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Radiation From a Hertzian Dipole Embedded
in a Wire-Medium Slab

Yang Li, Member, IEEE, and Mario G. Silveirinha, Member, IEEE

Abstract—The radiated field expression for a short vertical elec-
tric dipole embedded in a wire-medium slab is derived using an ef-
fective medium approach. The dispersion characteristic equation
of wave modes is presented, and the propagation and attenuation
constants of each propagating mode are determined. Both a surface
wave and a leaky wave are shown to propagate in the wire-medium
slab. Near- and far-field distributions of the wave modes are com-
puted and compared to full-wave simulation results.

Index Terms—Effective medium theory, leaky wave, propaga-
tion, radiation, surface wave, wire-medium slab.

I. INTRODUCTION

WIRE-MEDIUM slab, also known as metal cut-wire
array, refers to a Fakir’s bed of nails substrate formed by
perfect electric conductor (PEC) wires. The structure has re-
ceived considerable attention in recent years for its applications
as a negative-permittivity (ENG) metamaterial and electromag-
netic band-gap (EBG) structure [1], [2]. Previously, researchers
have investigated wave propagation in the wire-medium slab by
solving a scattering problem with plane-wave incidence upon
the slab [3] or by solving a source-free spectral problem [4].
In either way, the dispersion equation of wave modes was de-
rived, and propagation mechanisms were identified. However,
the theoretical problem of radiation from a dipole source in
the wire-medium slab remains unsolved, and its solution can
provide further physical insights into wave propagation and
radiation in this structure.
In this letter, we set to characterize the radiation field of
a vertical Hertzian dipole embedded in a wire-medium slab.
In [5] and [6], Burghignoli et al. examined dipole source
radiation from a different type of wire-medium slab using a
transverse equivalent network representation and found that
directive leaky-wave radiation can be achieved given the dipole
excitation. In their wire-medium setup, the PEC wires are
parallel to the air—slab interface, and as a result, no surface
wave can be excited in the long wavelength regime. In our
wire-medium slab, the PEC wires are perpendicular to the
air—slab interface, and both surface wave and leaky wave can
be supported along the structure.
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Fig. 1. Wire-medium slab setup. (a) Side view. (b) Top view.

This letter is organized as follows. In Section II, the radiation
field from a dipole source in the wire-medium slab is formulated
using an effective medium approach. The strong spatial disper-
sion inherent to the wire-medium is taken into account in the
derivation. In Section III, the dispersion characteristic equation
of wave modes is presented and solved. Both a surface wave
and a leaky wave are shown to propagate in this structure at
specific frequency bands. Near and far radiated electric fields
are computed at different frequencies and locations. The results
are compared to full-wave simulations. Section IV summarizes
our findings.

II. FORMULATION OF THE PROBLEM

Fig. 1 shows the wire-medium slab geometry setup. The wire
height and spacing between wires are 5 and a, respectively. The
source embedded inside the slab is a vertical Hertzian dipole

with current density 7 (]_ Jwped(x)d(y)6(z)2, where p, rep-

resents the electric dipole moment ¢ ). The dipole is placed
at height h, above the ground plane, and at height /., below the
air—slab interface. The permittivity of the host medium is €y,.
To find the radiation field from the dipole source, we first
define an intermediate potential function ®, using the electric

field F that can be expressed as

E P
— = w?pu,Pi + V<d ) )]
De dz

The potential function ¢ is simply related to the magnetic
vector potential A, as A, = jwp.,P and can be found from
its spectral-domain counterpart ® by taking inverse Fourier
transform. In a previous work [7], the spectral-domain potential
function @ for an unbounded PEC wire-medium (formed by
infinitely long wires) was found to be (1/2vyryg)e 7%l
where vy = 4 /k2 + k” k% is the propagation constant of
the transverse magnetic (TM) mode, %, is the plasmonic cutoff

S+

wavenumber, kj = s

and k, = w\/locyL. Based on
this finding, we first derive ® for a half-space, infinitely long
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wire medium (i.e., k, — oc in Fig. 1(a)) using the method of
images

1
2vTM™

P = e~ yTM|Z] + oYM |2 42he|

29TM™ @

Motivated by (2), the knowledge that both TM and TEM
modes can be excited in the wire-medium slab, and the tan-
gential electric field of the TEM and TM modes must vanish
independently at the ground-plane level z = —hg [3], [4], we
propose the following ® for the geometry of Fig. 1:

1

(i) — _e*"/TM\Z\ L e M | 242k |

2yTv 2ytM™

+ Atem cosh(yrem(z + hs))

+ Brm cosh(yrm(z + hs)), z<hy (3.a)
d =Te Gl o5 p, (3.b)

where yTpm = jkn is the propagation constant of the TEM
mode, vo = kﬁ — k2, and Atgm, By, and T are unknown
coefficients that can be determined by imposing the following
three boundary conditions at the slab—air interface z = h,.
1) The continuity of the tangential component of the mag-
netic field at the interface requires that & is continuous.
Therefore

1

2yrm
+ Argm cosh(yremh) + By cosh{yrmh) = T.

(G*VTM\hal 4o /Tlvllha+2hs\)

(4.2)

2) The continuity of the tangential components of the elec-
tric field at the interface requires that (1/ep,(2))(0®/0z2)
is continuous, which results in

1
- Fa =T | ha+2he 2
—(e Tt emrmlhat2hely _ Arpyypmy sinh(yrenmh)

) €
_BTM”YTM Slllh ("YTMh) = i’VoT (4b)
3) An additional boundary condition (ABC), which ensures

that the microscopic current at the ends of the wires van-
ishes, is imposed [8]. The ABC is equivalent to state that
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ki® + (0*®/027) is continuous at the interface, which
yields

YIM  —~vpagha | —vru |hat2he 2
) (¢ TRt rra et D)+ ArenYien cosh(yremh)

‘I’BTM'Y%M COSh(’YTMh) = (’Yg + ]f% — ]ﬁ%)T (4C)

By solving the linear system (4), Areym, B, and T can
be found as shown at the bottom of the page, where v, =

ki =k, and Q = (1/2)(e7mmhe 4 gTrmihetzhud),
Furthermore, we note that & = ®(k,, k,) is only depen-
dent on k| = , /&2 + k2. Therefore, it is possible to com-

pute ® as follows:

(21)2 / / G I ke tho ) gk,
T

OC

D(ky ) Jo(kyp)ky dky

b =

= o ), (%)
where p = y/x2 + 42 and .J; is the first-kind Bessel func-
tion. This completes the formulation of our problem. To
find the fields radiated by the dipole, one needs to numeri-
cally evaluate the Sommerfeld-type integral in (5).

IIT. RADIATED NEAR AND FAR FIELDS IN WIRE-MEDIUM SLAB

To validate the above derivations and illustrate how a wave
propagates in a wire-medium slab, we compute dispersion
characteristics and field distributions of natural modes at dif-
ferent frequencies and positions and compare the theoretical
predictions to full-wave simulations. In this example, the wire
height %, spacing between wires «, and wire radius r are set to
be 9 cm, 6 cm, and 2.5 mm, respectively. The dipole source is
placed at the ground level (hs; = 0 cm, 2, = 9 cm). The host
medium is air with €, = &g.

It can be shown that for the indicated structural parame-
ters, a surface wave will propagate inside the slab below the
quarter-wave wire-length resonance frequency 830 MHz, and
an improper forward complex leaky wave will dominate at fre-
quencies above the plasmonic cutoff frequency 1670 MHz [4].

AtEM

Q (’7121 - ’Y”ZrM) [cosh (vpy;P) + sinh(yraih)]

yrEM(; —¥w)cosh(yrasinh(yppy ) +cosh(yremh) [‘Z—’Ho (et — Y cosh(ranh) +yrm O gy —7i)sinh Gty h»)]
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Fig. 2. Propagation characteristics. (a) Surface wave. (b) Leaky wave.

Below this frequency, the leaky wave becomes a proper back-
ward leaky mode. Other branches of the surface wave can
propagate in the leaky-wave regime, but since the leaky wave
is dominantly excited, these are not discussed here. Moreover,
complex wavenumbers (k = 3 — ja) of both the surface- and
leaky-wave modes can be computed by solving the following
characteristic equation that corresponds to the pole of the
integrand ® in (5):

Eh .
YTEM (’Y}% - W"ZEM) tanh(yremh) + E_U’YO (’Y%EM - 'Y%M)

+yry (View — i) tanh (ypah) = 0. (6)

Fig. 2(a) plots the normalized propagation constants 3 and
attenuation constants « of the surface wave. It is clearly seen
that the surface wave is a slow wave that propagates with 5 > kg
and no attenuation in the limit of no loss. Fig. 2(b) plots both
[ and « of the leaky-wave poles with « > 0. The symmetric
leaky-wave poles (associated with & < 0) are not shown here.
Contrary to the surface wave, the leaky wave is a fast wave
propagating with |3| < ko and nonnegligible decay, leaking
energy out of the wire-medium slab.

The dipole radiated near and far fields in the wire-medium
slab are computed by solving unknown coefficients
Atgpum, Bryv, T and evaluating the Sommerfeld integral
(5). To avoid singularities of the integrand along the real
axis, we detour the integration path on the upper half of the
complex plane. First, the surface-wave near-field distribution
is calculated at a sample frequency 600 MHz. Both E, and F,
field components are shown in Fig. 3(a) and (b). In Fig. 3, the
horizontal axis represents distancez from the dipole source, and
the vertical axis is the height z from the ground level. The color
represents the normalized electric field strength on a decibel
scale. Along the vertical direction, both £, and £, peak around
the wire height level (A = 9 cm) and decay (exponentially) fast
away from this interface.

To validate the theoretical results, we simulate near-field dis-
tributions for the same wire-medium slab using full-wave anal-
ysis tool FEKO [9]. The dipole source is placed at the center
of a unit cell. As a finite-size wire-medium slab (54 x 54 in the
zy-plane) is implemented in the simulation, there exists strong
reflected wave from the end of the array. Such end-reflected
waves are extracted using ESPRIT algorithm [10] and removed
from the simulated fields to make fair comparison to theoret-
ical results. The simulation results are exhibited in Fig. 3(c)
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Fig. 3. Near electric field distributions at 600 MHz: (a) E. theory; (b) E.
theory; (c) &> simulation; (d) £, simulation. (¢) Comparisons of £, at z =
5 cm. (f) Comparisons of E, atz = 3 cm.

and (d). They are very similar to the theoretical predictions. To
make more quantitative comparisons, the near electric fields are
plotted against distance x at a sample height z = 5 cm and
compared between theory and simulation in Fig. 3(e) and (f).
Through slope comparison, it is seen that both components ex-
perience 1/,/p range decay along the horizontal direction as re-
sult of the cylindrical wave expansion.

The dipole radiated field in the leaky-wave regime is also gen-
erated at a sample frequency 1800 MHz. Fig. 4 depicts the mag-
nitudes of both F, and £, in the leaky-wave regime from the
theory and the simulation. It is seen that both field components
are strong inside the wire-medium slab. The wave propagates
along the positive x-direction, but decays fast, leaking energy
out of the slab. The results show good agreement between theory
and simulation.

Finally, we investigate the far-field radiation patterns of the
wire-medium slab with dipole excitation. While the surface-
wave maximum radiation is always in the endfire direction, the
far fields of leaky-wave radiation are more interesting and ex-
hibit frequency scanning behavior. Fig. 5(a) plots the directivity
patterns of the wire-medium slab in the elevation plane (¢p =
0°) at 1700, 1800, and 1900 MHz. It is seen that as frequency in-
creases, the main beam shifts towards the endfire direction from
6 = 15° to § = 30°. For comparison, the far-field radiation pat-
tern is also simulated using FEKO. In this case, an infinite-size
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Fig. 4. Near electric field distributions at 1800 MHz: (a) E. theory; (b) E..
theory; (c) £. simulation; (d) £, simulation. (¢) Comparisons of £, at z =
5 cm. (f) Comparisons of £, at z = 5 cm.

wire-medium slab is modeled using a single unit cell with peri-
odic boundary conditions on the sidewalls. A plane-wave exci-
tation is launched for various incident angles, and E, is calcu-
lated at the source location. By applying Lorentz reciprocity the-
orem [6], the far fields of the leaky wave can thus be obtained.
The simulation results are shown in Fig. 5(b), where ¢ shifts
from 22° at 1700 MHz to 35° at 1900 MHz, thus exhibiting sim-
ilar frequency scanning behavior as in the theory predictions.
The differences between the theory and full-wave simulation
can be attributed to the upper frequency limit of the homoge-
nization model. At 1700 MHz and above, the homogenization
model may not work as well as in the low-frequency long-wave-
length region since the granularity of the array is comparable to
the guided wavelength and plays a relevant role in its electro-
magnetic response.

IV. CONCLUSION

In this letter, the radiated field from a vertical Hertzian dipole
embedded in a wire-medium slab is characterized using an ef-
fective medium approach. The additional boundary condition is
applied in the derivation, and the radiated fields are found in the
form of a Sommerfeld-type integral.

We validate the field expressions by computing dispersion
characteristics and field distributions of the wave modes in a
wire-medium slab. It is shown that both surface wave and leaky
wave can propagate in the structure. The propagation constants
and attenuation constants of surface wave and leaky wave are
calculated by solving the characteristic equation. Near- and far-

IEEE ANTENNAS AND WIRELESS PROPAGATION LETTERS, VOL. 12,2013

1700MHz
1800MHz
1900MHz

Fig. 5. Leaky-wave antenna directivities (on decibel scale) at 1700-1900 MHz.
(a) Theory predictions. (b) Simulation results.

field distributions of the wave modes are also computed and
compared to full-wave numerical simulations. The results show
a good agreement, particularly at low frequencies where the ho-
mogenization theory works well.

For future work, the authors are working on dipole radiation
in a dielectric rod array slab, which has several potential ap-
plications in the context of metamaterials with exotic proper-
ties [11], and in understanding of wave propagation in forested
environments [12].
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