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Introduction
Clustering and evaluation
“Organizing data into sensible groupings is one of the most fundamental modes of 
understanding and learning” (Jain 2010)

Cluster Analysis is a process designed to discover (or uncover) clusters of entities from a data 
set. Entities in each cluster should be similar to other entities in the same cluster and differ from 
entities belonging to other clusters. Different concepts of homogeneity-heterogeneity can be 
adopted

Partitions constitute the more popular clustering structure and are useful for several 
applications in very diverse domains.
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Introduction
Clustering and evaluation

HOW TO EVALUATE CLUSTERING SOLUTIONS?

the internal perspective, based only on information intrinsic to data: 

 Clusters should be homogeneous and well separated from other clusters

 Clusters should be stable and remain fairly unchanged when the clustering process is subject 
to minor modifications (e.g. alternative parameterizations of the algorithm, introducing noise in 
the data or considering different samples)

 the external perspective resorting to comparison with ground truth (for testing new clustering 
algorithms)

Indices of agreement (IA) are generally used in the context of clustering validation: they enable 
to evaluate external validity or the stability of a partition.
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Introduction
Evaluation of clustering stability

A variant of cross-validation procedure, using 
training and test weighted samples, helps 
evaluating stability in diverse samples 
(Cardoso and Carvalho 2009)
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Step Action Output
1 Perform training-test 

sample weighting
Weighted training and test 
samples

2 Cluster weighted 
training sample

Clusters in the weighted 
training sample

3 Cluster weighted test 
sample

Clusters in the weighted test 
sample

4 Obtain a contingency 
table between clusters 
obtained in 2. and 3.

Indices of agreement values,
indicators of stability



Introduction
Evaluation of clustering external validity
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G1 G2 G3

Setosa 0 50 0

Versicolor 45 0 5

Virginica 0 0 50

G1 G2 G3 total

Setosa 50 0 0 50

Versicolor 0 45 5 50

Virginica 0 0 50 50

Total 50 45 55 150

𝑃𝑒𝑟𝑐 𝑃𝑎
𝐾 , 𝑃𝑏
𝐾 =
50 + 45 + 50

150
= 96.7%

Iris (Fisher, 1936 ) 
– data set in 
UCI Machine Learning Repository

Partitions with equal numbers of clusters can, after 
permutation / matching, be compared using a simple
percent agreement



Introduction
Evaluation of clustering external validity
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The issue of agreement by chance between two nominal 
variables was first raised by Cohen (1960) on the interpretation 
of the index of percent agreement. He suggested adjusting this 
index and obtained the Kappa index which quantifies the 
divergence from a situation of independence and goes to zero 
when the agreement occurs by chance alone

G1 G2 G3 total

Setosa 50 0 0 50

Versicolor 0 45 5 50

Virginica 0 0 50 50

Total 50 45 55 150

G1 G2 G3

Setosa 16.7

Versicolor 15

Virginica 18.3

(50 × 50) / 150 = 16.7 
... 

 𝐾𝑎𝑝𝑝𝑎 𝑃𝑎
𝐾, 𝑃𝑏
𝐾 =

𝑃𝑒𝑟𝑐𝑎 𝑃𝑎
𝐾, 𝑃𝑏
𝐾 =

 𝑘=1
𝐾 𝑛𝑘𝑘
𝑛
−  𝑘=1
𝐾 𝑛𝑘+𝑛+𝑘

𝑛2

1− 𝑘=1
𝐾 𝑛𝑘+𝑛+𝑘

𝑛2

=0.95



Introduction
A note on visual aids for clustering evaluation
Visual aids can be very useful providing not only a representation of the agreement between 
partitions, but of the agreement between clusters of different partitions.

Recently it was proposed an approach that relies on a new measure of similarity between 
clusters of different partitions, corrected for agreement by chance. It resorts to MDU-
Multidimensional Unfolding and is able to compare clusterings with different numbers of groups 
and bring light on the relationship between the clusters of different partitions:

◦ Martins, A. and Cardoso, M. G. M. S. “Picturing agreement between clustering solutions using 
Multidimensional Unfolding: an application to greenhouse gas emissions data” (to appear) 
Journal of the Operational Research Society.
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Introduction
The proposed task

The analysis of diverse paired indices of agreement (Rand included)  
is expected to bring new insights on their behaviour, namely under 
the hypothesis of agreement occurring by chance, and support 
better decisions on the selection of IA for clustering validation.
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Paired indices of agreement
The paired indices of agreement considered are
based on the numbers of pairs of observations 
the two partitions agree to group (or not) 

PK groups together the
pair?

yes (1) no (0)

PQ groups
together
the pair?

yes (1) 𝑎11 𝑎10

no (0) 𝑎01 𝑎00
𝑎11 =

1

2
 𝑘=1
𝐾  𝑞=1

𝑄
𝑛𝑘𝑞
2 −

𝑛

2

𝑎10 =
1

2
 𝑘=1
𝐾 𝑛𝑘+

2 −  𝑘=1
𝐾  𝑞=1

𝑄
𝑛𝑘𝑞
2

𝑎01 =
1

2
 𝑞=1
𝑄
𝑛+𝑞
2 −  𝑘=1

𝐾  𝑞=1
𝑄
𝑛𝑘𝑞
2

𝑎00 =
1

2
𝑛2 + 

𝑘=1

𝐾

 

𝑞=1

𝑄

𝑛𝑘𝑞
2 −  

𝑞=1

𝑄

𝑛+𝑞
2 + 

𝑘=1

𝐾

𝑛𝑘+
2
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PK groups together the
pair?

yes (1) no (0)

PQ groups
together the pair?

yes (1) 𝑎11 𝑎10

no (0) 𝑎01 𝑎00

Paired indices of agreement
The most popular

Rand (1971) 𝑎11+𝑎00

𝑎11+𝑎10+𝑎01+𝑎00
=

𝑛
2
+2  𝑘=1

𝐾  𝑞=1
𝑄 𝑛𝑘𝑞

2
− 𝑘=1
𝐾 𝑛𝑘+

2
− 𝑞=1
𝑄 𝑛+𝑞

2
𝑛
2
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Index Formula

Jaccard (1908) 𝑎11
𝑎11 + 𝑎10 + 𝑎01

Kulczynski (1927) 1

2

𝒂𝟏𝟏
𝑎11 + 𝑎10

+
𝒂𝟏𝟏
𝑎11 + 𝑎01

Czekanowski (1932), 

Dice (1945)

2𝑎11
2𝑎11 + 𝑎10 + 𝑎01

Russell and Rao (1940) 𝑎11
𝑎11 + 𝑎10 + 𝑎01 + 𝑎00

Ochiai (1957),

Fowlkes and Mallows (1983) 

𝒂𝟏𝟏

(𝑎11 + 𝑎10)(𝑎11 + 𝑎01)

Rogers and Tanimoto (1960) 𝒂𝟏𝟏 + 𝑎00
𝑎11 + 𝑎00 + 2(𝑎10 + 𝑎01)

Index Formula

Sokal and Sneath (1963)  (1) 𝑎11𝑎00

𝑎11 + 𝑎10 𝑎11 + 𝑎01 𝑎00 + 𝑎10 (𝑎00 + 𝑎01)

Sokal and Sneath (1963) (2) 𝑎11
𝑎11 + 2(𝑎10 + 𝑎01)

Sokal and Sneath (1963) (3) 

Gower and Legendre (1986)

2 𝑎11 + 𝑎00
2 𝑎11 + 𝑎00 + 𝑎10 + 𝑎01

Sokal and Sneath (1963) (4) 1

4

𝒂𝟏𝟏
𝑎11 + 𝑎10

+
𝒂𝟏𝟏
𝑎11 + 𝑎01

+
𝒂𝟎𝟎
𝑎00 + 𝑎10

+
𝒂𝟎𝟎
𝑎00 + 𝑎01

Sokal and Michener (1958), 

Rand (1971)

𝑎11 + 𝑎00
𝑎11 + 𝑎10 + 𝑎01 + 𝑎00

Lamont and Grant (1979) 𝑎11
2𝑎11 + 𝑎10 + 𝑎01

Legendre and Legendre (1998) 3𝑎11
3𝑎11 + 𝑎10 + 𝑎01The 13 indices considered vary between 0 and 1

Paired indices of agreement
A (small) list
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Paired indices of agreement
Correction for agreement by chance
To evaluate external validity and stability of a clustering solution, the IA should 
be deducted of agreement by chance in order to provide reliable values.  

This correction may be conducted analytically for a limited set of indices, the 
correction of most IA being unavailable until recently (Amorim and Cardoso, 
2015).
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Paired indices of agreement
Correction for agreement by chance
An Index of Agreement (IA) should be deducted of its value under the agreement by chance 
hypothesis (H0):

𝐼𝐴𝑎 𝑃
𝐾 , 𝑃𝑄 =

𝐼𝐴 𝑃𝐾,𝑃𝑄 −𝐸𝐻0 𝐼𝐴 𝑃
𝐾, 𝑃𝑄

𝑀𝑎𝑥 𝐼𝐴 𝑃𝐾,𝑃𝑄 −𝐸𝐻0 𝐼𝐴 𝑃
𝐾, 𝑃𝑄

Note: agreement "by chance" refers, in this case, to the agreement under the hypothesis of 
independence (conditioned to row and column totals of the observed table) between partitions 
to be compared.
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Paired indices of agreement
Correction for agreement by chance
The Adjust Rand Index is analytically derived (Hubert and Arabie, 1985):

𝑅𝑎𝑛𝑑 𝑃𝐼
𝐾 , 𝑃𝐼𝐼
Q
=

𝑛
2
+2  𝑘=1

𝐾  𝑞=1
𝑄 𝑛𝑘𝑞

2
− 𝑘=1
𝐾 𝑛𝑘+

2
− 𝑞=1
𝑄 𝑛+𝑞

2
𝑛
2

and since

𝐸𝐻0  𝑘=1
𝐾  𝑞=1

𝑄 𝑛𝑘𝑞
2
=
 𝑘=1
𝐾 𝑛𝑘+

2
× 𝑞=1
𝑄 𝑛+𝑞

2
𝑛
2

𝑅𝑎𝑛𝑑𝑎 𝑃𝐼
𝐾, 𝑃𝐼𝐼
Q
=

 𝑘=1
𝐾  𝑞=1

𝑄 𝑛𝑘𝑞
2
−   𝑘=1
𝐾 𝑛𝑘+
2
 𝑞=1
𝑄 𝑛+𝑞
2

𝑛
2

1

2
 𝑘=1
𝐾 𝑛𝑘+
2
+ 𝑞=1
𝑄 𝑛+𝑞
2
−   𝑘=1
𝐾 𝑛𝑘+
2
 
𝑞=1
𝑄 𝑛+𝑞
2

𝑛
2
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A clustering example

 Clustering of countries with similar polluter profiles, based on greenhouse gas emissions per 
capita (in Gg CO2 equivalent) originating from each sector, over the years of 2005, 2008 and 
2011.

 Using EPA data EPA. (2016). "Greehouse Gas Emissions" 
https://www3.epa.gov/climatechange/ghgemissions/.

considering the following five sectors: energy, industrial processes, agriculture, LULUCF (Land 
Use, Land Use Change and Forestry) and waste.

• Note: The higher captures of emissions is characterized by the lower green gas emissions on 
LULUCF. In fact, the negative values in this sector means effective removals of greenhouse 
gases from atmosphere. 
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2005 2008 2011 2005 2008 2011

AT Austria CP OP RP RO Romania CP OP RP

BE Belgium CP OP RP SK Slovakia CP OP RP

BG Bulgaria CP OP RP TR Turkey CP OP RP

CH Switzerland CP OP RP EE Estonia CP HC HEC

CY Cyprus CP OP RP FI Finland CP HC HEC

CZ
Czech 
Republic

CP OP RP LT Lithuania CP HC HEC

DE Germany CP OP RP LV Latvia CP HC HEC

ES Spain CP OP RP NO Norway CP HC HEC

GB UK CP OP RP SE Sweden CP HC HEC

GR Greece CP OP RP SI Slovenia CP HC HEC

HR Croatia CP OP RP FR France CP HE RP

HU Hungary CP OP RP MT Malta CP HE RP

IT Italy CP OP RP DK Denmark MP HE RP

LI Liechtenstein CP OP RP LU Luxembourg MP HE HEC

NL Netherlands CP OP RP IE Ireland MP HE IcIr

PL Poland CP OP RP IS Iceland MP Ic IcIr

PT Portugal CP OP RP

2005:
CP – Common Pollutants
MP - Major Pollutants 

2008:
OP – Ordinary Pollutants 
HC - Higher  Captures of emissions 
HE - Higher Energy emissions
Ic – Iceland group; 

2011:
RP – Regular Pollutants 
HEC - Higher Energy and Captures 
of emissions 
IcIr – Iceland and Ireland
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The IADJUST procedure
enables to correct any index of agreement
The Rand index belongs to a L family of indices of agreement that provides a 
general framework for their adjustment (by their mean under H0) - (Albatineh
2010). 

Alternative approximate methods can be used when the mean under H0 is not
readily available – e.g.  the adjustment of the Jaccard index (not in the L family) 
resorts to a regression on 𝐶𝑧 (Czekanowski 1932) belonging to L - (Albatineh e 
Niewiadomska-Bugaj 2011)

In order to enable to accurately adjust any index of agreement, a strategy can be 
used that involves the simulation of cross-classification tables under the 
hypothesis of agreement by chance (H0) – IADJUST (Amorim and Cardoso, 2015)
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The IADJUST procedure
in a nutshell
 The IADJUST procedure begins by calculating the values of the indices, under 
study, associated to the observed cross-classification table (observed indices 
values 𝐼𝐴 𝑃𝐾, 𝑃𝑄 )

 17,000 tables are generated under H0, according to the Hypergeometric model. 

 For each generated table, the IA values are determined (simulated IA values) 
which enable obtaining, under H0, the empirical IA distribution (17,000 trials 
enable to obtain estimates of the p-values, i.e. the ratio between the number of 
simulated IA values greater than or equal to the IA observed value, with 99% 
confidence).

 Results obtained in different experimental scenarios show the high precision 
of IADJUST when compared to analytical solution (when available)

20



Indices behaviour in different clustering scenarios
Scenarios based on clusters’ separation and balance
The IADJUST is used to obtain the IA 
distributions, under H0 considering different 
clustering scenarios for 3 clusters (30 runs within 
each scenario)

The R MixSim package, is used to obtain the 
simulated data for clustering and control for the 
degree of overlap between clusters:

ωkk′ = ωk|k′ +ωk′|k

ωk′|k is the misclassification probability that one 
observation of a random vector originated from 
the kth component is wrongly assigned to the 
k’th component and ωk|k′ is defined similarly 
(Maitra and Melnykov, 2012)

EM is used for clustering (Rmixmod R package)

Separation Balance Scenario

Well separated Balanced 11

Moderately separated 21

Poorly separated 31

Well separated Unbalanced 12

Moderately separated 22

Poorly separated 32

21



Indices behaviour in different clustering scenarios:
mean of simulated 𝐼𝐴/ observed 𝐼𝐴
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Indices behaviour in different clustering scenarios:
means of 𝐼𝐴 vs. 𝐼𝐴𝑎
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The indices distribution under H0
Well separated scenario

BALANCED UNBALANCED
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RAND
RAND



The indices distribution under H0
Moderatly separated scenario

BALANCED UNBALANCED

RAND
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RAND



The indices distribution under H0
Poorly separated scenario

BALANCED
UNBALANCED
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When poorly separated clusters (/non clusters (?)) are considered,
the skewness in balanced scenarios almost disappears

RAND
RAND



A typology of indices?
Based on Location , Dispersion and Shape factors inter-scenarios

𝒙𝒊
𝒋

are Minimum, Maximum, Standard deviation, Median, Skewness and Kurtosis (under H0), 
interval data inter-scenarios 

𝒙𝒊
𝒋
= 𝑥𝑖

𝑗
, 𝑥𝑖
𝑗

for indices J-Jaccard, Kul-Kulczynski , Cz-Czekanowski , RR-Russell and Rao , RT-Rogers and
Tanimoto , FMG-Fager and McGowan, SS1-Sokal and Sneath , SS2- Sokal and Sneath , SS3-Sokal 
and Sneath , SS4-Sokal and Sneath , LG-Lamont and Grant , LG-Lamont and Grant , FM-Fowlkes
and Mallows , LL-Legendre and Legendre , 
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A typology of indices?
Based on Location , Dispersion and Shape factors inter-scenarios

Conducting an MDS we obtain a first insight on a 
possible typology of paired indices of agreement 
(sym.mds in RSDA R package is used)

Analysis is based on Hausdorff distance for 
interval data 

𝑑𝐻 𝑥𝑖
𝑗
, 𝑥𝑖′
𝑗
= 𝑚𝑎𝑥 𝑥𝑖

𝑗
− 𝑥𝑖′
𝑗
, 𝑥𝑖
𝑗
− 𝑥𝑖′
𝑗
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A typology of indices?
Based on Location , Dispersion and Shape factors inter-scenarios

 Since (symbolic) distributional characteristics of indices under H0 are potentially 
correlated, a Principal Components associated with these characteristics

The Centers method is used (sym.interval.pca in RSDA R package is used), classical 
PCA being conducted on 

𝒙𝒊
𝒋𝒄
=
𝑥𝑖
𝑗
+ 𝑥𝑖
𝑗

2
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A typology of indices?
Based on Location , Dispersion and Shape factors inter-scenarios

Conducting a hierarchical clustering analysis 
based on the Principal Components interval 
data (inter-scenarios), associated with the 
indices diverse distributional characteristics, 
we obtain a possible typology of paired indices 
of agreement (sym.hclust in RSDA R package is 
used) 
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A typology of indices?
Based on Location , Dispersion and Shape factors inter-scenarios

Under H0, Ga indices show:

 higher minima, maxima and median values

 higher standard deviation values, but lower 
coefficients of variation
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Ga



A typology of indices?
Based on Location , Dispersion and Shape factors inter-scenarios

Under H0, Gb indices show:

 lower minima, maxima and median values

 lower standard deviation values, but higher 
coefficients of variation

Slighly higher skewness

Slightly higher kurtosis
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A typology of indices?
Based on Location , Dispersion and Shape factors inter-scenarios

Under H0, Gc indices show:

 lower minima, maxima and median values

 lower dispersion
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Gc



Discussion and conclusions
The IADJUST procedure enabled to study the indices distribution under H0 and understand 
the paired indices behaviour in different clustering scenarios

All indices are sensitive to balance and thus, when balanced clusters are obtained, the 
adjustment by the median is preferable since the (positive) skewness increases

Preliminary results point to Gc indices - Lamont and Grant (1979) and Russell and Rao 
(1940) - as potential  better indices for clustering evaluation. 

A preliminary typology of indices was obtained based on their distributions under H0 and 
inter-scenarios. This topic deserves future research, integrating more indices and leading to 
more general conclusions, allowing to support the selection of paired indices of agreement 
for clustering evaluation.
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Index L family

Jaccard (1908)

Kulczynski (1927) L

Czekanowski (1932), 

Dice (1945)

L

Russell and Rao (1940) L

Ochiai (1957),

Fowlkes and Mallows (1983) 

L

Rogers and Tanimoto (1960)

Index L family

Sokal and Sneath (1963)  (1)

Sokal and Sneath (1963) (2)

Sokal and Sneath (1963) (3) 

Gower and Legendre (1986)

Sokal and Sneath (1963) (4) L

Sokal and Michener (1958), Rand (1971) L

Lamont and Grant (1979) L

Legendre and Legendre (1998)

The 13 indices considered vary between 0 and 1

Paired indices of agreement
A (small) list
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