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Abstract

In this work, we numerically demonstrate electromagnetic focusing using a spatially dispersive metamaterial. Based on the
phenomenon of broadband all-angle negative refraction by a crossed wire mesh, it is demonstrated that a flat slab of the metamaterial
enables partial focusing of p-polarized electromagnetic radiation. The reported results are supported by full wave simulations and
by analytical calculations based on homogenization theory.
© 2010 Elsevier B.V. All rights reserved.
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1. Introduction

The phenomenon of negative refraction has received
a great attention in recent years due to its unique impli-
cations in the image formation and in the manner how
it is perceived by the human brain, and also because its
theoretical description required the revision of classi-
cal geometrical optics. The light refracted in materials
exhibiting negative refraction obeys a reversed Snell’s
law, so that the refracted wave emerges on the same side
of the surface normal as the incident wave, in contrast
to what happens in usual materials (e.g., glass). This
remarkable effect has interesting implications in a broad
range of optical devices, being perhaps the possibility of
focusing a divergent beam of rays with a flat lens one of
the most attractive applications.
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Negative refraction using double negative materials
was first predicted by Veselago [1] in 1968. In his early
paper, it was theoretically demonstrated that materials
with simultaneously negative permittivity and perme-
ability (negative index of refraction) may enable negative
refraction and consequently the focusing of electro-
magnetic radiation by a flat lens. Many years later,
Pendry has further investigated this concept [2], pre-
dicting that besides focusing “light rays” such double
negative medium also produces flawless images with
super-resolution: a perfect lens. Such ideas stimulated
the realization of artificially structured materials (meta-
materials) with unusual electromagnetic properties, and
in 2001 the negative refraction property was experimen-
tally verified at microwaves [3]. The concept of negative
refraction based on double negative metamaterials was
recently demonstrated in the optical domain [4].

Despite all the remarkable potentials of low-loss
media with a negative isotropic index of refraction,
the realization of this kind of materials is technologi-
cally challenging, and it remains today a promise for
the future. Hence, researchers have explored alterna-
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Fig. 1. Geometry of the crossed wires metamaterial, formed by two orthogonal arrays of nonconnected metallic wires. One set of wires is oriented
along the direction defined by û1, whereas the complementary set is oriented along û2. The distance between perpendicular adjacent planes of wires
is a/2. The plane of incidence is the xoz plane and the incident wave is TM-z polarized [kinc = (kx, 0, kinc

z ), H inc = Hincûy].

tive possibilities to achieve negative refraction using,
for example, indefinite anisotropic materials [5–11] or
photonic crystals [12,13].

Recently, we have suggested a novel route to obtain
all-angle broadband negative refraction based on materi-
als with spatial dispersion. In Ref. [14], following some
earlier studies [15,16], it was shown that due to the
strongly nonlocal electromagnetic response of a crossed
wire mesh (double wire medium), it is possible to bend
the impinging light rays in an unusual manner and obtain
broadband negative refraction. Specifically, the emer-
gence of negative refraction in the crossed wire mesh
can be intuitively understood by noting that each array
of parallel wires provides a different channel of prop-
agation for the incoming wave, and that the dominant
channel of propagation is such that the angle of refrac-
tion of the energy flow is negative. This novel approach
to negative refraction is quite different from negative
refraction by double-negative media, photonic crystals,
or even indefinite anisotropic materials.

In this work we further study the phenomenon of neg-
ative refraction in a crossed wire mesh, and investigate
the possibility of taking advantage of this effect to obtain
partial focusing with a flat lens.

The paper is organized as follows. In Section 2, the
geometry of the metamaterial and the corresponding
homogenization model are described. In Section 3, we
provide the guidelines for the design of a planar crossed
wires lens. Next, in Section 4 we numerically study the
imaging of a magnetic line source by the proposed lens.
Finally, in Section 5 the conclusion is drawn.

In this work the fields are assumed monochromatic
with time dependence ejωt.

2. Homogenization model

The metamaterial considered here consists of a
crossed wire mesh of nonconnected metallic wires with

radius rw and arranged in a square lattice with lat-
tice constant a. The two arrays of parallel wires are
orthogonal to each other and are placed at a distance
of a/2 from each other. The orientation of the two wire
arrays is determined by the perpendicular unit vectors
û1 = (1, 0, 1)/

√
2 and û2 = (1, 0, −1)/

√
2 (Fig. 1). The

wires are embedded in a dielectric with relative permit-
tivity εh and thickness L.

As explained in Refs. [15–18] and described in our
previous work [14], in the long wavelength regime
the “double wire medium” can be analyzed using
homogenization techniques, and is characterized by the
following dielectric function

¯̄εeff = εh

(
ûyûy + ε11û1û1 + ε22û2û2

)
. (1)

The permittivity components ε11 and ε22 are given by

εii (ω, ki) = 1 − β2
p

εh(ω/c)2 − k2
i

, i = 1, 2 (2)

where c is the speed of light in vacuum,
k = (kx, ky, kz) is the wave vector, ki = k.ûi, and
βp = [2π/(ln(a/2πrw) + 0.5275)]1/2/a is the plasma
wavenumber.

Before considering the more complicated problem of
radiation of a source above the metamaterial lens, let us
concentrate first on the analysis of a simple plane wave
scattering problem such that the incident wave vector
is in the xoz plane (ky = 0) and the incoming magnetic
field is polarized along the y direction, as illustrated in
Fig. 1. It was shown in Ref. [14] that the dispersion
characteristic of the plane wave modes supported by the
structured material for this specific polarization is equiv-
alent to a polynomial equation of third degree in the
variable k2

z . Thus, the homogenization model predicts
that the crossed wire mesh supports three independent
plane wave modes with the magnetic field along the y
direction, an effect which is only possible because of the
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Fig. 2. Isofrequency contour of the fundamental plane wave mode supported by the crossed wire mesh (Fig. 1) for the normalized frequency
ωa/c = 0.6, εh = 1 and rw = 0.05a (green lines), as well as the isofrequency contour in the air region (brown circle). The gray dashed lines represent
the asymptotes of the two hyperbolas. The transmitted wave vector kt (blue arrow) is determined by the conservation of the tangential component of
the wave vector kx at the interface, whereas the Poynting vector St (red arrow) is normal to the isofrequency curves and is oriented towards increasing
frequencies. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of the article.)

strongly nonlocal response of the metamaterial, since
for conventional local materials each fixed polarization
is associated with a single plane wave.

Here, we write the magnetic field in the three regions
of space as follows (the x dependence and the time vari-
ation ejωt of the fields are suppressed),

H (1)
y = Hinc

y (eγ0z + Re−γ0z), z > 0

H (2)
y = A+

1 e−jk
(1)
z z + A−

1 e+jk
(1)
z z + A+

2 e−jk
(2)
z z + A−

2 e+jk
(2)
z z + A+

3 e−jk
(3)
z z + A−

3 e+jk
(3)
z z, − L < z < 0

H (3)
y = H inc

y Teγ0(z+L), z < −L

(3)

In the above, Hinc
y is the incident field, γ0 =√

k2
x − ω2ε0μ0 is the free space propagation constant,

kx = ω
√

ε0μ0 sin θi, being θi the angle of incidence, and
R and T are the reflection and transmission coefficients,
respectively. The propagation constants k(1,2,3)

z [calcu-
lated by solving Eq. (5) of Ref. [14] with respect to
kz] and the amplitudes A±

1,2,3 are associated with the
electromagnetic modes excited inside the metamaterial
slab. For each plane wave with magnetic field of the
form H = H0e

−jk.rûy, the corresponding electric field
is given by

E = H0

ωε0εh

(−k2

ε11
û1 + k1

ε22
û2

)
e−jk.r. (4)

In order to calculate the reflection and transmission
coefficients, it is necessary to impose the following
boundary conditions:

Ex and Hy are continuous at z = −L and z = 0,

(5a)

Jd,av.û1 = 0, Jd,av.û2 = 0 at z = −L+ and z = 0−

(5b)

The first set of boundary conditions corresponds to the
classical boundary conditions which impose that the tan-
gential electric and magnetic fields are continuous at the
interfaces. The second set corresponds to the so-called
additional boundary conditions (ABCs) introduced in
Refs. [19,20], and guarantee that the electric current that
flows along each individual metallic wire vanishes at
both interfaces [for the definition of the averaged cur-
rent Jd,av in Eq. (5b) the reader is referred to Ref. [20]].
These additional boundary conditions are necessary to
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Fig. 3. (a) Normalized thickness of the metamaterial slab as a function of the angle of incidence calculated in order that d1 = d2. The frequency
of operation is ωa/c = 0.6, the radius of the wires is rw = 0.05a, and the permittivity of the host is εh = 1. The inset represents the geometry of the
problem. (b) Ray-tracing diagram showing that the structured material refocuses the rays coming from a line source both inside and outside the slab.
The rays represent the direction of the Poynting vector (energy flow). The source is placed at distance d1 = 0.25 L from the front interface and the
thickness of the slab is L = 20a.

remove the degrees of freedom characteristic of spa-
tially dispersive materials, which are manifested through
the existence of “additional waves”. In this manner, the
scattering problem is reduced to an 8 × 8 linear system,
which can be easily numerically solved (see Ref. [20]
for further details).

3. Guidelines for the design of the flat lens

As described in our previous work [14] (see also
[15,16,20]), the key ingredient for the emergence of neg-
ative refraction is the fact that the crossed wire mesh
supports, for propagation in the (xoz) plane (Fig. 1) and
long wavelengths, an electromagnetic mode with hyper-
bolic shaped isofrequency contours (Fig. 2). Hence, as
illustrated in Fig. 2, this electromagnetic mode under-
goes negative refraction at the interfaces with air. One
can easily see that the Poynting vector (energy flow) is
always negatively refracted for any incident wave vector
(or angle of incidence) since it must be normal to the
isofrequency contours. On the other hand, the transmit-
ted wave vector is positively refracted, making an acute
angle with the Poynting vector as in indefinite media.

Despite some similarities between these isofrequency
contours and those of indefinite materials, there is an evi-
dent and significant difference between them. As already
explained in Ref. [14], the isofrequency contours of a
conventional indefinite anisotropic material consist of a
single hyperbola and hence only yield negative refraction
when the interface is normal to the principal axis along

which the permittivity is negative. On the other hand, the
isofrequency contour of the considered spatially disper-
sive material consists of two hyperbolas with asymptotes
running along the directions û1 and û2 (see Fig. 2), and
consequently enables negative refraction if the interface
is normal either to the x or to the z direction. Moreover,
as mentioned in Section 1, the mechanism that yields
negative refraction in the crossed wire mesh is based on
the existence of two “propagation channels” (each asso-
ciated with a different set of parallel wires), and thus is
fundamentally different from the mechanism exploited
in indefinite materials. Here, we will focus our attention
in the study of wave propagation when the interface is
normal to the z direction.

In order to study the possibility of partial focusing,
we suppose that a line source is placed at a distance d1
from the front interface of the metamaterial slab (inset of
Fig. 3a), and we investigate what is the required thickness
L for the slab in order that the radiation of the source is
refocused to a point located at a distance d1 = d2 from
the back interface. In general, this thickness depends on
the angle of incidence θi.

From the inset of Fig. 3a and using simple geometri-
cal arguments, it is straightforward obtain the following
equations:

d1 |tan θi| = ds,1 |tan θt| (6a)

d2 |tan θi| = (L − ds,1) |tan θt| (6b)
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Fig. 4. (a): Geometry of the problem: a magnetic line source is placed at a distance d1 above the crossed wires lens. (b) and (c): Squared (normalized)
amplitude of the magnetic field |H|2. The frequency of operation is ωa/c = 0.6, the radius of the wires is rw = 0.05a, the permittivity of the host is
εh = 1, and the source is located at a distance d1 = 0.25 L from the front interface of the slab. The white dashed lines represent the interfaces of the
slab. (b) L = 20a; (c) L = 50a.

The angle θt represents the angle of refraction of
the energy flow (determined by Poynting vector of the
transmitted wave) and is calculated using the relation
vg = ∇kω(k). Then, substituting Eq. (6a) in Eq. (6b) and
considering that d1 = d2 we easily obtain the following
formula for the normalized thickness of the slab L

L

d1
= 2

∣∣∣∣ tan θi

tan θt

∣∣∣∣ (7)

In Fig. 3a we depict the required normalized thick-
ness for the slab as function of the angle of incidence,
calculated using Eq. (7).

As seen the required thickness for the slab is not con-
stant and depends on the angle of incidence. This was
expected, since as demonstrated in Ref. [14], the angle

of transmission θt is a nonlinear function of θi. Hence,
unlike what happens in Pendry’s lens where θt = θi

and consequently the thickness L = 2d1 provides per-
fect focusing, this structured slab does not possess pairs
of pure aplanatic points [21]. Nevertheless, despite this
non-ideal characteristic, the proposed lens may enable
a partial focusing of the radiation somehow similar to
what is achieved using a flat slab of indefinite anisotropic
material [6,10]. Clearly, from Fig. 3a, the thickness of
the slab should be chosen so that L > 2.8d1 to ensure
that d1 ≈ d2. To illustrate the possibilities, we depict in
Fig. 3b the ray-tracing diagram showing the path of the
rays inside and outside the slab for d1 = 0.25L. It is seen
that the rays coming from the line source (located above
the slab) are partially refocused inside the slab, and also
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Fig. 5. Normalized |H|2 (a) and |E|2 (b) for an array of crossed wires with thickness L = 20a, radius of the wires rw = 0.05a, and permittivity of the
host εh = 1. The magnetic line source is placed at distance d1 = 0.25 L from the front interface of the slab. The frequency of operation is ωa/c = 0.6.

after crossing the metamaterial lens at a partial focus
located at a distance d1 ≈ d2. Other numerical tests that
we have done suggest that d1 = 0.25 L is a good compro-
mise solution, which despite the non-ideality of the lens
yields a well-defined focus at the image plane.

4. Imaging a line source

In order to verify the results discussed in the previ-
ous section and characterize the effects of diffraction,
here we consider the scenario where a magnetic line
source (infinitely extended along y direction) is placed at
a distance d1 above the crossed wires slab (Fig. 4a). The
magnetic field radiated by the line source is of the form
Hy = A(1/4j)H (2)

0 (ω/c · ρ), where A is some constant
that depends on the line current, ρ is the radial distance to
the source, and H

(2)
0 = J0 − jY0 is the Hankel function

of second kind and order zero. Assuming that the meta-
material slab is unbounded along the directions x and y,
it is straightforward to show that the magnetic field in
the three regions of space can be written in terms of the
Sommerfeld-type integrals:

H (1)
y (x, z) = A

π

∫ ∞

0

1

2γ0
(e−γ0|z−d1| + R(ω, kx)e−γ0(z+d1)) cos(kxx)dkx, z > 0

H (2)
y (x, z) = A

π

∫ ∞

0

1

2γ0
H (2)

y (kx, z)e−γ0d1 cos(kxx)dkx, − L < z < 0

H (3)
y (x, z) = A

π

∫ ∞

0

1

2γ0
T (ω, kx)eγ0(z+L−d1) cos(kxx)dkx, z < −L

(8)

where H (2)
y (kx, z) is the magnetic field inside the slab

(−L < z < 0) defined in Eq. (3), and R(ω, kx) and T(ω, kx)
are the reflection and transmission coefficients obtained

by solving the plane wave scattering problem. Using the
above formulas we have calculated the magnetic field
profile in all regions of space.

In Fig. 4b and c the density plots of |H|2 are depicted
in the xoz plane for the configuration illustrated in Fig. 4a
with d1 = 0.25 L. In both figures it is clearly seen an
intense partial focus of the magnetic field inside the
crossed wires lens, and also behind the lens. Hence, these
results confirm the findings of Section 3, and prove that a
flat slab of nonconnected crossed wires can indeed redi-
rect the electromagnetic radiation of a p-polarized line
source (such that the electric field is in the plane of the
wires) to a narrow spot at the focal plane.

It is seen in Fig. 4b that for a slab with thickness
L = 20a the focal point behind the lens spreads some-
how along the z direction, and partially overlaps the
back interface of the slab. In order to achieve a focal
point clearly detached from the interface, we can use a
slab with larger thickness L, as shown in Fig. 4c, for
a lens with L = 50a. This can be understood by noting
that for a fixed frequency of operation, the characteristic
dimension of the system as compared to the wavelength

increases with L, and thus the laws of geometrical optics
and the ray-tracing analysis become more accurate (or
in other words, the effects of wave diffraction are miti-
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gated). Furthermore, it is noticeable in Fig. 4c that the
focal region is somehow elongated, consistent with the
ray-tracing analysis of Fig. 3b, as a consequence of the
fact that the angle of refraction θt inside the lens is angle-
dependent, as already discussed in Section 3.

In the region above the slab of crossed wires (where
the source is located) some effects of reflections can be
detected. Indeed, there is some mismatch between the
impedances of the structured material and free space,
because the effective impedance of the metamaterial is
relatively low [14].

The half-power beamwidth measured at the focal
plane for the example reported in Fig. 4c is 0.4λ0, similar
to the conventional diffraction limit value (λ0/2).

The results described above were obtained using the
analytical model (Eq. (8)), and assume that the meta-
material slab is infinitely extended along the x and y
directions. In order to confirm these homogenization
results and also the ray-tracing diagram (Fig. 3b), we
used a homemade Method of Moments (MoM) code to
numerically simulate the focusing properties of a finite
width metamaterial slab illuminated by a magnetic line
source. The MoM code takes into account all the fine
details of the microstructure of the artificial material. In
the MoM simulation the structured material slab is peri-
odic along the y direction, and finite along the x direction
with width W. It is assumed that each plane of wires
(parallel to xoz plane) is formed by 100 wires, so that the
width of the slab is approximately W = 100a

√
2.

The spatial maps of the normalized squared ampli-
tude of the magnetic and electric fields calculated with
the MoM are shown in Fig. 5. An intense partial focus
of the magnetic field (Fig. 5a) on the far side of the slab
relative to the line source is clearly seen, confirming the
homogenization results and further demonstrating that
this structure works, indeed, as a planar focusing device.
Contrary to what happens with the intensity of the mag-
netic field, the intensity of the electric field (Fig. 5b)
inside the metamaterial slab is significantly weaker than
in the free space regions [14]. Indeed, as mentioned
before, the crossed wire mesh is a low impedance mate-
rial. Due to this property, which implies some impedance
mismatch with free space, some reflections can be
detected in the region above the first interface, consistent
with the results of the analytical model.

5. Conclusion

In conclusion, we have demonstrated that a spatially
dispersive material formed by nonconnected crossed
metallic wires may be used as a planar lens that focuses
electromagnetic radiation in a narrow spot both behind

the lens and inside the lens. The spot size width at the
focal plane is near λ0/2 (diffraction limit), similar to
the resolution obtained with a planar lens formed by an
anisotropic indefinite material. Despite some similarities
of the reported focusing effect and the results achiev-
able using an indefinite anisotropic material, its physical
origin is completely distinct. In the crossed wire mesh
the hyperbolic isofrequency contours are rooted on the
existence of two “propagation channels”, each associ-
ated with a different array of wires, whereas in indefinite
media it is related to the sign of the principal elements
of the permittivity and permeability tensors.
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