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This work focuses on uncertainty quantification of eight random parameters required
as input for 1D modelling of methane catalytic partial oxidation within a highly dense
foam reactor. Parameters related to geometrical properties, reactor thermophysics and
catalyst loading are taken as uncertain. A widely applied 1D heterogeneous mathematical
model that accounts for proper transport and surface chemistry steps is considered for
the evaluation of deterministic samples. The non-intrusive spectral projection approach
based on polynomial chaos expansion is applied to determine the stochastic temperature
and species profiles along the reactor axial direction as well as their ensemble mean and
error bars with a confidence interval of 95%. Probability density functions of relevant
variables in specific reactor sections are also analysed. A different contribution is noticed
from each random input to the total uncertainty range. Porosity, specific surface area
and catalyst loading appear as the major sources of uncertainty to bulk gas and surface
temperature and species molar profiles. Porosity and the mean pore diameter have an
important impact on the pressure drop along the whole reactor as expected. It is also
concluded that any trace of uncertainty in the eight input random variables can be almost
dissipated near the catalyst outlet section for a long-enough catalyst, mainly due to the
approximation to thermodynamic equilibrium.

Keywords: catalytic partial oxidation; parametric uncertainty quantification; non-
intrusive spectral projection; polynomial chaos; syngas

Nomenclature

English

aV specific surface area (m−1)
cX
j expansion mode coefficient number j of X PC expansion

Cp specific heat under constant pressure (J kg−1 K−1)
cv coefficient of variation
Dp mean pore diameter (m)
f stochastic model solution
Fcat/geo ratio of the catalytic surface to the total geometric surface area
f d deterministic model solution
GjGi total exchange area between volume zones j and i (m2)
h interphase heat transport coefficient (W m−2 K−1)
Hk molar enthalpy of species k (J mol−1)
k thermal conductivity (W m−1 K−1)
KK total number of species
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Kmat, k interphase mass transport coefficient (m s−1)
N total number of uncertain parameters
Ng total number of volume zones
NR total number of reactions
Ns total number of surface zones
P pressure (Pa)
qR rate-of-progress variable of surface reaction R (mol m−2 s−1)
q ′′′

Rad net radiative heat flux (W m−3)
Re Reynolds number
Sk Selectivity of species k
Sc Schmidt number
SjGi total exchange area between surface zone j and volume zone i (m2)
Sh Sherwood number
t time (s)
T temperature (K)
u interstitial flow velocity (m s−1)
V k diffusion velocity of species k (m s−1); volume of zone k (m3)
W molecular weight (kg mol−1)
x axial reactor dimension (m)
X k molar fraction of species k; uncertain parameter
[X k] molar concentration of gas or surface species k (mol m−3 or mol m−2)
Y k mass fraction of species k

Greek

β extinction coefficient (m−1)
γ skewness
δw washcoat thickness (m)
ε porosity
κ i absorption coefficient of volume zone i (m−1)
μ dynamic viscosity (kg m−1 s−1); mean value
νk, R stoichiometric coefficient of species k in reaction R
ν ′

k,R stoichiometric coefficient of reactant species k in reaction R
ξ random variable
ρ specific mass (kg m−3)
σ Stefan–Boltzmann constant (W m−2 K−4); standard deviation
τ solid tortuosity
XCH4 methane conversion
ψ j one-dimensional orthogonal polynomial
 j multi-dimensional orthogonal polynomial
ω single scattering albedo
ω̇k molar production/consumption rate (mol m−2 s−1)

Subscripts

cat catalyst
f stochastic model solution
g gas phase; gas phase species in the bulk gas flow
gi volume zone i
k species k; random parameter k
s solid phase; surface (adsorbed) species
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si surface zone i
w gas phase species at the gas/wall interface

Acronyms

CI confidence interval
CPOx catalytic partial oxidation
DEA direct exchange area
FHS front heat shield
MC Monte Carlo
NISP non-intrusive spectral projection
PC polynomial chaos
PDF probability density function
ppi pore per linear inch
TEA total exchange area
UQ uncertainty quantification
UR uncertainty range

1. Introduction

The research and development of devices equipped with fuel cells to generate electric
energy are being strongly encouraged for mobile and stationary applications [1]. Hydro-
carbon reforming can provide a soft transition to other yet immature renewable sources
of hydrogen during the development and implementation of fuel cell technology. In this
context partial oxidation of hydrocarbons appears as a promising technology over other
reforming strategies to produce hydrogen for small to medium scale applications [2].

Partial oxidation of gaseous hydrocarbons over catalytic surfaces, known as catalytic
partial oxidation (CPOx), has received great attention due to its well recognised advantages
among oxidative reforming processes. Considering methane as the fuel, the stoichiometric
CPOx reaction is globally exothermic (�H ◦

R = −36 kJ mol−1), i.e. it does not require
external heat sources (as steam reforming does) and it has an H2/CO molar ratio of two.
Therefore, CPOx can be accomplished in small and simple reactors with low thermal
inertia providing a good dynamic response to fast transients [2]. Ceramic materials such
as cordierite or alumina are usually preferred for reactor substrates in the form of foam or
extruded monoliths or even for pellets in a packed bed reactor. To increase the available
catalyst surface area for reactant adsorption, the application of a washcoat layer made out
of a highly porous material (onto the walls of which the catalyst particles are dispersed) is
a common practice. Noble metal catalysts, such as Rh and Pt, deposited on foam monoliths
proved to yield high synthesis gas selectivities and fuel conversion at millisecond contact
time conditions [3, 4].

Computational modelling is currently a reliable tool for improving existing reactor
designs and operating conditions. With respect to CPOx processes, several mathematical
models have been proposed ranging from 1D to 3D fully distributed models, with more
or less physical/transport insight and accounting for detailed multi-step surface reaction
mechanisms or global kinetic mechanisms. In particular, heterogeneous 1D models with
adequate chemical kinetic mechanisms and external transport correlations have proved
in several studies to be appropriate in the description of temperature and mixture com-
position profiles along the axial reactor direction [5–8]. Uncertainty in the final solution
variables will always exist to a certain extent due to the intrinsic random nature, or even
to the lack of knowledge, regarding the model input parameters and also due to the model
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formulation, namely in underlying assumptions, correlations, submodels, boundary con-
ditions, etc. Uncertainty quantification (UQ) methods allow the definition of the expected
solution ranges as well as solution statistics (ensemble mean, standard deviation, proba-
bility density functions, etc.) when uncertainty in input parameters or within the model
formulation exists.

The classical Monte Carlo (MC) statistical methods are known to be very robust tech-
niques, but on the other hand these methods are very computationally demanding due to
the large number of solutions required to achieve accurate statistics [9, 10]. In addition,
MC methods do not provide any insight on the dominant sources of parametric uncertainty
[11]. For these reasons, MC methods are usually applied for validation of other statistical
approaches due to the absence of any approximation or assumption on its formulation
[12]. Spectral projection methods based on polynomial chaos (PC) expansion are con-
sidered more efficient for dealing with UQ than MC methods [13]. These methods can
be embedded directly into the deterministic model/code through a reformulation of the
governing equations (intrusive approach) or they can be used alongside the deterministic
model (non-intrusive approach). The latter approach is considered to be less efficient than
the former, but most often the non-intrusive approach is preferable to avoid the complex
and time-consuming task associated with model reformulation of the intrusive approach
[14, 15].

The non-intrusive spectral projection (NISP) approach has been widely applied in the
literature to investigate parametric uncertainty. Regarding its applications in reacting flow
systems, Reagan et al. [11] explored the uncertainty in thermodynamic properties and
reaction rate constants for two case problems – homogeneous ignition of supercritical
water oxidation and 1D premixed flame calculations; Mendes et al. [16] investigated the
impact of uncertainty in porous media parameters and feed stream properties on axial
temperature and CO molar fraction profiles as well as on the laminar flame speed within
a fuel cell off-gas burner; Mendes et al. [17] also explored the propagation of parametric
uncertainty due to uncertain model input parameters, for different operating conditions, in
a 10 ppi SiC thermal partial oxidation (TPOx) reactor for synthesis gas production. Other
recently published applications of the NISP approach can be found elsewhere [15, 18, 19].
Regarding intrusive spectral projection (ISP), several works have been published [14, 20,
21]. An extensive review regarding the application of polynomial chaos in UQ for CFD
models can be found in [22].

The NISP approach allows the quantification of each input random variable uncertainty
into the solution. The identification of the major uncertainty players in the stochastic solution
is a relevant output. Consequently, a lower uncertainty range in a specific output variable
can be achieved acting on the variability range (through more accurate measurements) of
the dominant sources of model input uncertainty.

As far as the authors are aware, catalytic partial oxidation had not been subjected
to parametric uncertainty quantification. Therefore, this paper aims to identify the main
sources of uncertainty among the required model input parameters during partial oxidation
of a methane–air mixture over Rh/Al2O3 catalyst within a highly dense foam monolith
reactor. A 1D two-phase mathematical model of a fixed bed reactor accounting for proper
transport and chemistry steps is considered in which the input parameters relating to
geometrical properties, reactor thermophysics and catalyst loading are regarded as uncertain
data. The NISP method is applied to propagate the random input data through the model
and quantify its impact on the final solution.

In the next sections the deterministic model scheme and the stochastic model formula-
tion are presented along with the identification of the main input random parameters that
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Figure 1. Schematic diagram of the physical model. LFHS = 1.0 cm; Lcat = 2.0 cm. (colour online)

affect the stochastic model solution. This is followed by the results and ensuing discussion
that precedes the final section where brief summary conclusions are presented.

2. Modelling

2.1. Full reactor scale model: deterministic model

The reactor is composed of two main regions, the catalytically inactive front heat shield
(FHS) and the catalyst monolith, being 1.0 and 2.0 cm in length, respectively, and with an
outer diameter of 1.7 cm (see Figure 1). Both reactor structures are composed by α–Al2O3

foams with 80 ppi. A thin Rh/α–Al2O3 washcoat layer (δw < 10 μm) is assumed to be
deposited onto the catalyst substrate walls. A perfect linkage between both foam monoliths
is considered and consequently no thermal resistance for solid conduction is taken into
account.

2.1.1. Governing equations and constitutive relations

The mathematical model is based on a 1D two-phase model of a fixed bed reactor which
accounts for a variety of phenomena:

ερgu
∂Yk,g

∂x
+ ∂

∂x

(
ερgYk,gVk,g

) + aV ρgKmat,k(Yk,g − Yk,w) = 0 (1)

ερguCp,g

∂Tg

∂x
− ∂

∂x

(
εkg

∂Tg

∂x

)
+ ερg

KKg∑
k=1

Cp,kYk,gVk,g

∂Tg

∂x
+ aV h(Tg − Ts) = 0 (2)

− aV ρgKmat,k(Yk,g − Yk,w) − aV Fcat/geoω̇k,wWk = 0 (3)

− ∂

∂x

[
τks (1 − ε)

∂Ts

∂x

]
− aV h(Tg − Ts) + aV Fcat/geo

KKw∑
k=1

ω̇k,wHk + q ′′′
Rad = 0. (4)

Expressions (1) and (2) are the mass and energy balance equations of the gas phase, whereas
expressions (3) and (4) are the mass and energy balance equations of the solid phase. The
model takes into account diffusion and convection of heat and mass, radiative heat transfer
in the solid matrix and detailed surface chemistry. Homogeneous reactions are neglected,
following previous literature findings [23–25], as well as the radiative role of the reactive
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gas mixture [26]. Internal diffusional limitations along the thin washcoat layer are also
neglected due to its low thickness [7, 27–29].

The correction velocity formalism is considered in the mass balance equations of gas
phase species to assure overall mass conservation since a non-conservative approach for
the ordinary molecular diffusion is employed (mixture-averaged formalism). Thermal dif-
fusion, relevant for low molecular weight species, is included in molecular diffusion veloc-
ities. External transport coefficients of species (Kmat, k) and heat (h) are evaluated through
Sherwood and Nusselt correlations, respectively. The Sherwood correlation reported in
Incera Garrido et al. [30] is employed herein (see expression (5)) and an equivalent Nusselt
correlation obtained through the heat and mass transfer analogy is considered:

Shk = Re0.47 × Sc1/3
k ×

(
Dp[m]

0.001

)0.58

× ε0.44. (5)

The Reynolds number (Re) in expression (5) is based on the superficial flow velocity (us =
u · ε) and the characteristic length for the dimensionless numbers is the mean pore diameter
(Dp). The perfect-gas equation of state is considered for the determination of the specific
mass (ρg).

The surface chemistry is evaluated considering a uniform surface where the adsorbates
are randomly distributed (mean-field approximation) [31]. The state of the surface is defined
by its temperature and by the surface coverages of all adsorbed species. The rate-of-progress
variable of each surface reaction (expression (6)) follows the mass action kinetics with the
rate coefficient (kR) given by a modified Arrhenius expression (for desorption and surface
reactions) or through sticking coefficients for the adsorption reactions (see [31, 32]):

qR = kR

KKw+KKs∏
k=1

[Xk]ν
′
k,R . (6)

The net production or depletion rate of each adsorbed or gaseous species is evaluated
through expression (7). At steady-state conditions the production rate of each surface
species must be equal to its destruction rate (ω̇k,s = 0) which results in time-independent
surface species coverages. For the net production rate of gas phase species due to the
heterogeneous reactions (ω̇k,w) the summation (expression (7)) runs only over reactions
that involve gas phase species (adsorption and desorption reactions):

ω̇k =
NR∑

R=1

νk,R × qR. (7)

In this work the detailed multi-step surface reaction mechanism for methane CPOx on
Rh/Al2O3 from the Deutschmann group [33] is employed to describe the surface chemistry.
The surface site density is considered equal to 2.72 × 10−9 mol cm−2. The parameter Fcat/geo

presented in the source term of expressions (3) and (4) is assumed to be a scaling factor to
account for an enlarged catalytic active surface area with respect to the geometric surface
area (due to a washcoat deposition onto the substrate walls) [34]. This parameter takes into
account the catalyst loading as well as the catalyst dispersion in the washcoat layer.

Radiative heat transfer is considered in the solid phase energy balance by the zone
method [35]. The porous matrix is treated as a pseudo-homogeneous medium defined by
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continuum radiative properties, such as an extinction coefficient and a single scattering
albedo. Grey medium is considered as well as isotropic scattering. Since the enclosure for
the radiative heat transfer analysis has a cylindrical geometry (with external boundaries
dictated by the physical model – see Figure 1), in the framework of the zone method the
enclosure consists of ring shaped surfaces (surface zones) coincident with the outer foam
surface and cylindrical elements (volume zones) bounded by ring shaped surfaces.

According to the zone method, direct exchange areas (DEAs) which account for direct
radiation between zone elements are computed through direct numerical integration. The
conservation of radiative energy is verified through the summation laws of direct exchange
areas [35] after the application of a smoothing technique [36]. Total exchange areas (TEAs)
which consider multiple wall reflections as well as direct radiation between zone elements
and scattering are evaluated through the unified matrix formulation developed by Naraghi
and Chung [37] with the previously computed DEA matrices. The zone method procedure is
finalised by computing the net radiative heat flux between zone elements through expression
(8) to be accounted for in the solid phase energy balance equation (expression (4)):

q ′′′
gi

= 4κiσT 4
gi

− 1

Vi

σ

⎛
⎝ Ns∑

j=1

SjGiT
4
sj

+
Ng∑
j=1

GjGiT
4
gj

⎞
⎠ . (8)

The internal ring surface that surrounds both foam structures is assumed to be radiatively
non-participating (through a defined zero emissivity). Radiative heat fluxes can escape
towards the black inlet and outlet manifolds. The exchange temperatures for the inlet and
outlet manifold surfaces are set equal to the inlet and outlet gas temperatures, respectively
[38, 39].

2.1.2. Boundary conditions

At the inlet section of the computational domain, Danckwerts type boundary conditions
are considered for the gas phase balance equations, and for the energy balance of the solid
phase a radiative boundary condition is applied. At the outlet, vanishing gradients for gas
phase temperature and species mass fractions are considered, and for the energy balance of
the solid phase a radiative boundary condition is also applied.

2.1.3. Numerical model

The set of governing equations, reliable constitutive relations, underlying assumptions
required for model closure and boundary conditions are implemented in an in-house version
of the PREMIX code [40] from CHEMKIN software packages. A finite difference approach is
considered as well as an adaptive mesh procedure. The calculation starts in an initial coarse
mesh with uniformly spaced gridpoints and a modified damped Newton method is used for
the iteration process. If the solution lies out of the convergence domain the program initiates
a time-stepping approach in an attempt to bring the solution to the domain of convergence
of the Newton method by a physically consistent evolution. The adaptive mesh procedure
adds new gridpoints after the achievement of a converged solution in a given mesh location
if this location does not respect the gradient and curvature resolution for each dependent
variable to the degree defined by specific grid parameters.

Numerical integration of the DEAs is performed using the Gauss–Legendre quadrature
with 20 Gauss points for radial and angular directions, whereas Simpson’s method with five
points is applied for numerical integration along the axial direction.
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Table 1. Uncertainty in model input parameters.

Uncertainty range
Uncertain
parameter Mean value Limits σ cv (%) References

ε 0.70 1 ± 0.14 0.05 7.14 [5, 7, 50]
aV 35.00 cm−1 1 ± 0.29 5 cm−1 14.29 [5, 7]
Dp 0.05 cm 1 ± 0.30 0.0075 cm 15.00 [5, 7, 51]
Fcat/geo 10.00 1 ± 0.20 1.00 10.00 [27, 28]
ks f (Ts) 1 ± 0.12 0.06 6.00 [45]
τ 0.5 1 ± 0.10 0.025 5.00 [5, 47, 52]
β 20.00 cm−1 1 ± 0.25 2.5 cm−1 12.50 [48, 52]
ω 0.70 1 ± 0.29 0.1 14.29 [48]

Thermodynamic and transport properties are evaluated with CHEMKIN libraries [41,
42] with coefficients taken from the GRI-Mech 3.0 database [43]. The open source code
CANTERA [44] is employed in this work to serve the main code as the kinetic interpreter for
surface chemistry.

2.2. Uncertain parameters

The uncertainty in model results arises from the intrinsic random behaviour and also
the lack of knowledge of properties required as model input data. These properties are
mainly determined through experimental measurements and empirical correlations that
are naturally marked by measurement errors and errors derived from employing fitted
expressions regressed from a set of experimental data.

The most relevant model input uncertain parameters are: the geometrical properties
such as porosity (ε), surface area to total reactor volume (aV ) and pore diameter (Dp); the
ratio between catalytic and geometrical surface area (Fcat/geo); the solid conductivity (ks);
the solid tortuosity (τ ); and the radiative properties of the cellular structure (β and ω).
Table 1 lists the eight input physical parameters considered, their mean values and their
uncertainty levels alongside the references that sustain these values. For the solid thermal
conductivity, an extended range of uncertainty (by a factor of two) is adopted (see [45]).

The direct influence of the input parameters variability into the model results is straight-
forward when looking at the transport equations. Porosity affects advection and diffusion
terms in the gas phase balance equations as well as the diffusion of heat in the energy
balance equation of the solid phase; surface area to total reactor volume influences the ex-
ternal (interphase) transport of heat and mass and the radiative heat transport; pore diameter
has an impact on external mass and heat transport through the Re number on Sh and Nu
correlations; Fcat/geo affects chemical kinetic rates; solid tortuosity and conductivity affect
the diffusion of heat in the solid phase; and finally, β and ω influence the net heat flux from
radiative heat exchange.

Due to the low washcoat thickness, the geometrical properties of the catalytic monolith
do not differ from those of the uncoated, original foam (see [7]). Therefore, the blank FHS
and the catalytic foam have equal geometrical and thermophysical properties. Radiative
heat transfer properties are also set equal for both reactor structures due to the lack of
relevant information.

Although empirical correlations are available to relate aV in terms of the foam porosity
and pore or strut diameter for certain foam types [30, 46], these parameters are herein
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allowed to vary freely. Also for solid matrix tortuosity and radiative properties, it is well
recognised that they are dependent on the geometrical properties and emissivities of the
solid surfaces [47, 48]. However, these parameters are also not correlated due to the absence
of information for the current ceramic foam type.

All model input uncertain parameters are described by a semicircle Beta distribu-
tion (Beta(3/2, 3/2)) to avoid unrealistic values that could easily appear with a Normal
distribution.

2.3. Non-intrusive spectral projection: stochastic model

The first step of the NISP approach consists in prescribing for each random variable its mean
and variability range as well as the distribution type that best characterises its uncertainty
behaviour. An uncertain parameter, X , can be represented by a polynomial function of
a random standard variable, ξ , in a polynomial chaos (PC) expansion, as expression (9)
shows:

X (ξ ) =
p∑

j=0

cX
j ψj (ξ ). (9)

In expression (9), cX
j are known spectral modes and ψ j(ξ ) are one-dimensional orthogonal

polynomials of order j (j = 0, 1, . . ., p) associated with a standard random variable ξ . For each
distribution type there exits an optimal class of orthogonal polynomials which minimises
the required number of terms in expression (9). In the present case the random input
variables are all characterised by a Beta distribution and, consequently, Jacobi polynomials
are preferred.

For N independent model input uncertain parameters (X 1, X 2, . . ., X N ), each one
being represented by expression (9) and associated with a specific random variable ξ =
(ξ1, . . . , ξN ), a stochastic model solution f can also be represented by a PC expansion,
according to expression (10):

f (ξ ) =
P∑

j=0

c
f
j j (ξ ). (10)

In this expression c
f
j are the unknown spectral modes, j (ξ ) are the multi-dimensional

orthogonal polynomials and P + 1 = N + (p)!/(N!p!) is the total number of terms in
the PC expansion of the stochastic solution, in which p is the maximum polynomial
degree of the PC expansions that represent each uncertain parameter considered (expres-
sion (9)). The unknown spectral modes or expansion mode coefficients are obtained through
a Galerkin projection of the PC expansion onto the complete PC basis { j}. Further, taking
into account the orthogonality relation between polynomials and the weighting function
(W (ξ ) = ∏N

k=1 wk (ξk)), the stochastic coefficients can be determined as shown in expres-
sion (11):

c
f
j = 〈fd (ξ ), j (ξ )〉〈

2
j (ξ )

〉 = 1〈
2

j (ξ )
〉
∫

fd (ξ ) j (ξ ) W (ξ ) dξ . (11)



1076 J.E.P. Navalho et al.

The integral can be numerically solved by several methods (see [18, 22]), namely using a
Gauss quadrature as expression (12) shows:

c
f
j ≈ 1〈

2
j

〉
S1∑

n1=1

. . .

SN∑
nN =1

fd

[
X1

(
ξ

n1
1

)
, . . . , XN

(
ξ

nN

N

)]
j

(
ξ

n1
1 , . . . , ξ

nN

N

) N∏
k=1

wnk
. (12)

Each input random variable is sampled in Sk specific collocation points given by
Gauss–Jacobi quadrature because in the present work the input parameters are charac-
terised by Beta distributions. Consequently, the total number of deterministic solutions
(fd (ξ )) that are required to evaluate each expansion coefficient of the stochastic model
solution is given by ST = ∏N

k=1 Sk . Since the Gauss quadrature rule yields exactly with Sk

collocation points for a polynomial of degree up to 2Sk − 1 and considering that the inte-
grand in expression (11) can be seen as having degree 2p, the minimum Gauss collocation
points can be related to the PC degree by Sk � p + 1/2 ⇒ Sk � p + 1.

In expression (12) and for the present case, ξ
nk

i and w
nk

i (nk = 1, . . ., Sk) are the
Gauss–Jacobi quadrature points, which are the roots of one-dimensional orthogonal Jacobi
polynomials of order Sk , and the corresponding weights, respectively.

The adopted NISP methodology is presented below with particular emphasis on the
present study of uncertainty quantification.

• For each uncertain model input parameter, a specific and adequate distribution func-
tion is defined. In the present work, all uncertain parameters are parameterised through
a semicircle Beta distribution. For each uncertain parameter X k , Sk different collo-
cation points are required ({Xk

(
ξ

nk

k

)}Sk

nk=1), as previously discussed, and should be
computed through expression (13) considering a random variable proper for the set
of orthogonal polynomials (Jacobi polynomials):

Xk

(
ξ

nk

k

) = μk

(
Lkξ

nk

k + 1
)
, nk = 1, . . . , Sk. (13)

In expression (13), μk and Lk are the mean and uncertainty range limits, respectively,
as given in Table 1, and {ξnk

k }Sk

nk=1 is the set of values of the random variable associated
with a Beta probability distribution with shape parameters α = β = 3/2 defined in
the range [−1.0; 1.0] (ξ k ∼ Beta([−1, 1]; 3/2, 3/2)).

• With the complete set of realisations for all input uncertain parameters
{(X1, . . . , XN )n}ST

n=1 sampled as outlined before, deterministic model solutions are
evaluated for the construction of the sample solution set.

• The multi-dimensional orthogonal polynomials, j (ξ ), are evaluated from one-
dimensional orthogonal polynomials, ψ j(ξ ), through tensor products.

• Expansion mode coefficients of the stochastic solution PC are evaluated with expres-
sion (12) employing previously computed values.

Stochastic information as ensemble mean (μf ), standard deviation (σ f ) and skewness
(γ f ) are obtained after the above procedure is conducted with the already known solution
expansion mode coefficients through the expressions (14), (15) and (16), respectively:

μf = 〈f 〉 (14)

σf = (〈
f 2

〉 − 〈f 〉2
)1/2

(15)
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γf =
〈
f 3

〉 − 3 〈f 〉 〈
f 2

〉 + 2 〈f 〉3〈
f 2

〉 − 〈f 〉2
(16)

〈f 〉 = c
f
0 (17)

〈
f 2

〉 =
P∑

j=0

(
c
f
j

)2 〈
2

j

〉
(18)

〈
f 3

〉 =
P∑

j1=0

P∑
j2=0

P∑
j3=0

c
f
j1
c
f
j2
c
f
j3

〈
j1j2j3

〉
. (19)

Confidence intervals (CIs) for stochastic model solutions are computed with the corre-
sponding cumulative distribution function numerically obtained in a post-processing stage.

3. Results

Catalytic partial oxidation at atmospheric pressure and steady-state conditions of a
methane–air mixture with an air ratio of 0.31 (O/C ratio of about 1.2), a total volu-
metric flow rate of 10 NL min−1 and an inlet mixture temperature of 600 K is considered
the reference operating condition for exploring uncertainty propagation through the model.
Figure 2 presents the deterministic model solution for temperature (gas and solid), gaseous
species (wall and bulk gas) and surface species profiles computed with the mean values for
all input uncertain parameters as considered in Table 1. The predicted evolution of tem-
perature and molar species profiles are within typical values, considering that the present
mathematical model has been already extensively validated [49].

Figure 2. Deterministic model solution profiles evaluated with mean values: (a) solid and gas
temperatures; (b) composition of gaseous species (bulk gas and at the bulk gas/wall interface); (c)
coverages of the most abundant surface species. (colour online)
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Figure 3. Stochastic convergence analysis: PDF of the maximum solid temperature. (colour online)

Two uncertainty ranges (URs) for the defined model input parameters are considered.
Both ranges have the same mean values but their standard deviations are different. The
reference UR considers the standard deviations defined in Table 1, whereas the extended
UR takes a double value for the standard deviation of all uncertain parameters. There is an
exception in the extended UR for the single scattering albedo, for which a double standard
deviation would inevitably presume unphysical values and, consequently, an increase of the
reference UR standard deviation by a factor of 1.5 is considered for this parameter.

The convergence of the stochastic solution using the NISP approach relies on the
polynomial order (see expression (9)) and on the number of Gauss–Jacobi collocation points
(see expression (12)) for each random variable. Consequently, a convergence analysis is
required to infer the influence of these parameters on the stochastic solution. Figure 3
presents for both URs the convergence study carried out for the PDF of the maximum solid
temperature. The polynomial degree of all random variables is varied (from second- to
fourth-order) as well as the number of collocation points (from three to seven Gauss–Jacobi
quadrature points). Since more than three collocation points with the eight random variables
identified would require an unaffordable number of deterministic solutions (over five million
with seven points, for instance) the stochastic solutions presented with more than three
points are evaluated with the four major uncertainty players (Fcat/geo, ε, aV and ks) as
will be analysed in Figure 5(b). From Figure 3 it can be concluded for both URs that the
stochastic solution is almost independent of those convergence parameters and therefore
second-order polynomials with three quadrature points for each input uncertain parameter
are hereafter considered.

For each UR a total of 6561 (38) deterministic model simulations is required to achieve
the full stochastic solution (considering eight model input parameters along with the
already mentioned stochastic convergence parameters). To decrease the computational
time required to compute all the deterministic simulations, TEAs are evaluated in an initial
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(pre-processing) stage. TEAs are functions of the extinction coefficient and scattering
albedo as well as the geometry of the enclosure. Since the reactor geometry is not assumed
to be uncertain, a total of nine TEA matrices (resulting from the combination of three
samples for β and three samples for ω) are computed and then stored for the evaluation
of net radiative heat fluxes (see expression (8)) during the processing of the whole range
of deterministic runs. A total computational time of about 5.5 hours on a 2.8 GHz/8.2 GB
desktop computer is required to evaluate all deterministic simulations after the computation
of the TEAs. The stochastic solutions require computational times from a few seconds
to several hours, depending on the number and type of outputs as well as the accuracy
desired.

Figure 4(a) shows the stochastic solid temperature profiles for the ensemble mean,
standard deviation and error bars with a CI of 95% for both uncertainty ranges. It shows
that the reactor zones with the highest uncertain levels are observed in the FHS, a few
millimetres upstream of the catalyst entrance, and downwards in the central part of the
catalyst domain, and this behaviour is independent of the uncertainty range considered. In
the former region values up to 150 and 75 K are observed within the upper and lower limits
of the error bars for the extended and reference URs, respectively. Notice that the uncertainty
in the stochastic solid temperature profiles near the inlet and outlet reactor sections tends
to become almost negligible due to the absence of uncertain boundary conditions and to
the low importance of the energy interphase transport term, in particular near the catalyst
outlet section driven by the approximation to thermodynamic equilibrium.

The NISP method allows to quantify the effect of the prescribed uncertainty range on
each random variable in the total final stochastic solution. Therefore, in Figure 4(b) the first-
order and the major contributive second-order expansion mode coefficients for the reference
UR can be seen. The parameters ε, aV , Fcat/geo and ks are the dominant input uncertain
sources regarding the solid temperature profile. Along the FHS, the porosity dominates the
remaining parameters because of its direct impact on the heat diffusion term of the solid
phase. Solid tortuosity and thermal conductivity, which also have a direct influence on the
diffusive term, present a lower importance than porosity because the term (1 − ε) (see
expression (4)) has a relative uncertainty level (cv) of four to five times higher than τ and
ks (see Table 1). For the same reason, ks has a higher influence on the total uncertainty
than τ (cv(ks) > cv(τ )). In the catalyst region, aV and Fcat/geo are by far the most important
parameters. Uncertainty in the radiative heat transfer parameters does not play an important
role in the achieved solution despite the large uncertainty prescribed for these parameters
(see cv in Table 1). This is not a surprising remark since the highly dense nature of the
employed 80 ppi foam assigns a negligible effect for radiative heat transport compared with
solid conduction. The low values registered for the second-order coefficients compared
with the first-order coefficients allow one to anticipate good stochastic convergence, which
reinforces the stochastic convergence analysis presented before.

The maximum solid temperatures attained in catalytic oxidation processes are usually
an important issue to be aware of during catalyst operation due to the loss of catalyst
activity (catalyst deactivation) triggered by high temperatures. Figure 5(a) shows the PDF
of the stochastic maximum surface temperature for both URs, their ensemble mean values
as well as the 50 and 95% CIs. A different shape of these PDFs compared to the defined
ones (semicircle Beta distributions) appeared due to the nonlinearities and the effective
stochastic multi-dimensionality in the model scheme. The asymmetries and the tails to the
right are easily seen and are confirmed by positive skewness values (γ ). Differences in
the maximum solid temperatures up to 45 and 75 K are noticeable within the envelopes
corresponding to a CI of 95% for the reference and extended URs, respectively. Figure 5(b)
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Figure 4. Stochastic solution profiles of solid temperature: (a) ensemble mean, standard deviation
and error bars with 95% CI for the reference and extended URs; (b) most relevant expansion mode
coefficients for the reference UR. (colour online)
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Figure 5. Stochastic solution of the maximum surface temperature: (a) PDF along with 50 and
95% CIs, ensemble mean value, standard deviation and skewness for both URs; (b) most relevant
expansion mode coefficients for the reference UR. (colour online)

shows that Fcat/geo, ε, aV and ks are the main players in the stochastic maximum solid
temperature, as was considered before in the stochastic convergence analysis.

Regarding gas temperature profiles, Figure 6(a) presents for both URs the stochastic
mean values, standard deviations and the error bars for a CI of 95%. The uncertainty in the
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Figure 6. Stochastic solution profiles of gas temperature: (a) ensemble mean, standard deviation
and error bars with 95% CI for the reference and extended URs; (b) most relevant expansion mode
coefficients for the reference UR. (colour online)
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gas temperature profile achieves its maximum value slightly after the catalyst inlet section.
Figure 6(b) demonstrates that the specific surface area is the parameter that contributes
more to this high uncertainty level because of its influence on the external heat transport
term. Parameters that do not have any direct influence on the gas phase energy balance
(expression (2)), such as τ , ks, Fcat/geo, β and ω, are also responsible for the uncertainty
registered in the gas temperature profiles through the external transport term. At the FHS
entrance (x = −1.0 cm), a negligible uncertainty is noticed and explained through the
absence of relevant thermal gradients. This makes the Danckwerts boundary condition
applied on the gas phase energy balance behave as a Dirichlet boundary condition. Also
noticeable is the uncertainty decay as thermodynamic equilibrium is reached, i.e. in sections
located farther away from the catalyst inlet section.

Figure 7 presents the stochastic solution profiles and spectral decomposition for molar
fractions of two species in the bulk gas flow: methane (a representative of reactant species)
and hydrogen (a representative of product species). Figures 7(a) and 7(c) reveal that up-
stream of the catalyst inlet section there are no uncertainties in species profiles because
the mixture composition remains constant due to the absence of chemical reactions (inert
walls) and molecular diffusion. In fact, advection is the only mode of mass transfer in the
bulk gas along the major part of the FHS. Very near the catalyst entrance (from the upstream
side – x � 0− cm) molecular diffusion starts to gain importance due to steep species mass
gradients that establish farther downstream. The reactor axial sections where both species
profiles present their maximum uncertainty level are located in the first few millimetres
of the catalyst (x < 5.0 mm). As the distance towards the outlet section decreases the un-
certainty decreases as well. This is a common trend verified for all dependent variables
(species and thermal profiles). Regarding the expansion mode coefficients (see Figures
7(b) and 7(d)) aV , Fcat/geo and ε are the most crucial parameters decreasing the extent of
uncertainty in both species molar profiles.

The uncertainty levels in the axial stochastic solution profiles of temperature and bulk
gas reactive species (all species except the diluting species – N2) composition for both
URs are presented in Figure 8. The coefficient of variation allows the comparison of the
uncertainty range in different random variables. Therefore, along the major part of the FHS
the solid temperature is more affected by the prescribed uncertainty in the input parameters
than the gas temperature. No uncertainty in the reactive species composition is observed
far upstream from the catalyst inlet section. In the catalyst region the uncertainty in the
gas temperature dominates the solid temperature and the reactive species composition.
Moreover, the level of uncertainty in the gas and solid temperatures and the reactive species
composition declines towards the outlet section.

The selectivities of hydrogen and carbon monoxide are generally assumed as key param-
eters for monitoring the performance of the CPOx process. The hydrogen selectivity (SH2 )
and carbon monoxide selectivity (SCO) are evaluated with the bulk gas species composition
through the expressions (20) and (21), respectively:

SH2 = XH2,g

XH2,g + XH2O,g

(20)

SCO = XCO,g

XCO,g + XCO2,g

. (21)

Figure 9 shows the stochastic solution profiles for SH2 and SCO as well as their first-order
and the main contributive second-order expansion mode coefficients. Figure 9(a) reveals
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Figure 7. Stochastic solution profiles of bulk CH4 molar fraction: (a) ensemble mean, standard
deviation and error bars with 95% CI for the reference and extended URs; (b) most relevant expansion
mode coefficients for the reference UR. Stochastic solution profiles of bulk H2 molar fraction: (c)
ensemble mean, standard deviation and error bars with 95% CI for the reference and extended URs;
(d) most relevant expansion mode coefficients for the reference UR. (colour online)
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Figure 7. (Continued) (colour online)

that the SH2 ensemble mean profiles increase as the distance from the catalyst inlet section
increases due to an increase in the residence time that favours the progress of the slow
reforming reactions. An exception is however noticed very near the catalyst entrance section
(x ≤ 0.05 cm) where the ensemble mean profiles slightly decrease. This can be attributed
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Figure 8. Coefficient of variation for the stochastic solution profiles of gas and solid temperatures
and bulk gas reactive species composition. (colour online)

to an increase in the ω̇H2O/ω̇H2 ratio as Figure 4(a) suggests since the solid temperatures
(ensemble mean profiles) increase up to near the section x = 0.1 cm following an overall
promotion of the highly exothermic oxidation reactions that produce total oxidation species
(H2O and CO2) instead of partial oxidation products (H2 and CO). For both uncertainty
ranges the uncertainty in the stochastic SH2 solution profiles decreases from a maximum
value located at x � 0.35 cm towards the outlet section. As Figure 9(b) demonstrates, the
uncertainty assigned to the model input parameters aV , Fcat/geo and ε is decisive in the
stochastic solution profiles of SH2 .

Regarding the carbon monoxide selectivity (Figure 9(c)) the ensemble mean profiles
for the reference and extended URs present a maximum value within the catalyst bed (near
the section x = 0.4 cm). The maximum value registered is due to a change in the ratio
ω̇CO2/ω̇CO: during the first millimetres of the catalyst bed (x ≤ 0.4 cm) the net production
rate of CO is higher than the net production rate of CO2, while during the remaining
catalyst length the converse tendency is verified. The uncertainty level of the SCO stochastic
solution profiles is generally much lower than the uncertainty level observed for the case
of SH2 . After attaining a minimum uncertainty level at x = 0.62 cm, the uncertainty in
the SCO stochastic solution profiles slightly increases along the remaining region of the
catalyst bed reaching an uncertainty level comparable with the stochastic solution profiles
of SH2 (cv (SCO) � cv

(
SH2

)
) near the outlet section. As before, regarding the SH2 stochastic

solution profiles, aV , Fcat/geo and ε are the key parameters in the total uncertainty level
observed for SCO (see Figure 9(d)).

The fuel conversion level can be an indicator of the approximation to thermodynamic
equilibrium. Therefore, a value of 95% for methane conversion is chosen herein to identify
the catalyst length required to achieve thermodynamic equilibrium conditions. Figure 10(a)
shows the PDF of the reactor position where a fuel conversion equal to 95% is observed
(x

(
@XCH4 = 95%

)
) for the reference UR. It is noticed that in the mean stochastic case a

catalyst length of less than 1.0 cm is enough to attain such a fuel conversion level for the
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operating condition and variability range employed. A difference of about 0.4 cm is found
within the 95% CI envelope. It is concluded analysing Figure 10(b) that aV , Fcat/geo and ε

are the input parameters with more impact on finding the reactor length required to achieve
equilibrium conditions.

Since the momentum balance equation is not included in the mathematical model
scheme the pressure drop along the whole reactor can be estimated in a post-processing
stage of the deterministic solution with the Forchheimer equation considering the viscous
and inertial permeability parameters from Incera Garrido et al. [30] as expression (22)

Figure 9. Stochastic solution profiles of bulk H2 selectivity: (a) ensemble mean, standard deviation
and error bars with 95% CI for the reference and extended URs; (b) most relevant expansion mode
coefficients for the reference UR. Stochastic solution profiles of bulk CO selectivity: (c) ensemble
mean, standard deviation and error bars with 95% CI for the reference and extended URs; (d) most
relevant expansion mode coefficients for the reference UR. (colour online)
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Figure 9. (Continued) (colour online)

shows:

�P

�L
= μuε

(
1.42 × 10−4Dp[m]1.18ε7.00

)−1 + ρg (uε)2 (
0.89Dp[m]0.77ε4.42

)−1
. (22)

Figure 11(a) presents the PDF of the pressure drop in the whole reactor along with some
statistics for the reference UR. A mean value for pressure drop around 3200 Pa is observed
which is approximately 3% of the total pressure considered (atmospheric pressure) jus-
tifying the irrelevance of the pressure drop within the deterministic model formulation,
even for the highly dense foams considered. A pressure drop difference of about 5000 Pa
is noticed between the upper and bottom limits of the 95% CI envelope. Figure 11(b)
reveals the contribution of each first-order coefficient as well as the main contributive
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Figure 10. Stochastic solution of the axial reactor position where fuel conversion equals 95% for
the reference UR: (a) PDF along with 50 and 95% CIs, ensemble mean value, standard deviation and
skewness; (b) most relevant expansion mode coefficients. (colour online)
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Figure 11. Stochastic solution of the pressure drop in the whole reactor for the reference UR: (a)
PDF along with 50 and 95% CIs, ensemble mean value, standard deviation and skewness; (b) most
relevant expansion mode coefficients. (colour online)
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Figure 12. PDFs of the outlet reactor gas temperatures (reference UR) for the reference reactor
geometry (reference catalyst) and for a reactor composed by a shortened catalyst with 1.0 cm in
length (shortened catalyst). (colour online)

second-order coefficients. Porosity and pore diameter appear as the most important players
in the pressure drop uncertainty due to their direct influence on expression (22). Other input
uncertain parameters also induce an uncertainty due to their indirect impact on dynamic
viscosity, density and superficial velocity profiles.

It was seen before that as the distance from the catalyst entrance increases the uncertainty
in the stochastic temperature and species profiles tends to decrease and it becomes almost
negligible near the catalyst outlet section. However, it should be noted that uncertainty traces
in such variables at the outlet section will always be expected as long as the reactor operation
is far from the adiabatic regime. If the modelling purpose is merely the evaluation of the
outlet reactor conditions, then any uncertainty (even high) in the model input parameters
would vanish in the outlet stochastic model solution for a long-enough and adiabatic catalyst.
In such a situation, the outlet gas composition and temperature can be simply predicted
by a chemical equilibrium calculation. In a practical case where a specific catalyst length
and configuration are imposed, the impact of model input uncertainty on the outcome
solution at the outlet catalyst section is not known a priori. In this case, the deterministic
model solution computed with mean values can even indicate near the outlet section an
approximation to thermodynamic equilibrium (by flat species and thermal profiles) which
can cause a misleading interpretation of the impact of model input uncertainty on the
stochastic solution because a relatively high level of uncertainty at the outlet section can
always appear if the standard deviation of the input random parameters is high. Moreover,
for a given reactor geometry and configuration the uncertainty level in the outlet solution
variables is not only dependent on the applied variability ranges for the input random
variables but also on the operating conditions (see [17]).

Figure 12 shows two PDFs for the outlet gas temperatures (Tgas (x = 2.0 cm)) consid-
ering the reference UR: the left PDF is for the present reactor configuration (Figure 1),
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denoted the reference catalyst case, whereas the right PDF is for an equal reactor arrange-
ment but with a shortened catalyst length (Lcat = 1.0 cm) followed by a back heat shield
(LBHS = 1.0 cm), denoted the shortened catalyst case. Regarding the discussion launched
above about the influence of the catalyst length on the uncertainty level in reactor outlet
solution variables, Figure 12 shows that the limits of the stochastic outlet gas temperatures
(error bars) extend over a wider range in the shortened catalyst case than in the reference
catalyst case. Although not presented, this finding is common to the remaining determinis-
tic model dependent variables (surface temperature and species composition) at the outlet
section for the shortened catalyst case with the current operating condition.

A final remark should concern the uncertainty due to the inlet boundary conditions,
namely uncertainty in the gas phase balance equations due to an uncertainty in the feed
mixture composition and temperature. It is expected that this kind of uncertainty would
leave a significant mark, even for a long-enough and adiabatic catalyst (see [16]), contrary
to what was observed previously for the eight input random parameters considered. This
finds an explanation in the different chemical equilibrium states that are attained due to
the different inlet mixture conditions. In the present work, the variables relating to the
inlet mixture properties were considered without any uncertainty, mainly because it is not
realistic to consider them random, as would be the case for a biogas feed mixture or for an
anode off-gas from a fuel-cell in a post-combustion reactor. In the present case of methane
CPOx, one should know the inlet gas composition and temperature.

4. Conclusions

The uncertainty of eight 1D model input random parameters in the catalytic partial oxidation
of a methane–air mixture within a highly dense foam monolith reactor was quantified using
the non-intrusive spectral projection approach based on polynomial chaos expansion. The
selection of the input random variables and their variability is physically realistic.

It was observed regarding the stochastic temperature and mixture composition fields
that uncertainty in the final solution varies along the axial (main flow) reactor direction.
Among the random parameters that contributed most to the uncertainty observed in those
variables are the porosity, the specific surface area and the ratio between catalytic and
geometric surface area. Uncertainty in solid thermal conductivity and tortuosity led to
a marginal impact on those variables. The mean pore diameter, although needed for the
computation of external transport properties, did not play any important role in the final
stochastic solution. Uncertainty in the mean pore diameter only appeared to be signifi-
cant for the pressure drop along the whole monolith reactor. Regarding the uncertainty
applied in the radiative heat transfer properties, even though high, no important effect of
such uncertainty parameters was observed at all, even on the stochastic solid temperature
profile.

It was noticed, for the operating condition and variability ranges considered, that the
uncertainty in variables tends to become almost negligible at the outlet section due to the ap-
proximation to thermochemical equilibrium and because no uncertainty was prescribed for
the inlet gas mixture composition and temperature. One can anticipate that the uncertainty
assigned for the deterministic model input data vanishes from the outlet solution variables
for a long-enough and adiabatic catalyst. However, most often for economic and practical
reasons, catalysts are not so long for all operating conditions and variabilities applied on
the input random parameters, and then stochastic models provide a useful insight regarding
the expected ranges for the outlet solution variables.
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