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Cherenkov emission in a nanowire material
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We study the Cherenkov emission in the vicinity of (or within) a nanowire metamaterial, and demonstrate
that due to the anomalously high density of electromagnetic states in such structures, it is possible to boost
the Cherenkov emission by several orders of magnitude as compared to natural media, and produce Cherenkov
radiation with no threshold for the velocity of the charged particles.
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I. INTRODUCTION

The phenomenon of Cherenkov radiation1,2 has been exten-
sively studied due to its many applications, the most important
of which is arguably particle detection in high-energy physics.3

It is well known that if a charged particle moves inside a
transparent medium, with velocity v larger than the phase
velocity vph of the electromagnetic waves inside the medium,
it can produce this type of radiation. The emitted radiation
forms a cone of rays inclined at an angle θ with respect to
the direction of motion such that cos θ = vph/v, and thus the
detection of the particle velocity can be based upon the angle
of the emitted radiation.

Recently, the study of Cherenkov emission attracted new
interest with the emergence of novel functional materials
with extended electromagnetic response.4–7 In particular,
the anomalous Cherenkov effect predicted by Veselago in
1967 (Ref. 4) was recently experimentally verified7—even
if in an indirect manner—demonstrating that in media with
simultaneously negative permittivity and permeability the cone
of the radiation may be directed backward relative to the
motion of the particle. In general, due to frequency dispersion
of the material parameters, a moving particle in a realistic
left-handed material generates both forward and reversed
Cherenkov radiation.5,8 Curiously, a similar effect may as
well be observed in suitably designed photonic crystals with
exotic isofrequency diagram contours.9 Another interesting
property of Cherenkov radiation in structured media is the
fact it may have no velocity threshold,9–11 and it has been
suggested that this may be useful to improve the characteristics
of free-electron lasers.11

In this work, we investigate the emission of Cherenkov
radiation in a nanowire metamaterial, formed by a two-
dimensional periodic array of nonconnected thin metallic
wires embedded in a host medium. One of the motivations
for this study is that some recent works have shown that the
Purcell factor can be greatly enhanced when the emitter is
placed near an indefinite medium (such that the permittivity
tensor is indefinite) because of a singularity in the density
of photonic states.12–16 Actually, the “indefinite medium”
property is not essential for this effect. For example, media
with an extreme anisotropy, such as an array of nanowires
in the long-wavelength limit λ � a (a is the period of the
structure),17 are also characterized by an extremely large
density of photonic states,18,19 and recently some of the authors
of this work have shown that such property may allow boosting
the Casimir interaction between two bodies embedded in a

nanowire environment.18,19 Based on these recent findings,
it is natural to wonder if the array of nanowires may also
allow for the enhancement of the Cherenkov emission, and
that is the scope of the present study. We demonstrate that due
to the anomalously high density of electromagnetic states in
nanowire metamaterials, it is possible to boost the Cherenkov
emission by several orders of magnitude as compared to natural
materials.

This paper is organized as follows. In Sec. II we study the
Cherenkov emission when a linear array of charges moves with
constant velocity in the vicinity of a semi-infinite nanowire
structure. In Sec. III, we investigate the case wherein the
charges move inside an infinite (bulk) wire medium. In Sec. IV,
it is shown that the Cherenkov emission in nanowire materials
has no threshold and that there may be a massive increase in
the emission of such radiation as the density of the nanowires
is increased. Finally, in Sec. V the conclusions are drawn.

II. PENCIL OF CHARGES MOVING IN THE VICINITY OF
A NANOWIRE STRUCTURE

We consider a linear array of charges (a “pencil” of
charges) moving in a vacuum, and suppose that the movement
is confined to the y = y0 plane above a semi-infinite wire
medium lying in the negative y semispace (Fig. 1). At a fixed
time instant, all charges have the same z coordinate and move
along the x direction with a constant velocity v. The nanowire
structure consists of a set of very long wires arranged in a
square periodic lattice with period a. The metallic wires have
radius R and are embedded in a dielectric medium with relative
dielectric permittivity εh, as shown in Fig. 1. The relative
complex permittivity of the metallic wires is εm.

A. Analytical model

It is known from previous studies20,21 that the wire medium
is characterized by the following effective permittivity tensor:

εeff = εh

⎛
⎜⎝

εt 0 0

0 εyy 0

0 0 εt

⎞
⎟⎠ , (1)

where εyy = 1 + [ εh

(εm−εh)fV
− β2

h−k2
y

β2
p

]−1, βh = √
εhω/c is the

wave number in the dielectric host medium, fV = πR2/a2

is the volume fraction of the metal, and βp is a structural
parameter with the physical meaning of the plasma wave
number. Within a thin wire approximation, we may state that
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(a)

(b)

FIG. 1. (Color online) (a) Geometry of the semi-infinite wire
medium with period a, embedded in a dielectric host material with
permittivity εh. (b) A linear array of charges displaced by a distance
y0 from the nanowires moves in the vacuum region with a constant
velocity v.

(βpa)2 ≈ 2π/[0.5275 + ln(a/2πR)].15 Note that the dielectric
function depends explicitly on the wave vector, and hence the
medium has a spatially dispersive response.20,21 For simplicity,
in this work we assume that the transverse permittivity
is unity: εt = 1. This is a good approximation for thin
nanowires. Metamaterials formed by arrays of nanowires have
been discussed in the literature in different contexts (e.g.,
Refs. 20–24).

To find the electromagnetic field distribution in all space
and characterize the Cherenkov radiation emitted by the linear
array of charges, we solve the Maxwell equations, ∂B/∂t +
∇ × E = 0 and ∇ × H − ∂D/∂t = J, with the source term
representing the current density of the moving charges. It is
given by J(x,y,t) = −enzδ(y − y0)δ( x

v
− t)x̂, where nz is the

number of charges per unit of length along the z direction
and −e is the electron charge (the corresponding volumetric
charge density is given by the divergence of this current). The
electromagnetic fields can be determined most easily in the fre-
quency domain. To this end, we apply the Fourier transform to
obtain the current density in the frequency domain: J(x,y,ω) =∫ +∞
−∞ J(x,y,t)e−jωtdt = −enzδ(y − y0)e−jkxx x̂, where kx =

ω/v and j = √−1. Due to the geometry of the problem
the magnetic field has a single component, oriented along
the z direction, which satisfies in the y > 0 region the
second-order differential equation, ∇2Hz + ω2μ0ε0Hz = ∂Jx

∂y
,

in the frequency domain. By solving this equation in the
y > 0 region, and taking into account that consistent with the
dielectric function (1), the magnetic field in the wire medium
region must be a superposition of the so-called quasi-TEM
(transverse electromagnetic) and TM (transverse magnetic)
waves,21 it is possible to determine the electromagnetic field
distribution in all space. The propagation constants of the TM

and quasi-TEM modes are 17,21,22,25

γT M = j

[
β2

h − 1

2

(
β2

p + k2
t − β2

c

+
√(

β2
p + k2

t − β2
c

)2

+ 4k2
t β

2
c

)] 1
2

, (2)

γT EM = j

[
β2

h − 1

2

(
β2

p + k2
t − β2

c

−
√(

β2
p + k2

t − β2
c

)2 + 4k2
t β

2
c

)] 1
2

(3)

where kt = kx is the transverse wave number, and

β2
c = −β2

p

fV

1

(εm/εh) − 1
. (4)

When the radius of the wires is much larger than the metal
skin depth, and |εm| � |εh|, it is seen that |β2

p| � |β2
c | and the

dispersion of the TM and quasi-TEM waves reduces to the

simpler formulas γT M =
√

β2
p + k2

x − β2
h and γT EM = jβh,

respectively.20–22 In general, we may write for the magnetic
field

Hz (x,y,ω)

=

⎧⎪⎨
⎪⎩

Ae−γ0ye−jkxx,

B(e+γ0y + Re−γ0y)e−jkxx,

B(TT EMeγT EMy + TT MeγT My)e−jkxx,

y > y0

0 < y < y0

y < 0

,

(5)

where A, B, R, TT EM , and TT M are constants to be determined,
and γ0 = √

k2
x − ω2/c2 is the free-space propagation constant.

It should be evident that R, TT EM , and TT M can be identified
with the reflection coefficient at the wire medium interface,
and the transmission coefficients for the TEM and TM
waves, respectively, under a plane-wave excitation scenario
with the incident wave characterized by the transverse wave
number kx .

To determine the unknowns, we must impose a set of
boundary conditions on the general solution. Due to the flow
of charged particles the magnetic field is discontinuous at the
plane y = y0 to which the charges are confined. However, the
tangential component of the electric field remains continuous
at y = y0. This results in

�Hz�y=y0 = −enze
−jkxx, (6a)⌊

∂Hz

∂y

⌋
y=y0

= 0. (6b)

Here the operator ��y=b represents the difference between the
operand calculated at the two sides of an interface, so that
�Hz�y=y0

= Hz|y=y+
0

− Hz|y=y−
0

, etc. We must also ensure that
the magnetic field and the tangential component of the electric
field are continuous at the interface of the wire medium and the
region wherein the charges are moving, in our case, a vacuum.
These conditions yield two more boundary conditions:

�Hz�y=0 = 0, (6c)
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⌊
1

ε

∂Hz

∂y

⌋
y=0

= 0. (6d)

In the above, we assume that ε = εh in the wire medium
region and ε = 1 in the vacuum region. Since there are five
unknowns and so far only four boundary conditions, an extra
boundary condition is required to solve the problem. Such
condition cannot be obtained directly from the macroscopic
Maxwell equations, because it is intrinsically related to the
nonlocal response of the wire medium and the microscopic
conditions at the ends of the nanowires. Following Ref. 26,

this additional boundary condition (ABC) must guarantee that
the microscopic current flowing in the metallic wires vanishes
at the interface. This requirement can be enforced by ensuring
that the macroscopic fields satisfy26⌊

∂2Hz

∂y2
+ εω2/c2Hz

⌋
y=0

= 0, (6e)

where ε = εh in the wire medium region and ε = 1 in the
vacuum region. In this manner, we obtain a linear system of
six equations that can be solved to determine the value of the
unknowns. The result is as follows:

R = −β2 − β2
h + γ 2

0 − γ0εh (γT EM + γT M ) + γT EMγT M

β2 − β2
h + γ 2

0 + γ0εh (γT EM + γT M ) + γT EMγT M

, (7a)

TT EM = 2γ0εh

(
β2 − β2

h + γ 2
0 − γ 2

T M

)
(γT EM − γT M )

[
β2 − β2

h + γ 2
0 + γ0εh (γT EM + γT M ) + γT EMγT M

] , (7b)

TT M = −2γ0εh

(
β2 − β2

h + γ 2
0 − γ 2

T EM

)
(γT EM − γT M )

[
β2 − β2

h + γ 2
0 + γ0εh (γT EM + γT M ) + γT EMγT M

] , (7c)

A = −enz

1

2
(e+γ0y0 − e−γ0y0R), (7d)

B = enz

e−γ0y0

2
, (7e)

where we put β = ω/c. The obtained reflection coefficient agrees with the one reported in Ref. 26 for the case of perfectly electric
conducting (PEC) wires, supporting the correctness of the derived solution. It may be noticed that the formula for TTEM can be
obtained from that of TTM by interchanging the symbols γTEM and γTM . Substituting these formulas into the general expression
of the magnetic field [Eq. (5)] it is readily found that

Hz (x,y,ω) =
{

1
2nze[sgn (−y + y0) e−γ0|y−y0| + Re−γ0(y+y0)]e−jkxx, y > 0

1
2e−γ0y0nze (TT EMeγT EMy + TT MeγT My) e−jkxx, y < 0

, (8)

which is, as it should be, a continuous function at
y = 0 and discontinuous (in the frequency domain)
at y = y0.

To characterize the radiation pattern of the moving charges,
we calculate the magnetic field in the time domain. The
time-domain evolution is determined through the inverse
Fourier transform [Hz(x,y,t) = 1

2π

∫ +∞
−∞ Hz(x,y,ω)ejωtdω] of

Eq. (8). Provided the charges are moving for a long time (let
us say since t = −∞) and if the source of charges (e.g., an
“electron gun”) is at a very distant point from the region of
interest, it is expected that the time evolution of the signal
is simply described by the translation x0 → x0 + vt0 along
the x direction of the signal calculated at t = 0, t0 being a
generic instant of time. Therefore it is sufficient to calculate
the magnetic field at t = 0, as this snapshot is enough to
characterize the Cherenkov emission at an arbitrary time
instant.

B. Examples and discussion

To begin with, we consider a structure formed by perfectly
conducting nanowires (εm = −∞) standing in vacuum (εh =
1). The effect of loss and dispersion in the metal is discussed
below. The wires have a radius R = 0.05a, and the lattice
spacing is a = 100 nm (which is fixed hereafter). The pencil
of charges is confined to the plane y0 = a/2, and moves with
a constant velocity v, as indicated previously.

In Fig. 2 we plot the calculated magnetic field intensity at
a generic time instant (such that the position of the pencil of
moving charges is x = 0) for several values of the velocity v.
An interesting feature of all the plots is that the magnetic field is
typically nonzero for x > 0. This is consistent with the fact that
the electromagnetic radiation propagates in the vacuum region
faster (with velocity equal to c) than the charged particles do.
Another eye-catching feature is the fact that the field inside the
wire medium has maximal intensity along a specific direction
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(a) (b)

(d) (e)

(c)

FIG. 2. (Color online) Snapshot (at t = 0) of the magnetic field intensity (in arbitrary logarithmic units) for a linear array of moving charges.
The velocity of the particles is (a) v = 0.15c; (b) v = 0.3c; (c) v = 0.5c; (d) v = 0.8c; (e) v = 0.5c (considering silver nanowires instead of
PEC wires, and an extended region of space). The dashed line in the diagrams represent the position of the interface (y = 0), and the solid line
the trajectory of the moving particles (y = y0). As shown in the inset, the charges are confined to the plane y0 = a/2, which lies above the wire
medium. The nanowires stand in a vacuum, and have radius R = 0.05a.

θ , measured with respect to the x-negative axis as illustrated
in Fig. 3. As shown in Figs. 2(a)–2(d), for PEC wires, the value
of θ decreases with increasing velocity, and it can be verified
with excellent accuracy that tan θ = c/(v

√
εh). This property

FIG. 3. (Color online) Representation of the radiation emitted
when a beam of moving charges propagates in the vicinity of a wire
medium along the x direction. Because the main radiation channel is
associated with the quasi-TEM mode of the wire medium, most of
the emitted radiation is launched along the direction θ measured with
respect to the direction –x.

is easy to explain within our theoretical model. Indeed, one
can picture that as the moving charges pass above a certain
row of wires they will induce currents in these wires, which
will mainly excite the quasi-TEM mode in the wire medium.
In the PEC limit, this mode propagates with velocity c/

√
εh

along the direction of the wires.20,21 Hence, it is clear that the
radiated field propagates in the wire medium with a velocity
c/

√
εh along the –y direction, whereas the moving charges

propagate with velocity v along the x direction, and therefore
it follows that tan θ = c/(v

√
εh), as illustrated in Fig. 3.

Therefore, the array of metallic wires tends to guide
the emitted radiation along the y direction, i.e., along the
direction of the wires. This suggests interesting possibilities
for the detection of the velocity. For example, by directly
measuring the current pulses induced in each wire, and by
taking into account the relative time delay, it may be possible
to characterize the beam velocity.

To study the effects of loss and dispersion, next we assume
that the nanowires are made of silver (rather than from an ideal
PEC material), being described by a Drude model εm(ω) =
1 − ω2

p/ω(ω − j�), with parameters ωp/2π = 2175 THz and
�/2π = 4.35 THz, consistent with experimental data reported
in the literature.27 Similar to Fig. 2(c), in Fig. 2(e) we plot
the calculated magnetic field intensity for charges moving at
a velocity v = 0.5c, but over a much more extended region
of space. Although the field pattern is not as well defined
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FIG. 4. (Color online) Snapshot (at t = 0) of the magnetic field
intensity (in arbitrary logarithmic units) for a linear array of charges
moving in a vacuum with velocity v = 0.8c. The trajectory of the
moving charges is confined to the plane y0 = a/2.

as in the previous case, the main beam still is directed
along θ ∼ tan−1 c/(v

√
εh), but it is now less directive than in

Fig. 2(c). This can be understood by noting that the frequency
dispersion in the metal causes the velocity of the quasi-TEM
mode along the direction of the wires to depend on kx .21

Consequently different spectral components of the field travel
along y with different velocities, and hence the beam becomes
more diffuse as compared to the PEC case. In particular, one
can notice the formation of an interference pattern (which
does not exist if PEC wires are considered), resulting from the
interference of the different spectral components of the field
that travel at different velocities. In addition, the value of θ is
slightly smaller (θ ≈ 59◦) than that predicted by the formula
tan−1 c/(v

√
εh) = 63◦.

It is useful to compare the field diagrams of Fig. 2 with what
would be obtained in the absence of the wire medium. From
Eq. (8), it is evident that in the absence of the wire medium
the magnetic field (i.e., the self-field of the moving particles)
reduces to Hz,self (x,y,ω) = 1

2e nzsgn(y0 − y)e−γ0|y−y0|e−jkxx .
By calculating the inverse Fourier transform, we easily find
that

Hz,self (x,y,t) = −nzev

2π

√
1 − v2/c2(y − y0)

(x − tv)2 + (1 − v2/c2)(y − y0)2
.

(9)

A time snapshot of the magnetic field associated with a
pencil of charges moving at a constant velocity v = 0.8c in a
vacuum is depicted in Fig. 4.

Comparing Figs. 2 and 4, we see that the presence of the
wire medium significantly perturbs the self-radiation field,
and in particular we notice that the nodal line wherein the
magnetic field vanishes is pushed away from the plane y = y0.
It is interesting to mention that Eq. (9) could have been
obtained simply by applying a Lorentz transformation of
the electromagnetic fields [Ref. 28, p. 558], using the fact
that in the comoving frame (where the charges are at rest)

the self-field is such that H′(x ′,y ′,t ′) = 0 and E′(x ′,y ′,t ′) =
−enz

2πε0

1
x ′2+(y ′−y0)2 [x ′x̂′ + (y ′ − y0)ŷ′]. Evidently, even though the

magnetic field is discontinuous in the frequency domain, it
is—with the exception of the singular point corresponding to
the instantaneous position of the array of charges—continuous
in the time domain [see Eq. (9)]. The expression of the
self-field also confirms that the magnetic field at a given time
instant differs from the magnetic field at an earlier time instant
simply by a translation along the x direction to the distance
x0 = vt0.

As mentioned previously, the main radiation channel in the
wire medium is associated with the quasi-TEM mode. This
happens because the dispersion relation of this mode is simply
|ky | = βh in the limit case where the metal behaves as a PEC.
Therefore, the dispersion of the TEM mode is independent
of kx , and hence for any velocity, no matter how small, it is
always possible to couple the moving charges to a propagating
mode, ensuring the conservation of the momentum. This
indicates that in the nanowire structure there is no Cherenkov
threshold.

Indeed, such a property is a well known feature of periodic
gratings,29–31 because such structures are able to generate
waves with spatial wavelengths different from those deter-
mined by the velocity of the moving particles. Specifically,
because of the periodicity the wave number kx (determined by
the velocity v) is equivalent to kx + 2πn/a (n is an integer).
Hence, even when v is small, and thus kx = ω/v is large as
compared to ω/c, the periodic structure can generate waves
with k′

x � kx (associated with negative n), which may allow
the possibility to match k′

x with ω/c, and hence permit the
emission of radiation.

It should be noted that in our effective medium model, the
wire medium is regarded as a continuous medium, and hence
the above explanation does not directly apply because there is
no intrinsic periodicity. However, even though the effective
medium model neglects the granularity of the structure, it
introduces another key feature: time dispersion, i.e., the
effective dielectric function depends on frequency. As a
consequence, the phase velocity of the waves supported by
the effective medium is frequency dependent, and hence the
Cherenkov condition may be satisfied in the effective medium,
consistent with the property enunciated above for the quasi-
TEM waves. Thus, one can say that the dispersive response of
the effective medium retains the fact that the wire medium can
tailor the characteristic spatial wavelength of electromagnetic
radiation, but rather than taking into account all the generated
spatial harmonics (as in a microscopic theory), it provides an
effective medium response based on a few spatial harmonics.
It should be noted that the effective theory applies when
the characteristic wavelength of interaction of the moving
charges with the periodic structure is significantly larger
than the lattice period. In such a case, the response of the
medium is determined by a scale length much larger than
the lattice period, and, thus, the medium does not distinguish
the harmonics with various kx + 2πn/a, and all such harmon-
ics contribute to the same principal mode propagating in the
medium.

Even though the main radiative decay channel is associated
with the quasi-TEM mode, the TM mode can also contribute
to the Cherenkov emission. In the case when εm = −∞,
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this requires that its dispersion equation, ω2

c2 εh = β2
p + k2

x + k2
y

produces a ky real valued for kx = ω/v. Hence, we have

k2
y = ω2

c2

(
εh − c2

v2

)
− β2

p, (10)

which yields the condition, (ω/c)2 [εh − (c/v)2] > β2
p. In

particular, we see that the velocity of the charges must always
be greater than the velocity of light in the host material:
v > c/

√
εh (for simplicity, we neglect the dispersion of the

host material in this discussion). This is in fact the only
condition required to produce a ky real valued, because if it is
fulfilled the term (ω/c)2 [εh − (c/v)2] can be made larger than
β2

p for sufficiently high frequencies. Thus, when v > c/
√

εh

the TM mode provides a secondary radiative decay channel
for the moving particles, which competes with that associated
with the quasi-TEM mode. To illustrate how the total field
behaves in this scenario, we consider the case wherein
the charges move above a nanowire structure with a host
material characterized by εh = 10. The remaining geometrical
parameters are the same as in the previous example. The
calculated magnetic field is shown in Fig. 5.

The most striking difference between Figs. 5 and 2 (namely
in the examples where we consider PEC nanowires), is the fact
that there is an interference pattern inside the wire medium
(particularly for x < 0, when the charges are positioned at x =
0) due to the different propagation characteristics of the waves
associated with the quasi-TEM and TM modes. In addition,
there is not a well defined direction along which the magnetic
field has a maximal intensity, but instead the field pattern is
more diffuse and the region of maximum intensity appears
to be adjacent to a nodal line. In order to confirm that due
to the excitation of the TM mode new spectral components
may be present in the radiation field, we plot in Fig. 6 the
spectrum of the magnetic field calculated at the point (x,y) =
(−3a,−3a tan θ ) inside the wire medium, along the direction
θ of maximal radiation of the TEM mode, for the same scenario
as in Fig. 5.

The results of Fig. 6 show that when the host material has
permittivity εh = 10 the radiated field intensity is enhanced at

FIG. 5. (Color online) Snapshot (at t = 0) of the magnetic field
intensity (in arbitrary logarithmic units) for a pencil of charges
moving with velocity v = 0.7c in the plane y0 = a/2 above a
nanowire structure formed by a host with dielectric constant εh = 10
and nanowires with radius R = 0.05a.

(

(

FIG. 6. (Color online) Representation of the normalized spectrum
of the magnetic field Hz (x,y,ω) produced by the moving charges
(v = 0.7c) at the point (x,y) = (−3a, −3a tan θ), along the direction
wherein the contribution of the TEM mode is maximal, for (a) [red
curve] a wire medium such that the host is a vacuum and (b) [blue
curve] a wire medium such that the host is a dielectric material with
permittivity εh = 10.

the normalized frequency ωa/c = 0.68 (blue curve). This is
explained by the fact that for v = 0.7c the dispersion equation
of the TM waves produces a real valued ky starting precisely at
ωa/c = 0.68 [Eq. (10)]. Hence, for larger frequencies the total
field has a new spectral component resulting in an enhancement
of the magnitude and a broader spectrum. It is also interesting
to notice that most of the spectral content of the magnetic field
is in a frequency band such that ωa/c  π , i.e., in the spectral
region where our effective medium theory applies. The validity
of the model is discussed in Sec. II C.

C. On the validity of the effective medium model

Our effective medium theory models the response of
the wire medium in terms of only a few eigenmodes: the
TE (transverse electric), TM, and quasi-TEM waves, each
characterized by its own dispersion.21,22 For this model to
be physically valid, we must ensure that only these principal
modes may propagate in the medium for a given excitation.
This introduces an upper limit to the frequency of the incident
waves that should be such that ω < πc

a
, as well as an upper

limit to the transverse wave vector, |kx | < kmax ≈ π
a

. Since in
the problem under analysis kx = ω/v, the latter condition is
equivalent to

ω < ωmax = πv

a
. (11)

Because v < c, this is a stricter limit than the one deter-
mined by the condition ω < πc

a
. Hence, we conclude that the

effective medium model is valid provided most of the spectral
content of the fields radiated by the pencil of moving charges
is within the frequency region ω < ωmax = πv

a
. Evidently, the

model will be more accurate for small lattice constants. Larger
velocities imply a larger value for ωmax (which favors the
effective medium approximation), but also imply a radiation
field with a broader frequency spectrum.

In practice the response of all the materials will cease
(εω→∞ = 1) beyond a sufficiently large frequency, let us say
ωM . For example, the complex permittivity of the metallic
wires is close to unity for frequencies much larger than
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FIG. 7. (Color online) Normalized spectrum of the magnetic field Hz (x,y,ω) produced by the moving charges at the point (x,y) =
(−3a, −3a tan θ), within the main beam of emission inside the wire medium, for a structure such that the host is air for (i) PEC nanowires and
charges moving at velocities (a) 0.10c; (b) 0.40c; (c) 0.84c; (d) 0.90c and for (ii) silver nanowires and charges moving at velocities (a) 0.10c;
(b) 0.40c; (c) 0.97c; (d) 0.98c. The parameters of the structure are the same as in Fig. 2.

the plasma frequency of the metal. In particular, provided
ωmax � ωM the results of the effective medium model can
be quite accurate. However, it should be mentioned that the
criterion ωmax � ωM is too strict and in practice it may
be difficult to satisfy. Indeed, if a = 100 nm and v = 0.1c,
we have ωmax/2π = 150 THz. In reality, ωmax � ωM is a
sufficient condition to ensure the validity of the model, but
it is not a necessary one.

In order to assess the applicability of the model, we
calculated the spectrum of the magnetic field at the point
(x,y) = (−3a,−3a tan θ ), which is within the main beam of
radiation inside the wire medium (θ is the direction of maximal
radiation of the quasi-TEM mode), for several velocities as
shown in Fig. 7.

Based on the previous discussion, a reasonable criterion
to establish the validity of our model is that at the border
of the first Brillouin zone (ωa/v = π ) the magnetic field is
not higher than 10% of its maximum amplitude. For the case
of PEC wires (Fig. 7, left-hand side panel), this condition is
comfortably fulfilled up to velocities on the order of 0.84c,
which gives us an upper bound for the velocity of the charges.

We have also studied the validity of the model in the case
where the effects of loss and dispersion in the metal are taken
into account. It is expected that when the dispersion and loss
in the nanowires are included, the model becomes valid over
a larger range of velocities as the spectrum of the field is
narrowed (due to the absorption effects at high frequencies).
Using the same criteria as in the PEC case, it can be checked
from Fig. 7 (right-hand side panel) that in the case of silver
nanowires the model is valid up to velocities on the order of
0.97c. This confirms our expectations that by including loss
and dispersion in the nanowires, the effective medium model
may become increasingly accurate.

III. CHERENKOV RADIATION INSIDE A NANOWIRE
STRUCTURE

In what follows, we extend the study of Sec. II to the case
wherein the charges move inside the nanowire structure. For
simplicity, we assume that the wires are infinitely long, so
that the metamaterial is unbounded. In these circumstances

the material has symmetry of translation along the y direction,
and hence we may assume without loss of generality that the
charges are confined to the plane y0 = 0. The geometry of the
problem is shown in the inset of Fig. 8.

A. Analytical model

The field radiated by the pencil of moving charges can be
calculated in the frequency domain in the same manner as in
Sec. II. To ease the readability of the paper, the details are
given in the Appendix. Our analysis shows that the magnetic
field satisfies

Hz (x,y,ω) = enz

2
sgny

(
εhω

2/c2 + γ 2
T M − k2

x

γ 2
T EM − γ 2

T M

e−γT EM |y|

− εhω
2/c2 + γ 2

T EM − k2
x

γ 2
T EM − γ 2

T M

e−γT M |y|
)

e−jkxx,

(12)

where all the symbols have the same meaning as in Sec. II.
The magnetic field in the time domain can be determined by
calculating the inverse Fourier transform of the above formula.
In case of PEC wires embedded in a nondispersive dielectric
host, the inverse Fourier transform of the contribution of the
TEM mode to the total field [first addend in (12)] can be
evaluated analytically. It is given by

HT EM
z (x,y,t) = −βpv

enz

4
sgny e−βpv|t− x

v
−√

εh
|y|
c

|. (13)

Clearly, the intensity of the TEM contribution to the
magnetic field is maximal along the lines vt − x = √

εhv
|y|
c

,
which have a slope tan θ = ±c/(v

√
εh), consistent with Fig. 3.

Due to the exponential dependence on the spatial coordinates,
the above expression implies that the radiated field may be
strongly confined to the directions tan θ = ±c/(v

√
εh). Notice

that even above the Cherenkov threshold in the host medium
the TEM contribution to the emitted field may anticipate
the arrival of the charges (even if its amplitude may be
exponentially small). As will be shown in Sec. III B with a
numerical example, this inconsistency is due to the fact that
the TM mode contribution is not taken into account by the
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(a) (b)

(d) (e)

(c)

FIG. 8. (Color online) Snapshot (at t = 0) of the magnetic field intensity (in arbitrary logarithmic units) radiated by a linear array of charges
moving inside an unbounded wire medium with vacuum as the host and PEC nanowires with radius R = 0.05a. The velocity of the charges
is (a) v = 0.15c; (b) v = 0.30c; (c) v = 0.50c; (d) v = 0.80c. In (e) v = 0.50c, considering silver nanowires instead of PEC wires and for an
extended region of space.

formula. Similar to the previous section, a representation of the
magnetic field in the time domain for t = 0 fully characterizes
the dynamics of the system.

B. Examples and discussion

To begin with, we consider the case of a wire medium with
vacuum as host, and PEC nanowires with lattice constant a =
100 nm and radius R = 0.05a. The calculated snapshots in
time of the magnetic field intensity are depicted in Figs. 8(a)–
8(d), for different velocities of the moving charges. In the
wire medium region the results are qualitatively analogous to
those described in Sec. II. In particular, in agreement with
Fig. 3 and Eq. (13), the direction at which the intensity of
the magnetic field is maximal is determined by the directions
tan θ = ±c/(v

√
εh).

Similar to the results of Sec. II, the magnetic field in the
region x > 0 (i.e., the region that was not reached by charges
up to t = 0) has a considerable magnitude due to the fact
that the velocity of the electromagnetic radiation in vacuum
is greater than the velocity of the charges, and hence the
radiation can precede the arrival of the charges. The case of
nanowires made of silver [Fig. 8(e)] is qualitatively similar
to the PEC case, particularly along the direction of the main
beam of radiation. Nevertheless, similar to Sec. II, the main
beam becomes more diffuse and an interference pattern is also
noticeable in case of silver nanowires.

On the other hand, if the host material has a dielectric
constant greater than unity, the emitted photons can travel
at a smaller velocity than the charges when v > c/

√
εh, i.e.,

provided the condition for Cherenkov emission in the host
material is satisfied. In such a scenario the magnetic field
completely vanishes in the region x > 0 at t = 0 (assuming
that the position of the charges at t = 0 is x = 0). This
is illustrated in Fig. 9, where we consider a host material
whose dielectric constant follows the Debye dispersion model
εd (ω) = ε∞ + ε(0)−ε∞

1+jωτ
, for two different cases. A well defined

Cherenkov cone of radiation with an internal angle such that
tan θ = ±c/v

√
ε(0) is also quite evident in the plots.

IV. THE STOPPING POWER

In this work, it is implicitly assumed that all charges move
with a constant velocity v, regardless of the fact that the
emission of radiation results necessarily in energy loss. In
reality, the velocity can remain constant only at the cost of
applying an external force. The amount of energy extracted
from the particles can be calculated through the stopping
power, defined as the average energy loss of the particles per
unit of path length.

The stopping power has two main contributions: the losses
associated with the absorption by the medium (some authors
refer to this part as “ionization losses”; see Ref. 2, Chap. XIV)
and radiation losses associated with the emitted Cherenkov
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(a) (b)

FIG. 9. (Color online) Snapshot (at t = 0) of the magnetic field
intensity (in arbitrary logarithmic units) radiated by a linear array of
charges moving at a velocity v = 0.5c inside an unbounded wire
medium formed by PEC nanowires with wire radius R = 0.05a,
for different host permittivities described by a Debye model with
parameters, τ = 0.33 fs, ε∞ = 1, and (a) ε (0) = 10; (b) ε (0) = 20.

radiation.2 In natural materials, (especially in solids) there is
also a significant contribution due to bremsstrahlung,2 which
is a completely unrelated effect that is not considered here (the
bremsstrahlung is, in essence, the radiation produced by the
accelerated charges when colliding with surrounding atoms,
while the Cherenkov radiation appears when the charges move
with a constant velocity). The Cherenkov radiation losses are
usually calculated using the Frank-Tamm formula.32,33 Below
we provide explicit formulas for the calculation of the total
energy loss rate.

A. Charges moving in the vicinity of the nanowire structure

For the case wherein the moving charges are in the
exterior of the nanowire structure (geometry of Sec. II),
we use the fact that the total instantaneous power extracted
from the moving charges is given by P0 = − ∫

Eloc · J d3r

(Ref. 2), where Eloc represents the local electric field that
acts on the charges (the contribution of the self-field van-
ishes because the charges are not accelerated). Hence, us-
ing J(x,y,t) = −enzδ(y − y0)δ( x

v
− t)x̂, it follows that P0 =

evEloc,x(vt,y0,t)nzLz, where Lz represents the width of the
current pencil along the z direction and Eloc,x is the x

component of the local electric field (scattered by the nanowire
structure). Noting that the total number of moving charges is
Nz = nzLz, we can determine the instantaneous power that has
to be provided to each charge to maintain its velocity constant:

P0

Nz

= evEloc,x(vt,y0,t). (14)

The stopping power is given by P0/v. We will refer to P0

as the total energy loss rate. As seen, to calculate the stopping
power it is convenient to distinguish the local field that acts on
the charges from the self-field. Generically, we can write the x

component of the electric field as Ex = Eloc,x + Eself,x, where
Eself,x is the self-field produced by the charges.

For the geometry of Sec. II, Hz is given by Eq. (8) and it
is evident that the self-field can be written as Hz(x,y,ω) =
1
2e nzsgn(−y + y0)e−γ0|y−y0|e−jkxx . Hence, subtracting the

self-field from the total field, the local electric field in the
frequency domain can be expressed as

Eloc,x(x,y0,ω) = 1

jωε0

∂

∂y

[e nz

2
(Re−γ0(y+y0))e−jkxx

]∣∣∣∣
y=y0

= 1

jωε0

e nz

2
(−γ0Re−2γ0y0 )e−jkxx, (15)

where we use Ex = 1
jωε0

∂Hz

∂y
. Replacing x by vt and calculating

the inverse Fourier transform we obtain the total energy loss
rate:

P0

Nz

= nze
2

4πε0
v

∫ +∞

−∞

−γ0

jω
R e−2γ0y0dω. (16)

The above expression can be trivially generalized to any x-
invariant structure for which the field in the vacuum region can
be written in terms of a plane-wave reflection coefficient. For
example, if the array of nanowires is replaced by a semi-infinite
uniform material with dielectric permittivity εd it is trivial
to check that the energy loss rate is still given by Eq. (16),
except that the reflection coefficient is now R (ω) = − γd−γ0εd

γd+γ0εd

where εd is the frequency-dependent dielectric constant of the
material and γd = √

k2
x − εdω2/c2 is the propagation constant

in the material.
To assess the influence of the nanowires on the Cherenkov

emission, first we consider a structured material with period
a = 100 nm formed by nanowires with radius R = 0.05a

standing in a vacuum (εh = 1). We compare the stopping
power of such a structure (PWM ) with that characteristic of a
natural dielectric (Pd ) for a pencil of moving charges confined
to the plane y0 = a/2, similar to the examples considered
in Sec. II. The dielectric material used in our calculations
was water, as this material is widely used in the context of
Cherenkov radiation detectors.34,35 The parameters used to
describe the dielectric constant of water were chosen according
to the experimental data reported in Ref. 36, which models
water with a Debye dispersion model εd (ω) = ε∞ + ε(0)−ε∞

1+jωτ
.

Let us note that in this case, when the charges move well
outside of the material, the bremsstrahlung and the atomic
ionization effects may be neglected.

The computed ratio of the stopping powers is depicted
in Fig. 10 (solid red curve), and confirms that the nanowires
may boost the stopping power, especially for velocities close to
v = 0.3c where the amount of emitted radiation can exceed by
almost two orders of magnitude the stopping power of water.
This demonstrates that the wire medium can dramatically
enhance the level of emitted Cherenkov radiation. Of course, as
the velocity of the particles increases the Cherenkov condition
for the particular dielectric is satisfied over a larger frequency
spectrum33 and so more radiation is emitted and absorbed,
resulting in an increase of the stopping power of the dielectric
material, which in turn leads to a decrease in the ratio PWM/Pd .
The velocity range considered in our calculations takes into
account that the Debye dispersion model for the permittivity
of water does not guarantee that as the frequency tends to
infinity the value of electric permittivity tends to unity,2

i.e., ε∞ ≡ limω→∞ ε �= 1. Due to this reason we restricted
our analysis of the stopping power to velocities lower than
vmax = c/

√
ε∞ = 0.42 c. This ensures that the stopping power

is finite and the spectrum of emission has a high-frequency
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FIG. 10. (Color online) Ratio between the stopping powers of
the nanowire structure and water with permittivity described by a
Debye model with parameters, τ = 9.36 ps, ε (0) = 80.21, ε∞ = 5.6
at 20 ◦C (Ref. 36). (a) (red curves) Host medium is vacuum and
the nanowires are made of silver. (b) (blue curves) Host medium
is vacuum and the nanowires are PEC. (c) (brown curves) Host
medium is water and the nanowires are made of silver. The solid
lines represent PWM/Pd calculated for charges moving above a
semi-infinite nanowire structure (geometry of Sec. II), whereas the
dashed lines represent the same calculated for charges moving inside
an infinite nanowire structure (geometry of Sec. III).

cutoff. By considering an improved dispersion model for the
water permittivity, such that ε∞ = 1, it is possible to extend
our analysis to higher velocities, but these refinements do not
qualitatively change the conclusions of our work.

It is interesting to study the influence of the effects of
dispersion and loss in the metal on the amount of extracted
radiation. In order to do so, we calculated the value of the
stopping power for the case of silver nanowires [red solid curve
in Fig. 10]. It is seen that the response of silver nanowires
is qualitatively similar to that of PEC wires, even though
the silver nanowires typically extract more power from the
moving charges than the PEC wires, likely because of the
absorption loss by the metal. It is relevant to point out, that in
the case of PEC wires all the energy extracted from the charges
is associated with emitted Cherenkov radiation, because in
such a case there is no absorption. We have also studied
the Cherenkov emission in the nanowire structure when the
host material is water [brown solid curve in Fig. 10]. Also in
this scenario there is a significant enhancement (∼10) of the
emitted Cherenkov radiation, although not so dramatic as in
the cases discussed before. The main reason for the increase
of the radiated power is analyzed in Sec. IV D.

B. Charges moving inside the nanowire structure

Next, we discuss the calculation of the stopping power when
the array of charges moves inside the wire medium (geometry
of Sec. III). In this scenario, it is not a simple matter to separate
the local electric field from the self-field, as we did previously.
Despite this difficulty it is well known that the self-field does
not contribute to the stopping power provided the charges
are not accelerated.2 Hence, the stopping power can still be
calculated as done previously, except that we integrate the
total field rather than the local field. Assuming that the line of
charges is confined to the plane y = 0 it follows that

P0

Nz

= ev

2π

∫ +∞

−∞
Ex (vt,0,ω) ejωtdω. (17)

In the above expression, the electric field in the wire
medium is given by Eq. (A6). For the case of an unbounded
dielectric medium we should use instead

Ex (x,y,ω) = 1

jωε0εd

∂Hz

∂y
= nze

2

γd

jωε0εd

e−γd |y|e−jkxx .

(18)

Next, we compare the stopping power characteristic of the
unbounded wire medium with that of water (when calculating
the stopping power in water we neglect all other effects that are
not related to the energy loss due to the Cherenkov emission
or the induced polarization in the medium). In Fig. 10 (dashed
curves) we report the calculated ratio PWM/Pd as a function of
the velocity of the moving charges. Similar to the case wherein
the array of charges travels outside the nanowire structure,
in the present scenario the wire medium extracts much more
energy in the form of the Cherenkov radiation from the charges
than water. The enhancement can even be higher than in the
examples discussed previously, especially for v/c ≈ 0.35c,
for which the stopping power of the wire medium can be more
than 200 times larger than in water [dashed red curve], even
in case of PEC wires standing in a vacuum, for which there
is no absorption. For this geometry, the stopping power is
quite similar for the PEC and silver nanowires cases [dashed
blue and dashed red curves in Fig. 10], and thus the PEC
approximation may be quite accurate.

C. On the validity of the effective medium model in the
calculation of the stopping power

Next, we analyze the validity of the effective medium model
in the calculation of the stopping power. As discussed in
Sec. II C, the effective medium model is meaningful only in
the frequency window ω < ωmax = πv/a [Eq. (11)]. So far in
the calculations of the stopping power, the integration range
of the integrals in Eqs. (16) and (17) was taken as the entire
frequency spectrum. However, it is evident that the obtained
value can be quantitatively correct only if the contribution to
the integral from the spectral range ω > ωmax is negligible. To
access the impact of considering only an integration window
limited to a maximum frequency ωmax instead of the full
frequency spectrum, we determined the relative error between
the stopping power calculated in these two approximations.
Figure 11 depicts the result for the case of an unbounded wire
medium with vacuum as the host and silver nanowires with
radius R = 0.05a, for different velocities of the charges.

It can be seen that as the lattice constant increases the
relative error also increases, consistent with the general
discussion of Sec. II C. Moreover for low velocities, for which
the validity of the model may be critical because ωmax has
an explicit dependence on the velocity of the charges, the
lattice constant used in all the previous examples, a = 100 nm,
does not produce a significant error (at most 10%). This is so
because the frequency spectrum of the fields is intrinsically
narrower for low velocities, as discussed in Sec. II C. This
gives us confidence that the effective medium model yields
quantitatively accurate results for a lattice constant of the order
a = 100 nm, as considered in previous examples.
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FIG. 11. (Color online) Estimated relative error in the stopping
power as a function of the velocity of the charges, for different
values of the lattice spacing: (a) 100 nm, (b) 200 nm, (c) 1 μm.
The quantities I1 and I2 denote the stopping power calculated
by integrating Eq. (17) in the ranges |ω| < +∞ and |ω| < ωmax,
respectively. We consider an unbounded wire medium with εh = 1
and silver nanowires.

D. Effect of the density of states on the stopping power

In this subsection we discuss the effect of the density of the
wires (number of wires per unit of cross-sectional area) on the
value of the stopping power, and its relation with the density
of electromagnetic states.

In Refs. 12, 18, 19 it was shown that the density of
electromagnetic states in the wire medium is nearly indepen-
dent of frequency and nonzero in the low-frequency limit.
This is due to the contribution of the quasi-TEM modes,
which, as discussed in Sec. II, in the case of PEC wires
have frequency dispersion independent of the wave-vector
components orthogonal to the wires. Considering a volume
V = Lx × Ly × Lz within the wire medium bounded by
PEC walls, we find that in this volume there are N =
LxLz/a

2 nanowires, and, therefore, there may exist exactly
N independent TEM oscillations (standing waves) at a given
frequency. From the dispersion relation for the TEM waves
it follows that on the frequency axis these modes are spaced
by ω = πc/Ly (when εh = 1), and, therefore, the density of
states is N/(V ω) = 1/(πa2c), which is independent of fre-
quency. The same result can be also obtained considering the
isofrequency contours in the wave-vector space [Fig. 12(a)].
The result derived for wire media contrasts with the density of
states in a conventional dielectric which scales with ω2, and
thus vanishes in the zero-frequency limit [Fig. 12(b)].

(a) (b)

FIG. 12. (Color online) Isofrequency surfaces for (a) the wire
medium and (b) conventional dielectric material. The density of
states can be calculated through the phase space volume between
the neighboring isofrequency surfaces. For a conventional dielectric
this volume scales proportionally to ω2, but in the wire medium case
it remains independent of the frequency.

FIG. 13. (Color online) Total energy loss rate (in arbitrary units)
of an unbounded wire medium with εh = 1 as a function of the
velocity of the charges, for different values of the lattice spacing: (a)
250 nm; (b) 500 nm; (c) 625 nm. The metal is assumed to be silver.

The previous discussion proves that the number of electro-
magnetic states in the wire medium is roughly proportional
to the density of wires (1/a2) at low frequencies. Hence, it is
expected that an increase in the number of wires will result
in an increase in the number of radiative channels available
for the radiation of each individual moving charge, therefore
causing the enhancement of the Cherenkov emission.

To illustrate this, we calculated the total energy loss rate in
the wire medium, for different values of the lattice spacing
[Fig. 13]. In all the examples, the silver nanowires stand in a
vacuum (εh = 1), and have a radius R = 0.05a. Unfortunately,
our model does not yield quantitatively correct results for large
values of a, as discussed previously. To circumvent this, we
have estimated the energy loss rate of moving charges in the
structures with large a simply by truncating the pertinent range
of integration to ωmax. We expect that this rough approximation
may yield qualitatively correct results.

As is seen in Fig. 13, as the lattice spacing decreases (and
thus the number of wires per unit area increases) the value
of the total energy loss rate, and thus the stopping power,
increases. This happens because the number of photonic states
within the range ω < ωmax increases with the density of
wires, and this results in a large number of decay channels
available for the radiation by the moving charges. This will
evidently boost the amount of extracted Cherenkov radiation
and therefore enhance the value of the stopping power.

V. CONCLUSION

We showed that a nanowire array can boost the Cherenkov
emission by charged particles when the charges travel in
the vicinity or within a nanowire metamaterial, and that the
Cherenkov emission in such structures has no threshold.
We proved that the stopping power due to the Cherenkov
emission can be more than two orders of magnitude larger
than in natural media, even in the limit where the nanowires
are perfectly conducting, and thus there is no absorption of
electromagnetic energy by matter. We hope that our findings
may have interesting applications in the context of particle
detection and light generation based upon the Cherenkov
phenomenon.
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APPENDIX: THE ELECTROMAGNETIC FIELD RADIATED
BY THE MOVING PENCIL OF CHARGES INSIDE THE

WIRE MEDIUM

Our strategy to characterize the radiation field in the
scenario of Sec. III is to solve the Maxwell equations in the
frequency domain. As in Sec. II, the magnetic field can be
written as H = Hzẑ, where Hz is such that in the frequency
domain it satisfies,

∇2Hz + ω2μ0ε0εhHz = −∂Jy,wm

∂x
+ ∂Jx,ext

∂y
, (A1)

where Jy,wm is the y component of the current induced in the
structured material and Jx,ext is the x component of the external
current due to the moving charges. As in Sec. II, we can
write Jext,x (x,y,ω) = −enzδ (y − y0) e−jkxx , with kx = ω/v.
The density of current Jy,wm is related to the averaged current
induced in the nanowires, and can be written in terms of the
effective medium parameters as detailed below.

Since in the region y �= y0 the external current vanishes, it
should be clear that the general solution of Eq. (A1) is simply
a superposition of quasi-TEM and TM modes,

Hz(x,y,ω) =
{

(T +
1 e−γT EMy + T +

2 e−γT My)e−jkxx y > 0

(T −
1 eγT EMy + T −

2 eγT My)e−jkxx y < 0
,

(A2)

where T ±
1 and T ±

2 stand for the amplitudes of the quasi-TEM
and TM modes inside the wire medium, respectively, and y0 =
0. To determine the unknowns (T ±

1 and T ±
2 ) we need to enforce

a set of boundary conditions at y = 0. As discussed next, the
boundary conditions differ from the ones used in Sec. II.

The form of the boundary conditions at y = 0 is determined
by the behavior Jy,wm. The density of current Jy,wm is the
averaged current induced in the nanowire metamaterial, and
hence is defined as Jy,wm = Iy/a

2, where Iy is the microscopic
current in a nanowire.37 Given the geometry of our system, it
seems reasonable to assume that Iy is continuous at y = 0,
because the flow of charges along the wires is perpendicular
to the flow of the external charges. Hence, we obtain the first
boundary condition:

�Iy�y=0 = 0. (A3a)

This result implies that the term ∂Jy,wm

∂x
in the right-hand

side of Eq. (A1) is continuous, and hence the behavior of Hz

and ∂Hz/∂y at y = 0 is completely determined by the external
current. It is simple to check that this implies that the usual
boundary conditions (6a) and (6b) still hold, and in particular
that Ex is continuous at y = 0.

Thus far, we have three boundary conditions, Eqs. (A3a),
(6a), and (6b), but, evidently we still need an extra boundary
condition to calculate the four unknowns (T ±

1 and T ±
2 ). To

eliminate the remaining degree of freedom, we examine the
behavior of the electric charge in the nanowires in the vicinity
of y = 0. It was shown in Ref. 37 that the density of charge
in the nanowires per unit of length (p.u.l.) q can be written in
terms of an additional potential ϕ as follows: q = Cϕ, where
C is a capacitance (p.u.l.) that depends on the geometry of the
wire medium. The physical meaning of the potential ϕ is that
it determines the averaged electrostatic potential drop from the
nanowire to the boundary of the associated unit cell.37 Now,
since Ex is expected to be continuous at y = 0, as discussed
above, it follows that the additional potential ϕ and hence q

should also have the same property. Therefore, this analysis
shows that the required boundary condition is simply

�ϕ�y=0 = 0. (A3b)

The two conditions (A3a) and (A3b) should be regarded
as additional boundary conditions since they describe the
dynamics of internal degrees of freedom of the medium
(specifically, the behavior of the microscopic current and of the
microscopic charge in the nanowires). Fortunately, as proven
in Refs. 37,38, it is possible to write Eqs. (A3a) and (A3b)
directly in terms of the macroscopic fields. Indeed, we have

Iy = a2 −jkt

k2
t

·
[
jωε0εh

∂Et

∂y
+

(
ω2

c2
εh − k2

t

)
(ŷ × Ht )

]
,

ϕ = − a2

jωC

ωε0εhkt

k2
t

·
[
∂2Et

∂y2
+

(
ω2

c2
εh − k2

t

)
Et

]
,

(A4b)

where kt , Ht , and Et stand for the transverse components
of the wave vector, the magnetic field, and the electric field,
respectively. From the geometry of the problem (inset of
Fig. 8), it is evident that kt = kx x̂, Ht = H = Hzẑ, and Et =
Ex x̂. Hence, the boundary conditions (A3a)–(A3b) reduce to⌊

jωε0εh

∂Ex

∂y
+

(
ω2

c2
εh − k2

x

)
Hz

⌋
y=0

= 0, (A5a)

⌊
∂2Ex

∂y2
+

(
ω2

c2
εh − k2

x

)
Ex

⌋
y=0

= 0. (A5b)

To enforce these boundary conditions, it is useful to have an
explicit expression for Ex . Since the transverse (normal with
respect to the nanowires) permittivity of the wire medium is
equal to that of the host material we can always write Ex =

1
jωε0εh

∂Hz

∂y
. Hence, it follows that

Ex (x,y,ω) = 1

jωε0εh

{(−γT EMT +
1 e−γT EMy − γT MT +

2 e−γT My
)
e−jkxx, y > 0(

γT EMT −
1 eγT EMy + γT MT −

2 eγT My
)
e−jkxx, y < 0

. (A6)
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Using now Eqs. (A2) and (A6), and the boundary conditions
(6a) and (6b) and (A5a) and (A5b), it may be shown that

T +
1 = −T −

1 = enz

2

εhω
2/c2 + γ 2

T M − k2
x

γ 2
T EM − γ 2

T M

, (A7a)

T +
2 = −T −

2 = −enz

2

εhω
2/c2 + γ 2

T EM − k2
x

γ 2
T EM − γ 2

T M

, (A7b)

are the solutions for the system. It should be noted that
T +

1 may be obtained from T +
2 simply by interchanging the

symbols γT EM and γT M . Replacing these results into Eq. (A2)
it may be shown after simple mathematical manipulations
that the magnetic field satisfies Eq. (12) of the main text.
Hence, similar to the free-space case, the magnetic field is an
odd function of y whereas the x component of the electric
field is an even function, and this supports the correctness of
the additional boundary conditions. It should also be noted
that the boundary condition (A3b), or equivalently (A5b),
is automatically satisfied if one imposes that Ex is an even
function of y, which is certainly true because of the geometry
of the problem.
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