] y:{T/X}B]|U(y)}] and Q eg* C Ctg* enq(Q). The case for A— is similar. |

THEOREM 5.6 (SOUNDNESS W.R.T. CLLB). Let P +-8 0 and enc(P) a ready SAM configuration. If
enc(P) 5 C then there is Q such that P =8 Q and Q S C.

Proor. By induction on the number n of SAM transition steps in enc(P) 5 C.
0
Base case (n = 0): Trivial, enc(P) = enc(P) and P = Q. Inductive case (n = 1+n’). Hence enc(P)
is live and by Lemma 5.5, there is D ready such that enc(P) = D £ C, and P’ such that P —B P’

n’ enc cuts

and P’ etﬁ D iﬁ enc(P’) By determinism of = we must have either (a) D = C = enc(P’) or
(b) D = enc(P’) S C, withn’ =m + m’. In (a) we conclude by letting Q = P’. For (b) by i.h.,
there is O such that P’ =8 Q and Q Iﬂ C. Therefore, we conclude P =8 Q and Q t:' C. O

A.4 Proofs for Section 6: The Linear SAM for Full CLL

We adapt prior definitions to deal with environments in configurations and closures, and formulate
a revised version of the decomposition Lemma A.7.

LeEMMA A.8 (ENcoDpING TO CONTEXT—FULL SAM). Let P +g 0; 0 and P P (&,0,H).

Then P =g E[Q], and E[O] = F;[F[... [F,[O]]...]1], for some E and

for every i, F; is a one-hole cut context and S,,5, € H a session record such that either:

(a) F; = cut {00 [x;:A [q] yi:B| R} and E(x;) = a; and Sg,p, = a;:A(—, —, R)b;:B in write-mode, or
(b) F; = cut {R |x;:A [q] y;:B| O} and E(y;) = b; and Sq,p, = ai:A{—, —, R)b;:B in read-mode.

(c) F; = cut! {y.R|!x; : A| O}] and E(x;) = clos!(y : A, —,R).

Proor. By induction on P eg (&,Q,H), we consider at each step one of the three cases of
Definition 6.3. ]

LEMMA 6.5 (SAM-CLLB &-STEP SAFETY). Let P +B (0 and ence(P) a ready SAM configuration. If
ence(P) is live then (1) there is C ready such that ence(P) = C and (2) there is Q such that P —8 Q

and Q = C Ci;t; enc(Q).

ProOF. Assume ence(P) live. We consider each case for A, focusing here on the new cases for
the exponentials. We illustrate the linear fragment with a detailed analysis of ® and ’g.

m (Case of [SCut!]) Not applicable, since [SCut!] is absorbed in ence(P).

m (Case of A = send x(z.R(z)); U(x)) By Lemma A.8, for some E, F, we have P =B E[F,

[send x(2.R()); U(x)]] and Fe[a] = cut {0 ©T ® A [q] y:B]| S(y)}. Thus P b (G, Fx[send

x(z.R(2)); U(x)],H’) P ence(P) = (6, A, H), where & ~ 4 G{a/x}, F ~sy) G{b/y}, qe = q°
and H = H'[a:T ® A{qe, ¥, S(y))b:B] with a (=) b in write-mode.

Then, if A+ (a), ence(P) = C; = (E8,U(x), H' [a:A{ge@clos(z, &, R(z)), F, S(y))b:B]) by [S®]; if
A— (b), ence(P) = C, = (7, S(y), H [a:A{ge@clos(z, &, R(z)), E, U(x))b:B]) by [S®]. Notice that
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C1 is ready (a (=) b in write-mode), C; is ready (a () b in read-mode). Hence we have (1). We now
show (2).

For (a), P —B Q = E[cut {U(x) [x:A+ [g@clos(z, R(2))] y:B]| S(yz}] by [®].

Let Fe[o] = cut {0 %A - [q] y:Bll Sy} We have 0 = (G.E[U®LH) & C,
since & %, r(z) G and thus ¢9@clos(z,, R(2)) ~ (q@clos(z R(2)))9. Then C; & enc(Q) by
Lemma 6.4 (2). For (b), P -8 Q = E[cut {U(x) [x:A- [g@clos(z, R(2))] y:B]| S(y)}] by [®]. Let

Fj (0] = cut {U(x) X:A- [q] y:B]|0}. Wehave Q ‘5 (G, F,[S(y)].H') B Cy,since & ~;p(z) G

and thus ¢% @clos(z, &, R(z)) z_(q@clos(z, R(2)))Y. Then C, Cluzt; ence(Q) by Lemma 6.4 (2).
m (Case of A = recv y(w:A);U(y,w)) By Lemma A.8, for contexts E, F, we have P =B

ence”

E[Fy[recv y(w:A);U(y,w)]] and Fy[o] = cut {S(x) [%:C [q] y:A>®D]| O}. Thus P =
(G, Fylrecy y(w:A); Uy, w) H') 5 ence(P) = (F,A,H), ExsmGlalxh, F ~a Gib/y},
ge ~ q9 and H = H'[a:C{ge, &, S(x))b:A 9 D] with a (=) b in read-mode.

SinceT5AFqg:A® D> C, we have q = clos(z:A,R(z))@q’. Hence ge = clos(z:A, G, R(z)) @qe’,
where ge’ ~ q’9 and G’ X, R(z) G- Wlog, assume G’ = F, since y ¢ fn(R(z)). We prove (1,2)
for the case (A+ and ¢’ # nil), other cases are like in the proof of Lemma 5.5. For (1) we have
ence(P) = C by [S'®] where C = (F{c/z},R(z),H"”"), where H” = H'[a:C{qe’, E,5(x))b:D] and
H"" = H" [c:A(nil, F{d/w}, U(y, w))d:A]. Notice that C is ready (a (=) b in read-mode and ¢ (-) d
in write-mode).

For (2), let P —B Q = E[cut {S(x) [x:C [¢'] y:D| C(y)}] by ['®], where C(y) = cut {R(z) |

ence ence

Z:A [nil] wid| Uy, w)}. Then QB (G, cut {S(x) [:C [¢'] y:D| C(y)}, H') b5 (F, C(y), H")
(F{c/z},R(z),H") =Y ence(Q).

m (Case of A = !x(z);R(z)) By Lemma A.8, P =8 E[F,['x(2);R(2)]] and F,[O] = cut {O|
%:1A [q] y:B]| S(y)}, for some contexts E, Fy. Thus P = (G, Fx[\x(2);R(z)], H') & ence(P) =
(&, A, H), where & =gx) Gla/x}, F ~a G{b/y}, qe = g9, and H = H'[a:'A{ge, F, S(y))b:B]
with a (=) b in write-mode.

By [S!], ence(P) = C = (F,S(y), H' [a:0{qge@clos!(z, E,R(2)), 0, 0)b:B]). C is ready (a (=) b in
read-mode), so (1). For (2), let F;,[0] = cut {0 [x:0 [g@clos!(z,R(2))] y:B]| O} and P —B 0=
E[F,[S(y)]] by [®].

Then Q ‘B (G, F;[S(y)],H’) oy C, since G =, p(;) & and ge@clos!(z, E,R(z)) = (g@clos(z,

R(2)))9.Then C clg* ence(Q) by Lemma 6.4(2).

m (Case of A = ?y;Q) By Lemma A.8, for E, F, we have P =B E[Fy[?y; Q]] and F[O] =
cut {S(x) ®C [q] y:?B]| O}. Thus P ‘B (G, F,[?y; Q] H') = ence(P) = (F, A, H), where
H = H'[a:C{qe, &,5(x))b:?B] with a(-) b in read-mode, & =gy Gla/x}, F ~a G{b/y} and
ge ~ qY9. Since T;+ q : B> A, we have q = clos!(z,R(z)) and A = () and S(x) = 0, and H =
H'[x:0{clos!(z, G, R(z)), 0)y:?B] where G’ =, p(;) G. Wlog., assume G’ = F, since y ¢ fn(R(z)).
For (1), ence(P) = C = (F{clos!(z, ¥,R(z))/y}, Q, H'), with C ready. For (2), let P —B Q =
E[cut! {z.R |'y| Q}] by [?]. We have Q = (G, cut! {z.R |'ly| O}, H") = C, since F X, R(z) G,and
F{clos!(z, F,R(2))/y} = G{clos!(z, F,R(z))/y}. We conclude C =y ence(Q) by Lemma 6.4(2).

m (Case of A = call y(w); U(w)) By Lemma A.8, for contexts E, Fy, E’ we have P =B E[F,[E

[call y(w); U(w)]]] and F,[a] = cut! {z.R |y : Al O} and P IS ence(P) = (G, A, H), where
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G(y) = clos!(z, G, R(z)) for some G’ ~, ;) G. We have ence(P) = C = (&, U(w), H[a:A(nil,
G’ {b/z},R(2))b:A])P by [Scall], where & = G{a/w}.

We branch on A polarity. If A+, then C = (&, U(w), H[a:A{(nil, G'{b/z},R(2))b:A]). Cis ready,
with a (=) b in write-mode, hence (1). Let P —8 Q = E[F,[E’[cut {U(w) [w:A[nil]z:A| R(2)}]] by
[call].

Then Q 5 (G, cut {U(w) [w:A[nil]z:A| R}, H') £ C, since G'{b/z} ~r(z) G{b/z}. For (2),
C =Y ence(Q) by Lemma 6.4(2).

If A—, then ence(P) = C = (G'{b/z}, R(z), H[b:A(nil, &, U (w))a:A]). Then (1) C is ready, with
b (=) a in write-mode. Let P -8 Q = E[Fy[E'[cut {R(2) [Z:A [nil] w:A| U(w)}]] by [call].

Then O S (G, cut {U(w) [w:A [nil] 4| R(z)}, H') & C, since G'{b/z} ~r(z) G{b/z}. For
(2),C clu:t; ence(Q) by Lemma 6.4(2). O

A.5 Proofs of Section 7: Concurrent Semantics

We present the proof of the main soundness and progress Lemma 7.4 for the Concurrent Linear
SAM, from which Theorems 7.5 and 7.6 easily follow. First we define the encoding of CLLB processes
with annotated concurrent cuts. Such annotation is silent for any purpose other than the concurrent
execution strategy in the CSAM. For simplicity, we extend the basic Linear SAM of Section 5 (no
exponentials), but with concurrent mix and cut constructs:

({0} w M,H) & (M, H) [Co]

{PYw M H) 5 ({0} w M, H') if enc(P, H) £ (Q,H’) [CThr]
(cpar {P || Q} w M.H) 5 ({P,Q} & M. H) [CMix]
(ccut {P[%: Algly : Bl Q} w M,H) B ({P,Q} ¥ M.H[x (q) y]) [CCut]

LEMMA A.9 (ENcODING TO CONTEXT—CONCURRENT SAM). Let P +g O and P ‘= (A H).
Then, for every A; € A there is E5[0O] = F;[F[... [F,[O]] .. .]1] such that P = E[A;] and
for every i, F; is a one-hole cut context and Sy, € H a session record such that either:

(a) F; = cut {0 |x;:A [q] yi:B| R} and Sy,y, = x;:A{q, R)y;:B in write-mode, or

(b) F; = cut {R [x;:A [q] y;:B| O} and S, y, = X;:A{q, R)y;:B in read-mode.

(c) Fi = ccut {0 [x;:A [q] y;:B| R} and Sy, = x;:A{(q) yi:B.

(d) Fi = ccut {R [x;:A [q] yi:B| O} and Sy, = x;:A{(q) yi:B.

(e) F; = cpar {O0 || R}.

Proor. By induction on P eni:)cc (Q, H), we consider at each step one of the cases in Definition 7.2.
m]

The proof follows the structure leading to Theorem 4.11, where the liveness Lemma is now based
on a notion of observation (cf. Figure 12), adapted to the present setting of concurrent actions on
concurrent session records. Intuitively, P |1 holds if process P is about to execute an action on a
concurrent session endpoint.

Definition A.10. We denote by P | the assertion that P |, where either x(q)y € H or
y{(q)x € H.

LEMMA A.11 (LIVENEss-s). Let P +2 0 and P ‘B D= (A, H) where D ready. Then either

encc”

(1) There is C ready such that D = C and Q such thatP —8 Q andQ = C Clg encc(Q), or
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(2) Forall A; € A, we have A; s

Proor. Ifall A; € A are endpoints of concurrent session records in H, we conclude (2). Other-
wise, A = A(x) W A’ for some action A(x) where the subject x the endpoint of a sequential session
record. By Lemma A.9 there are contexts E, Fy such that P =B E[F,[A(x)]]. Then, as for Lemma 5.5
for (A, H) = C, we prove that (A(x) W A", H) = C = (RWA’, H'), and F,[A(x)] —g R for some

R, s0o P —p E[R] = Q and encc(Q) eg* C Ctgk encc(Q), concluding (1). O

LEmMMA A.12 (L1veENEss). Let P + 0 and P ‘= (N,H) ‘B D= (A, H’) where D ready. Then
either

encc”

(1) There is C ready such that O = C and Q such that P -8 QandQ =
(2) ForallP € N, there is A; € AL, such that A; llf with x € fn(P).

cut®
C = encc(Q), or

ncc”

Proor. By induction on (N, H) ‘= 0. By Lemma 7.3 (1), both (N, H) and D are ready.

m (Base Case) We have (N, H) = (A, H). The conclusion follows from Lemma A.11, since N = A.

m (Case of [C0]) By the i.h.

m (Case of [CThr]) We have C = (N, H) = {0} w M,H") ‘= (A,H") = C’, where
N ={R} W M and (R, H) = (Q,H’) where R = F[Q] for a basic (non-concurrent) cut context F.
By i.h., we have either ((1)) D = C or ((2)) for all for all S € {Q} ¥ M, there is A € A5, A |1
with z € fn(S). In case ((1)) we conclude (1). In case ((2)) since F[] is a non-concurrent cut, it does
not bind z, hence if A € AL, A ,L?' with z € fn(Q) then A € AR, A J,?, with z € fn(R). Hence we
conclude (2).

m (Case of [CMix]) We have C = (N,H) B ({U,Us} ¥ M,H) B (A H') = C’, where
N =U WM, with U = cpar {U || U,}. By i.h,, either ((1)) C’ = C or ((2)) for all S € {Uy, U} w M,
there is A € A°, where A LE" for z € fn(S). For ((1)) we conclude (1). In case ((2)), (2) also
immediately follows from the i.h., since, e.g., from A € AV A llqu with z € fn(U;) we conclude
Ae AR A | with z € fn(U).

m (Case of [CCut]) We have C = (N, H) & ({U, U} w M H[x(q)y]) B (AH)=C’,
where N = U W M, with U = ccut {U; |x : A[qly : B| Uz}. By i.h,, either ((1)) C’ = C or ((2)) for
all S € {Uy, Uy} W M, there is A € A, where A LE for z € fn(S). For ((1)) we conclude (1).

Otherwise, we assume ((2)) and consider the cases A+ and not A+.

(Case A positive) Then x € fn(U;), so Uy # 0. Then (i.h.) there is A € AY with A j,g/ Ifz #x
then A | with A € AV, hence ((2)). If z = x, then A(x) must be a positive action, so we have
(A H') = (P',H”) = C, where x (q) y in H' mutates to x (q@v)y € H” in H”, by one of the
(forwarding or positive) transition rules for the concurrent SAM (Figure 22). By Lemma A.9 there are
contexts E, F, such that P =B E[F,[A(x)]]. As in Lemma 5.5 there is R such that F,[A(x)] —& R,

encc* _ cutx
so P —g E[R] = Q where encc(Q) = C = encc(Q). We thus conclude ((1)).

(Case A not positive) Then type A is either negative or A = (. Since B is negative, we must
have y € fn(Uy) and thus (i.h.) there is B € A2 with B [!I'. If w # y then B |!I" with B € AY,
hence ((2)). If w = y, then B(y) is a negative action. Since A + ¢ : B> A with A negative or 0, we
must have g # nil, with ¢ = v@q’ and v a value of the appropriate type for the action B(y). Hence
(B,H') = (P',H"”) = C by one of the (forwarding or negative) transition rules for the concurrent
SAM (Figure 22) and we conclude ((1)) as above. O
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LEMMA 7.4 (CSAM-CLLB STEP SAFETY). Let P +B 0 and encc(P) a ready SAM configuration. If
encc(P) is live then (1) there is C ready such that encc(P) = C and (2) there is Q such that P —8 Q
and Q ‘s Ctuzt encc(Q).

Proor. By Lemma A.12, by setting ({P}, 0) = (N, H), and noting that Lemma A.12(2) cannot
hold for fn(P) = 0. O

Received 1 October 2024; revised 17 March 2026; accepted 18 May 2026

ACM Transactions on Programming Languages and Systems, Vol. 48, No. 3, Article 12. Publication date: July 2026.



	Abstract
	1 Introduction
	1.1 Outline and Contributions

	2 The CLL Language and Its Type System 
	2.1 Identity—Mix, Cut, Inaction
	2.2 Multiplicatives—Send, Receive, Close, Wait
	2.3 Additives
	2.4 Exponentials
	2.5 Quantifiers—Polymorphism
	2.6 Induction and Coinduction—Recursion 
	2.7 Reduction Semantics
	2.8 Examples

	3 The Design of the SAM
	3.1 On the Write Bias of the SAM
	3.2 Illustrating Forwarding

	4 CLLB: A Buffered Formulation of CLL
	4.1 Preservation and Progress for CLLB 
	4.2 Correspondence between CLL and CLLB
	4.3 Example

	5 The Linear SAM and Its Correctness
	5.1 Structure of the Linear SAM
	5.2 Correctness of the Linear SAM

	6 The Linear SAM for full CLL
	6.1 Correctness of the Environment-Based Linear SAM

	7 Extending the SAM with Concurrent Versions of Cut and Mix
	8 Implementation and Preliminary Experimental Results
	9 Concluding Remarks and Related Work
	References
	A Appendix
	A.1 Proofs for Section 4.1: Preservation and Progress for CLLB
	A.2 Proofs of Section 4.2: Correspondence between CLL and CLLB
	A.3 Proofs of Section 5: The Linear SAM and Its Correctness
	A.4 Proofs for Section 6: The Linear SAM for Full CLL
	A.5 Proofs of Section 7: Concurrent Semantics


