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Data-driven machine learning models often require extensive datasets, which can be costly or
inaccessible, and their predictions may fail to comply with established physical laws. Current
approaches for incorporating physical priors mitigate these issues by penalizing deviations from
known physical laws, as in physics-informed neural networks, or by designing architectures that
automatically satisfy specific invariants. However, penalization approaches do not guarantee

compliance with physical constraints for unseen inputs, and invariant-based methods lack flexibility
and generality. We propose a physics-consistent machine learning method that directly enforces
compliance with physical principles by projecting model outputs onto the manifold defined by these
laws. This procedure ensures that predictions inherently adhere to the chosen physical constraints,
improving reliability and interpretability. Our method is demonstrated on two systems: a spring-mass
system and a low-temperature reactive plasma. Compared to purely data-driven models, our
approach reduces errors in physical law compliance, enhances predictive accuracy of physical
quantities, and outperforms alternatives when working with simpler models or limited datasets. The
proposed projection-based technique is versatile and can function independently or in conjunction
with existing physics-informed neural networks, offering an interpretable, general, and scalable
solution for developing fast and reliable surrogate models of complex physical systems, particularly in

resource-constrained scenarios.

The numerical simulation of physical models is prevalent in science and
engineering. These models mathematically represent a physical system,
typically by partial differential equations (PDEs) or a set of coupled ordinary
differential equations (ODEs). Their development aims at capturing the
essential physics of the system, predict its behavior, clarify the principles
underlying key observations, and guide experiment design, process opti-
mization and scientific discovery. Computer simulations explicitly solve the
differential equations that result from model development. However, they
often require solving complex systems of equations and become compu-
tationally expensive. Data-driven models have emerged as a promising
complement to direct simulations, due to their ability to handle intricate
nonlinear input-output relationships.

Machine learning methods are increasingly being used to construct
surrogate models for complex physical systems, in disciplines as varied as
materials science'~, fluid dynamics*, and low-temperature plasmas’™. The
reduced computational cost of surrogate models enables real-time control,
as quick predictions can be made without execution of the original model.
However, these surrogates often require large datasets, which may not be

available due to the high cost of data acquisition in practical applications,
while their predictive power degrades in the presence of noisy, sparse, or
dynamic data". Moreover, being solely dependent on the data provided
during the model training, the predictions may fail to comply with known
physical laws.

The introduction of physics-informed neural networks (PINNs) by
Raissi et al."" blends the causality and extrapolation capabilities of physics-
based models with the speed, flexibility, and high-dimensional capabilities
of neural networks (NNs). By incorporating physical priors described by
differential equations into the NN’s loss function, PINNs proved to be
effective in addressing a variety of practical engineering and scientific
challenges'*™'“. Still, as the physical constraints are introduced directly into
the NN during training, this approach does not guarantee that the outputs
for unseen inputs will satisfy the physical laws after the training process'” ™.
If some properties of the solutions are known, such as, e.g. energy con-
servation, it is possible to encode them in the network architecture'®*'~*,
However, the need to design specialized network architectures for each
system and a specific set of constraints makes it difficult to attain a general
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formulation enforcing adherence to the physical laws. Therefore, although
PINNS are currently used with success to solve PDEs, fractional equations,
integral-differential equations, and stochastic PDEs", approaches that
introduce general but robust physical laws into machine learning (ML)
models remain limited.

In this paper, we present an approach for physics-consistent machine
learning, motivated by the current limitations in both purely data-driven
methods and physics-informed models. Specifically, we focus on studying
the effect of projecting the output of an artificial NN onto the manifold
defined by a set of chosen physical constraints of the system. In this way, our
method leverages fundamental physical principles, such as energy or charge
conservation, to correct a posteriori the predictions of an ML model.
Consequently, this method ensures physically consistent predictions and
improved accuracy, provided the outputs are reasonably close to the
target value.

The projection operation is formulated as a constrained optimization
problem,

minimize || p — f(x; ®)||%/v
p 1)
s.t. glx,p)=0

where the ML parametric model is defined as y = f (x; ®) with x the input, y
the output, and @ is the model parameter vector, the physical laws are
defined by the constraint vector g(x, y) =0, and W is a symmetric positive
definite weighting matrix, i.e., || v||%, = v W, being essentially the metric
of the output space. The result of the optimization problem in Eq. (1) is
denoted by p, corresponding to the projection of the ML output onto the
physical manifold.

The projection method constitutes a highly flexible tool to develop fast
and reliable surrogate models of complex physical systems that comply with
an arbitrary set of physical laws. It enables the use of simpler ML models
and/or smaller datasets, while maintaining the same level of predictive
accuracy and requiring smaller computational times. Notice that the
approach is not restricted to NNs but can also be applied with generality to
other ML models, such as support vector regression, decision trees, or even
simple linear regression models.

We apply the projection method and study its performance in two
different physical systems, used as case studies. In the first one, we build an
artificial NN model to predict the time evolution of a spring-mass system
given an arbitrary initial condition. The predictions are then corrected by
projecting the output onto the manifold defined by energy conservation.
The second system is a highly complex and non-linear low-pressure oxygen
reactive plasma, created by a DC glow discharge. This system was recently
modeled and simulated in ref. 25 and provides an ideal testbed for the
proposed approach. In this case, we develop an artificial NN surrogate
model according to the reaction mechanism proposed in ref. 25, and project
the output onto the manifold defined by charge conservation, plasma quasi-
neutrality, and constant operating pressure.

Results demonstrate that the proposed approach ensures strict com-
pliance with general conservation laws while simultaneously improving
predictive accuracy. In the spring-mass system, the projection method
reduced the energy conservation error by more than four orders of mag-
nitude and improved state variable predictions by up to 72%. In the plasma
system case study, compliance errors with physical laws decreased by over 9
orders of magnitude. The projection step introduced a modest ~4% increase
in computation time when compared to the NN model, while achieving an
error reduction of up to ~64% in weaker models with simpler architectures.
Moreover, when comparing models trained with datasets of different sizes,
the computational cost was reduced by a factor of ~3.7 while maintaining a
nearly identical predictive accuracy. Consequently, these findings establish
projection-based physics-consistent machine learning as an interpretable
and general method for developing fast and reliable surrogate models in
data- and resource-constrained scenarios.

Results and discussion

Framework and workflow

A schematic workflow of our approach is illustrated in Fig. 1. Both systems
under study are described by a set of coupled ODEs, and their numerical
solution is used as the ground truth. We then train two models: an artificial
NN data-driven model (Fig. 1a), and a model where the physics priors are
included in the loss function, hereafter denoted asloss-based PINN (Fig. 1b).
Specifically, our method is applied as follows: (i) one input vector in pro-
vided to the already trained NN model and a prediction vector f (x; ©) is
obtained; (ii) p is initilized with the output vector f (x; ®); (iii) the con-
strained optimization problem is solved by Eq. (1) and the result of the
optimization is the corrected output vector p. This way, p is a point that lies
on the physical manifold and thus, by enforcing the physics constraint post-
training at inference time, we guarantee that the final prediction is physics-
consistent (Fig. 1c). Figure lc also makes clear the intuition behind the
projection method. The same process is applied to each point prediction of
the loss-based PINN.

The NN and the loss-based PINN models are used here as base models
to demonstrate the proposed projection method. Note, however, that our
approach is model-agnostic and can be applied to the predictions of any ML
model (e.g., support vector regression or linear regression), as it requires
only the physical laws, defined by g(x, p), and a point prediction from the
base model, denoted by f (x; ®). Moreover, it is worth emphasizing that our
loss-based PINN, where the physical constraints are very general physical
principles, corresponds to problems where the physics laws are more general
than in the usual application of PINNs and where PINNs have seldom been
tested.

Our analysis focuses on comparing the accuracy of the results
before and after the projection of the models’ predictions. Additionally,
we analyze the robustness of our method across varying model
complexity and training, and discuss the physical insight into the
underlying physics.

Case study 1: spring-mass system

This example highlights the ability of the projection method to handle
sequential predictions and how it corrects the trajectories as they gradually
deviate from the target values.

System description. The system consists of two masses, m; and m,,
connected in series by two springs with spring constants k; and k,, and
natural lengths L; and L,, respectively. The first spring is connected to a
fixed wall at one end and to mass m; at the other, while the second
spring connects the two masses. The masses are restricted to moving
along the x-axis, and there is no friction. The positions of 1, and m, along
the x-axis are denoted by x; and x,, and their velocities by v; and v,,
respectively. The forces exerted by the springs on the masses are deter-
mined by the displacements from their equilibrium positions, following
Hooke’s law.
The differential equations of motion are given by
{ m¥, = =k (x; — L) + ky(x; —x — Ly)
B ; @
myx, = —ky(x; —x; — L)

where X, and X, denote the accelerations of masses m; and m,. The time-
evolution of the system is determined from the solution of these equations,
with the initial conditions

x,(0) = X0,2

x1(0) =x, 1,
{ v,(0) = Yo,2 )

v (0) =vy 1,

Since there is no friction, the mechanical energy, E, defined by the sum of the
kinetic energy of the masses and the elastic potential energy, is conserved.
Hereafter we consider m; =1kg, m,=1kg, k;=5Nm™, k,=2Nm},
L,=05m,and L,=0.5m.
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Fig. 1 | Schematic workflow of the approach in
this study. a Artificial NN data-driven model y =
f{x; ®), where x represents the input vector, y is the
predicted output vector, and ® denotes the model
parameter vector. b Loss-based PINN model with a
regularization term in the loss function, where y;
represents the target output vector, y; represents the
predicted output vector, L, represents the data
loss term between the PINN's predicted outputs and
the target data, R; represents the residual associated
with the jth physical law, Ly, ; represents the
physics loss term regarding the jth physical law
imposed to the system, Lr,,;, represents the total
training loss function, which is a weighted sum
balancing data fitting and adherence to physical
constraints, and A; represents the weight factor given
to the jth physical law, with A = Zj\il A1

¢ Formulation and visualization of the projection
operation method as a constraint optimization
problem, with the projection of the output y of the
model onto the manifold defined by the constraint
vector g(x, y) =0, where W is a symmetric positive
weight matrix.
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Data generation. The artificial NN data-driven model takes as input a
state vector characterizing the state of the system at the current instant ¢
(i.e., defining the positions and velocities of both masses at time ¢), and
predicts the state vector at time ¢+ At, for fixed At. This procedure
enables the recursive determination of the complete trajectory from a
given initial condition, with time-resolution At = 50 ms, as a sequence of
transitions between states. We used an energy threshold E,,, = 5] to
create a set of allowed states for the system, corresponding to the range of
positions and velocities the masses can have with E < E, ... Eq. (2) was
solved using the classical fourth-order Runge-Kutta method (RK4), with
arbitrary initial conditions (3) ensuring that E<E,_ ..

Except otherwise noted, the dataset consists of N = 100,000 arbitrarily
generated input state vectors within the energy threshold and the corre-
sponding next states, determined by performing a single Runge-Kutta
computation up to time At (not to be confused with the Runge-Kutta time-
step). To reduce the impact of the difference in feature magnitude on the
model and make the training process more stable, we applied the min-max
normalization. Consequently, all features were scaled to the range [—1, 1].

Trajectory prediction. The trajectory of the system is defined by the
prediction of its state along 165 sequential time steps, i.e., 8.25s. The
general physical law considered in the loss-based PINN and in the pro-
jection method is energy conservation, which translates into the residual
R, = E(t) — E(0). The results of the four models on the four state-
variables and energy conservation are presented in Fig. 2a, b, respectively,
for the arbitrary initial condition xp;=—0.16m, xy,=0.09m,
Vo1 =—2.18 ms 'and vy, = —0.16 m s . The projection method applied
to the outputs of the NN reduces the root mean squared error (RMSE)
between the normalized predictions and normalized target values on the
four state variables by 49.5%, 71.7%, 21.7%, 42.6% for x;, v, X5, and v5,
respectively, when compared with the purely data-driven NN model.
The predictions are not only more accurate, but also physically con-
sistent, showing a reduction in the RMSE for the energy conservation law by

more than four orders of magnitude when compared with the NN model,
reducing the error from (7.99+0.35)x107"'] for the NN to
(1.96 £0.11) x 10 °J after the projection operation, as shown in Fig. 2c.
Additionally, the loss-based PINN shows a RMSE for energy conservation
of (8.16 £ 0.36) x 107" J, of the same order of magnitude as the data-driven
model alone.

To evaluate the robustness of the projection method, we tested 100
different arbitrary initial conditions from the test set and computed the
corresponding trajectories for 10 s. The performance metrics across state
variables and energy conservation for all four models are represented as
violin plots in Fig. 3. Clearly, the projected outputs consistently outperform
their non-projected counterparts. When comparing the four models, the
NN and PINN projections achieve similar RMSEs for all state variables, with
the average RMSEs reduced by approximately 33%, 42%, 17%, and 29% for
X1, V1, X2, and v, respectively, compared with the non-projected counter-
parts. Moreover, both projections improve energy conservation, with a
reduction in associated error by more than four orders of magnitude, from
~4x107'-2x 107, showcasing the ability of the method to achieve
physics-consistent predictions. Finally, to quantify the dispersion of the
RMSEs of the 100 trajectories around its mean value, their standard
deviation was computed and corresponds to the error bars in Fig. 3.
Although the distribution may deviate from a normal distribution, we
conclude the projection method also enhances the prediction stability, as
evidenced by consistently smaller standard deviations across most para-
meters (the only exception is the standard error of x, when comparing the
PINN with its projected counterpart, which slightly increases from
0.51x107%t0 0.52x 107%).

Additional information is given in Table 1, where we indicate the
percentage of initial conditions in which the projection method leads to an
improvement in the RMSE averaged over the four state variables (Riean)
and in the RMSE of all of the state variables simultaneously (R,y). Both the
NN and PINN projections produce identical improvement rates compared
to their respective base models, with ~96% of the trajectories showing
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Fig. 2 | Comparative analysis of the models’ per-
formance for a given initial condition of the
spring-mass system. a Predicted and target posi-
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These results indicate that the projection method consistently provides
better predictions than non-projected ones and suggest its benefits are
comparable regardless of the underlying base model (NN or loss-
based PINN).

Several aspects of this case study are worth highlighting. First, the
purely data-driven NN and the loss-based PINN yield similar results in the
prediction of the four state variables. Second, the loss-based PINN does not
reduce the error in energy conservation compared to the purely data-driven
NN, despite having the corresponding constraint in the loss function. Third,
the projection method consistently provides better predictions than the
non-projected ones, and its benefits are comparable regardless of the
underlying base model (NN or loss-based PINN). These trends are evident
in Fig. 3 and by comparing the first and second columns in Table 1. These
findings suggest that incorporating very general physical principles, such as
energy conservation, directly into the loss function as regularization terms
may not provide sufficient physical guidance to the model post-training
during testing. Somewhat counterintuitively, such an approach likely
expands rather than constrains the accessible output parameter space,
introducing optimization challenges that impair the model’s ability to
generalize to new observations. Consequently, while the data loss gradient
pushes the model parameters towards the ground truth output values, the

inclusion of a physics loss associated to a general law will likely perturb the
gradient direction away from the ground truth. Finally, the projection
enforces energy conservation, reducing the associated error by 4 orders of
magnitude.

Case study 2: low-temperature reactive plasma

This example demonstrates the ability of the projection method to handle
complex, high-dimensional, and strongly nonlinear systems. Additionally,
we draw on the underlying knowledge of the plasma system to interpret in
physical terms the impact of the projection operation on the model outputs.

System description. The system under study is an oxygen (O,) low-
temperature reactive plasma (LTP) created by a continuous DC glow
discharge operating at pressures in the range P € [0.1, 10] Torr, discharge
current I€[5 50]mA, in a long cylindrical tube of radius
R €[4,20] mm. As is typical for low-temperature molecular plasmas, the
system exhibits a variety of coupled energy pathways and elementary
processes, such as electron impact excitation and de-excitation, gas phase
and heterogeneous reactions, dissociation, molecule formation, ioniza-
tion, and charge transfer. A detailed set of reactions and corresponding
rate coefficients, validated against benchmark experiments, the so-called
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Fig. 3 | Comparative analysis of the models’ per-

formance for several initial conditions of the
spring-mass system. Distributions of root mean
square error (RMSE) of the four models for each
normalized state variable—positions (x;, x,) and
velocities (vy, v,)—and for energy conservation (E).

Each violin plot contains 100 trajectories and each

error bar corresponds to the standard deviation of
their RMSEs. Different colors refer to the predic-
tions of different models: data-driven NN (blue),
loss-based PINN (yellow), projection applied to the
NN predictions (red), projection applied to the
PINN predictions (purple).

PINN
mmmm NN projection
mmmm PINN projection
Mean £ Std

Table 1 | Improvement rates of the projection method over
base models for the spring-mass system

Rates NN — NN projection PINN — PINN projection
Rinean (%) 96 97
Rai (%) 60 61

Percentage of arbitrary initial conditions where the mean RMSE across the four state variables
(Rmean) improved, and where the RMSE improved simultaneously for all four state variables (Ray),
for: projected NN compared with NN and projected PINN compared with PINN.

reaction mechanism, was recently developed by T.C. Dias et al.”*, where
the experimental data for validation are also given. Herein, we consider
the kinetic scheme from ref. 25 without vibrational excitation, which
accounts for 12 species—electrons, ground-state molecules O,(X) and
atoms O(’P), electronically excited states O,(a'A,, b12;, Hz) and O('D),
ground-state ozone O3 and vibrationally excited ozone O}, negative ions
07, and positive O and O ions—and more than 85 elementary pro-
cesses. With the exception of the electron density, n,, the steady-state
concentrations of each species #; are obtained from the solution to the
coupled system of ODEs

d
% = Z |:(asi - bsi)ki H ”jb]} ) 4)

where ag; and b, are the stoichiometric coefficients of species s, as they
appear on the left- and right-hand sides of a reaction i, respectively. In
addition, the average gas temperature T, and the gas temperature near the
tube wall T, are calculated from the gas thermal balance equation, the
reduced electric field E/N, where N is the gas density, from the quasi-
neutrality condition, the electron drift velocity v4 and temperature T, as
integrals over the electron energy distribution function, and the electron
density from the discharge current. Further details are given in ref. 25.

Data generation. The models include three input features (P, I, and R)
and the 17 outputs just described. We generated the datasets with the
LisbOn Klnetics Chemistry+Boltzmann (LoKI-B+C) simulation
tool”?. Except otherwise noted, the dataset comprises N = 1000 uni-
formly distributed values across the three input features within their
specified boundaries. Similarly to the previous case, we applied the min-
max normalization to the features, scaling them to the range [—1, 1].
Moreover, we applied a log-transformation to the features demonstrating

skewness in their distribution. Further details on data generation and
preprocessing are given in the “Data pre-processing” subsection in the
“Methods” section.

Prediction of the steady-state plasma properties. The general phy-
sical laws constraining the system include: the ideal gas law, relating the
gas pressure (input) with the species densities and the gas temperature
(outputs); the imposed discharge current (input), expressing electric
charge conservation and relating its input value with the tube radius
(input), and with the drift velocity and electron density (outputs); and the
quasi-neutrality law, relating the electron density (output) with the
positive and negative ion densities (outputs). These laws can be repre-
sented by the residuals in Egs. (5)-(7), respectively,

R, =P— Z[X,.]kBTg )

R, = I — en,v R 6)

Ry =n,— Z[Xﬂ + Z[Xf] ?)
i 7

where [X;] is the density of species i, >~;[X;] is the total gas density given by
the sum of all the species densities, kg is the Boltzmann constant, e is the
charge of the electron, Y _,[X;] is the sum of the positively charged ion
population, and zj[Xj_] is the sum of the negatively charged ion
population.

The test-set results of the four models on the prediction of the 17 output
variables and on the three physical laws are shown in Fig. 4a, b, respectively,
expressed as root mean squared errors (RMSE). Applying the projection
method to NN predictions reduces the RMSE of compliance with physical
laws by more than 9 orders of magnitude, while improving predictive
accuracy of three of the output variables: 05(X), OF , and 7.. As it was the
case in the spring-mass system, imposing very general physical laws is
ineffective in guiding the loss-based PINN model, which is not able to
reduce the RMSE of compliance with physical laws (Fig. 4b) nor of the
predicted outputs, when compared with the NN model.

Figure 4c, d provides insight into the physical interpretation of the
results, by representing the main species in the mixture and examining the
effects of each physical constraint individually. Ground-state O,(X) mole-
cules constitute 88.3% of the total mixture, and the prediction of their
density improves primarily due to the ideal gas law constraint (5), which
explicitly accounts for species densities. Similarly, the electron density #,

Communications Physics| (2025)8:433


www.nature.com/commsphys

https://doi.org/10.1038/s42005-025-02329-1

Article

Fig. 4 | Steady-state feature estimation in the low-
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temperature reactive plasma system. a Test set

I NN projection
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results of the four models (NN (blue), loss-based
PINN (pink), projected NN (red), and projected
PINN (green)) when predicting the 17 outputs. The
predicted outputs include 11 species densities
(04(X) and atoms O(*P), electronically excited states
O,(a'A,, blZ;r, Hz) and O('D), ground-state ozone
O3 and vibrationally excited ozone O3, negative ions
O, and positive OF and O" ions), the average gas
temperature T, and the gas temperature near the
tube wall Ty, the reduced electric field E/N, where N oY \2 ‘\O
is the gas density, the electron drift velocity v4 and
temperature T, and the electron density 7. b Test (b)
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set results of the four models when evaluating the
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when the projection method was applied to the NN
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of the NN (blue), the projection when the three
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benefits from the imposition of the discharge current constraint (6), as it
appears directly in the expression of this law. Finally, O constitutes
<0.0001% of the gas mixture and, as expected, remains unaffected by the
ideal gas law (5). It is the dominant positive ion by at least 2 orders of
magnitude”, making its prediction inherently sensitive to the quasi-
neutrality condition (7). However, this constraint alone is insufficient to
correct the prediction, as the electron density sets an “anchor” for the total
ion density. Therefore, the accuracy of the O; density in the projection
method is coupled with the prediction of 7., and both the discharge current
(6) and quasi-neutrality (7) laws are required to improve the model’s per-
formance regarding this output.

Robustness of the projection method

With sufficient training time and a sufficiently complex architecture,
a neural network can produce predictions that closely approximate
the target values, reducing (or even eliminating) the need for post-
training corrections. Conversely, a poorly trained model may yield
predictions that deviate significantly from the manifold defined by
the physical laws, making the projection operation ineffective or
leading to ambiguities associated with multiple possible solutions. In
this section, we analyze the robustness of the projection method with
respect to model complexity, quantified by the number of NN
parameters (i.e., weights and biases) and the size of the training
dataset. The results focus on the low-temperature reactive plasma
system described in the “Case study 2: low-temperature reactive
plasma” subsection in the “Results and discussion” section.

Ablation study. We start by comparing the errors before and after
applying the projection operation to the NN predictions, considering

models with different complexities. In order to guarantee a comparable
analysis between the models, we considered 18 different architectures,
each with 2 hidden layers and a number of neurons ranging from 1 to
1000 in the hidden layers. Both hidden layers have the same number of
neurons. For each architecture, 1 NN model was trained with a dataset
consisting of N = 1000 data points.

Figure 5a.i shows the RMSE of the predictions of the NN and of the
projection method as a function of the number of parameters in the model.
These values are calculated by averaging the errors across the 17 outputs.
The “RMSE variation rate” is defined as the relative change in RMSE after
performing the projection and is considered negative if the RMSE decreases.
Figure 5a.ii provides a similar analysis, but for the 3 outputs that improved
the most after applying the projection operation, as opposed to the mean of
all outputs. The graphs show that the NN projection consistently achieves
lower RMSE than the standard NN. The improvement is particularly pro-
nounced for O,(X), OF and 7, predictions, in simpler models with fewer
parameters (~10%). As the number of parameters increases to 10°, both
methods reach a performance plateau, and the advantage of the projection
method becomes marginal, though it still yields slightly better predictions.
These results suggest that the projection method is particularly beneficial for
more constrained, and hence computationally more efficient, NN
architectures.

Itis instructive to analyze the predictions of pressure-dependent trends
for fixed discharge current and tube radius. Figure 5b.i-iii illustrates how
NN architectures of increasing complexity predict #. as a function of
pressure for I =30 mA and R = 12 mm, and benchmarks these predictions
to LoKI simulation values. In the simplest architecture (Fig. 5b.i), the pre-
dictions of the NN deviate significantly from the targets in both magnitude
and trend (RMSE = 2.55 x 10~?). Despite this poor initial performance, the
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Fig. 5 | Comparative analysis of the low-
temperature reactive plasma system’s model per-
formance before and after applying the projection
operation to the NN outputs. a RMSE of the NN
and the NN projection as a function of the model
complexity (number of weights and biases in the NN
architecture). Blue solid lines with circle markers
represent the NN predictions, red dashed lines with
circle markers represent the projected NN predic-
tions. The green solid line with circle markers in (i)
represents the error variation rate before and after
applying the projection to the NN outputs. b NN
and NN projection pressure related trends of the
electron density, #,, for I =30 mA, R =12 mm, and
the following NN architectures: (i) [8,8]; (ii) [26,26];
(iii) [1000,1000]. The target values (red crosses) are
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projection successfully aligns the predictions with the LoKI targets
(RMSE = 0.53 x 10"?), albeit with a visible lack of smoothness. In the
intermediate case (Fig. 5b.ii), the projection method smooths the noisy NN
curve, reducing the RMSE in ~57%. Finally, in the most complex archi-
tecture (Fig. 5b.ii), the NN starts to align with the target values, indicating
that sufficient model complexity can compensate for the absence of explicit
physical information, though at the cost of increased computational
resources.

Small samples. We now compare the errors before and after applying
the projection operation to the NN predictions, considering training
datasets with different sizes. In order to guarantee a comparable analysis
between the models, an architecture with 2 hidden layers and 50 neurons
in each layer was used. To mitigate randomness associated with a specific
dataset sample, 20 random samples are drawn for each dataset size from a
larger dataset. The NN model is then trained on each sample, and the
trained models are evaluated on a test set to obtain errors for each of the
17 outputs. The results are shown in Fig. 6a.i, where each point represents
the mean error across the 20 samples for each dataset size, considering the
average performance on the 17 output predictions. Furthermore, 11
different dataset sizes were analyzed, ranging from 20 to 2500 observa-
tions. The aggregate RMSE across all 17 output quantities decreases
consistently as the dataset size grows, with both methods showing similar
rates of improvement. The projection method maintains a persistent
advantage of approximately —2.4% to —2.8% in RMSE variation rate
compared with the NN.

Figure 6a.ii depicts a similar RMSE analysis as in Fig. 6a.i, but for the
three most relevant individual outputs. A similar conclusion as in the pre-
vious section can be drawn: the projected predictions outperform the non-
projected counterparts, particularly for smaller dataset sizes, where the
model benefits the most from the addition of physical constraints. This is
further confirmed by inspection of Fig. 6b, representing the predictions of
the electron density as a function of pressure, for the same discharge current
and tube radius as in Fig. 5b. With limited training data (Fig. 6b.i), the NN
predicts a nonphysical behavior at higher pressures, with a sharp decrease
above 800 Pa that contradicts the expected saturation pattern. In contrast,
the projection method maintains physically sound predictions across the
entire pressure range, effectively compensating for the scarce training data.
As expected, the accuracy of the NN progressively improves when trained
remain more accurate and consistently aligned with physical expectations.
These results demonstrate the role of the projection method as an efficient
procedure to include physical constraints into the predictions in scenarios
where scarce data is available, maintaining physically meaningful predic-
tions and substantial error reductions with limited training samples.

Computation time. To evaluate the computational performance of our
approach, we compare the total computation time required by both the
NN and the NN projection methods. Figure 7a depicts the mean RMSE of
the predictions for O,(X), OF , and 7. as a function of the time required to
train the models of varying complexity (described in the “Ablation study”
subsection in the “Results and discussion” section) and to evaluate their
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Fig. 6 | Comparative analysis of the low-
temperature reactive plasma system’s model per-
formance before and after applying the projection
operation to the NN outputs. a RMSE of the NN
and the NN projection as a function of the dataset
size. Blue solid lines with circle markers represent
the NN predictions, red dashed lines with circle
markers represent the projected NN predictions.
The green solid line with circle markers in (i)
represents the error variation rate before and after
applying the projection to the NN outputs. b NN
and NN projection pressure related trends of the
electron density, n, for =30 mA, R=12 mm, and
the following dataset sizes: (i) 200; (ii) 600; (iii) 2500.
The target values (red crosses) are obtained from
LisbOn Klnetics (LoKI) simulation tool. Blue solid
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predictions in a test set. For the NN projection method, the total com- Conclusions

putation time includes the NN training and inference times, as well as the
additional time required to project the outputs onto the physically con-
sistent manifold. The curves correspond to an exponential fitting func-
tion to the data and are merely a guide to the eye. We observe that models
with longer training times benefit the most from the projection method.
Moreover, on average, the projection step takes only 1.75 s for a dataset of
500 observations, which corresponds to a modest 4.33% increase in the
total computation time when compared with the NN model. This slight
increase in computation time of the projection method comes with a
reduction of the RMSE by an average of 32.08%, with improvements
reaching up to 63.86% in simpler architectures that require more epochs
to converge.

Figure 7b illustrates the mean RMSE of the predictions as a function of
the total time required to generate data sets of different sizes (described in
the “Small samples: subsection in the “Results and discussion” section), train
the models, and evaluate their predictions in a test set. As expected,
increasing the dataset size leads to lower RMSE values for both models, but
at the cost of significantly longer computation times. Clearly, the NN pro-
jection is computationally more efficient than the purely data-driven NN,
despite the additional projection step. As an example, the NN trained with
200 observations achieved an RMSE of 0.050, requiring a total computation
time of 4913 s. In contrast, applying the projection method to the predic-
tions of the NN trained with only 50 observations resulted in a comparable
RMSE of 0.048, but with a significantly reduced computation time of 1338 s.
This represents a reduction in computational cost by a factor of ~3.7 while
maintaining a nearly identical predictive accuracy.

We introduced a flexible and effective mechanism to improve the quality of
the predictions of machine learning surrogate physical models. The
approach is based on projecting the model output onto the manifold defined
by an arbitrary number of general physical laws, correcting the predictions
after the training process, at prediction time. We established the proof-of-
concept of our method using neural networks and two case studies, a spring-
mass system and a low-temperature reactive plasma. We consistently
confirmed the hypothesis that our technique produces physically consistent
and scientifically sound results, improves generalizability, and increases
efficiency by reducing the computational and data resources necessary to
build the surrogate models. Moreover, adding or removing physical con-
straints merely alters the projection manifold for the post-training predic-
tions, without requiring any modifications to the initial model. This
flexibility allows for deeper physical insight and clearer interpretation of the
physical results.

Our physics-consistent machine learning projection method can be
used independently or as a complement to physics-informed neural net-
works. For the specific systems under study, PINN’s approach of introdu-
cing physical information directly into the loss function during training was
ineffective in reducing predictive errors. This result indicates that inclusion
in the loss function of physically strong but very general laws, such as energy
and charge conservation, can bring additional optimization challenges and
make post-training projections more appropriate. The difficulty is likely
associated with an expansion (rather than a restriction) of accessible output
parameter space related to these universal laws. This may occur because,
when the training data already adheres to these laws, incorporating them as
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Fig. 7 | Comparative analysis of the mean RMSE of
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regularization terms adds no new meaningful information to the system.
Further research is needed to clarify this issue. Notwithstanding, synergy
between PINNs and the projection method is expected. While remaining
largely unexplored, it holds the promise of further leveraging artificial
intelligence to address scientific and practical engineering problems, espe-
cially in contexts of limited resources.

In this work, the projection method was applied to the output of the ML
model post-training, rather than being integrated into the training process.
Incorporating this approach in a unified manner could potentially enhance
the model’s generalizability and convergence speed, representing a pro-
mising direction for further research. Additionally, concerning certain data
features that are known to present challenges for artificial neural networks,
such as high-frequency signals, future work will focus on evaluating how our
methodology can improve learning under such conditions.

Methods

Data pre-processing

For both the spring-mass and the low-temperature reactive plasma (LTP)
systems, we used min-max scaling normalizing features to the [—1, 1]
interval, thereby ensuring equal contribution from all features to the loss
function and mitigating magnitude disparities. In addition, the LTP system
exhibited skewness, particularly evident in low-pressure regimes. We
quantified this skewness for each output variable and applied logarithmic
transformations when the skewness exceeded a predetermined threshold.
This transformation was necessary for several output parameters, specifi-
cally O('D), O, E/N, and T..

Model training and optimization

In both case studies, fully connected feed-forward NNs were implemented
in PyTorch. Moreover, a standard train-test-validation split of the dataset
was performed to evaluate model performance, with 80% allocated for
training, 10% for validation, and 10% for testing. For the relatively
straightforward spring-mass system, we set a fixed training duration of 60

epochs. In turn, an early stopping criterion is used in the modeling of the
highly complex LTP system. The implemented early stopping criterion
follows Prechelt’s PQ, early stopping method”, an approach that aims to
balance the trade-off between training time and generalization performance.
The implementation handles special cases such as insufficient epochs and
zero training progress scenarios, with the threshold parameter « controlling
stopping sensitivity. Xavier’s initial value® is used as the initial NN para-
meters, which are updated using the gradient-based algorithm Adam®.

Spring-mass system. In the spring-mass system from the “Case study
1” subsection in the “Results and discussion” section, the NN takes the
system’s current state variables (x;, v, X, v) and predicts the state
variables in the following state. We use a standard mean squared error
(MSE) loss function for the NN training, while for the training of the loss-
based PINN an additional loss function is defined as the residuals of the
energy conservation law (cf. Fig. 1b). In this way, the loss terms are
written as

L = MSE(Eoutv Ein) 8)

physics

Edata = MSE(younj/) (9)

(10)

Etotal =(1- /\physics) : ‘Cdata + /\physics ' Ephysics

where E,,; and Ej, are the system energies calculated from the output and
input state variables, respectively, and Aphysics is the positive weighting
parameter given to the energy conservation constraint defined in [0, 1].
To determine Appysics We conducted a grid search over more than 10
orders of magnitude to systematically assess its influence on the loss-based
PINN model performance on a validation set. By covering the entire search
space, this approach provides a transparent method for studying the trade-

off between L, and L. As shown in Fig. 8, both Lg,, and Ly
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exhibit limited sensitivity to Appysics except when its value is ~1, where
increasing Aphysics leads to a degradation in performance. Specifically, no
clear minimum is observed across the scanned range, and neither metric
shows consistent improvement relative to the standard NN (i.e., Aphysics = 0)-
These results suggest that, for the physical system under study and the
particular formulation of the loss-based PINN, the inclusion of a physics
regularization term does not improve either data generalization or physical
compliance on new observations. Accordingly, for the analysis in the “Case
study 1: spring-mass system” subsection in the “Results and discussion”
section, we selected Appysics = 0.005, a value that ensures that Ly, and
L jrysics are balanced in terms of order of magnitude, so that they make
similar contributions to the training process.

The same NN structure was used for all examples. Leaky ReLU acti-
vation functions were applied between the fully connected layers of sizes [22,
98, 9]. The learning rate in the Adam algorithm® was set to # = 0.0001.
Finally, a maximum number of 60 training epochs was defined to allow the
comparison between models.

Low-temperature reactive plasma. In the system studied in the “Case
study 2: low-temperature reactive plasma” subsection in the “Results and
discussion” section, we use a standard mean squared error (MSE) loss
function for the NN training, as before. Regarding the training of the loss-
based PINN, we define a loss function as the residuals of each of the three
physical laws (5)-(7). The corresponding terms are written as

EP = I\ASE(Pout7 Pin) )
l:I = MSE(IouUIin) (12)
ﬁne = MSE(”&,ouN ni,out) (13)

where P, and I, are the input pressure and discharge current, respectively,
Py and I, are calculated from the output predictions and input features
(see Egs. (5) and (6)), e o is the predicted electron density and #; o, is the
predicted difference between the total positive and negative ion densities
(see Eq. (7)). Consequently, the total loss function associated with the
physical constraints is given by

Aphysics = /\P + /11 + /\ne (14)

L :/\P"C’P+/\I"CI+AnE'£nE (15)

where Ap, A;, and A, are positive weighting parameters given to each phy-
sical constraint defined in Aphysics € [0, 1), while L, and L, are given as
before, by Egs. (9) and (10). We have carried out a study on the effect of
Aphysics on the loss function, similar to the one discussed in the “Spring-mass
system” subsection in the “Methods” section. As before, there was no clear
correlation between the value of Apygics and the performance of the loss-
based PINN model in the validation set. Therefore, Ahysics Was selected to
balance in terms of orders of magnitude the values of Ly, and £, in
L,o1a1- Moreover, the same weight was given to each of the three laws, being
Aphysics = 0.015.

The same NN structure, with Leaky ReLU activation functions applied
between 2 fully connected layers of sizes [50, 50], is used for all examples,
except for the analysis in the “Ablation study” subsection in the “Results and
discussion” section. The learning rate is updated dynamically to ensure a
more efficient training process. In this way, by monitoring the convergence
of the validation loss during the training process, the learning rate is reduced
by a factor of 10 when the validation loss reaches a plateau.

Finally, to reduce the dependence on the seed selection and to obtain
statistically significant results, a bootstrapped model was trained. In parti-
cular, in the results in the “Prediction of the steady-state plasma properties”
subsection in the “Results and discussion” section, N =30 different NN
models initialized with different seeds are trained. The final model predic-
tion is given by the mean of the individual predictions of the N models, and a

physics

quantification of the uncertainty of the prediction is obtained by computing
the corresponding standard deviation.

The projection method

Our projection method can be formalized as follows. Consider an ML
parametric model y = f (x; ®), where x is the input, y the output, and @ is the
model parameter vector. Given a set D = {(xy,y,)} of datapoints for
training and assuming a loss function £(y, , ¥, ), training the model amounts
to solving the optimization problem

minimize Z L(y,f(x;0)). (16)
(x,9)eD

Additionally, the requirement that a set of physical laws relating both xand y
must be satisfied is considered. This requirement can be expressed as a
vector-valued constraint function g (x, y) that is zero if, and only if, those
physical laws are satisfied, i.e., g (x, y) = 0. Even though the input dataset D
might satisfy this constraint, there is no a priori guarantee that the ML model
fwill output values that satisfy these laws.

One common approach to add physical information to an ML model is
to include in the loss function £ a regularization term that penalizes vio-
lations of the physical constraints. However, once the model is trained, there
is still no guarantee that the outputs for unseen inputs satisfy those con-
straints. Moreover, if the physical laws are too general, they may fail to guide
the NN and improve its predictions, as shown in this work. Here, we follow
an alternative procedure that explores the idea of projecting the output y of
the model onto the manifold defined by the constraint g(x, y) = 0.

The projection operation is formulated as the constraint optimization
problem defined by Eq. (1) and was implemented using CasADI opti stack™.
Specifically, the nonlinear programming solver IPOPT was used to solve the
optimization problem with tolerances set to 10~* for the LTP system and
107 for the spring-mass system. In addition, all along the paper we per-
formed the projection with the identity matrix, W = 1. Strategies for
optimizing the projection with a different weighting matrix can be explored
and are left for future work.

Data availability
The datasets generated in this study are available on Github [https://github.
com/matildevalente/physics_consistent_machine_learning].

Code availability

The code that supports the findings in this study is available on Github
[https://github.com/matildevalente/physics_consistent_machine_
learning].
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