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Here, we report a numerical implementation of the nonlocal homogenization approach recently proposed in
�M. G. Silveirinha, Phys. Rev. B 75, 115104 �2007��, using the finite-difference frequency-domain method to
discretize the Maxwell equations. We apply the developed formalism to characterize the nonlocal dielectric
function of several structured materials formed by dielectric and metallic particles and, in particular, we extract
the local permittivity, permeability, and magnetoelectric coupling parameters when these are meaningful. It is
shown that the finite-difference frequency-domain implementation of the homogenization method is stable and
robust, yielding very accurate results.
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I. INTRODUCTION

The interest in structured materials �metamaterials� with
atypical electromagnetic properties has received significant
attention in recent years. Such materials may interact with
electromagnetic waves in a controlled and desired way, and
provide unique electromagnetic responses, distinctively dif-
ferent from those of conventional dielectrics and metals. For
example, it has been shown that by tailoring the microstruc-
ture of conventional materials so that the geometry of the
inclusions and their spatial arrangement is thoughtfully cho-
sen, it may be possible to synthesize media with unconven-
tional properties, such as simultaneously negative permittiv-
ity and permeability,1 extreme anisotropy,2 permittivity near
zero,3,4 or broadband anomalous dispersion with no loss.5

These materials may permit interesting applications and ef-
fects such as imaging not limited by diffraction,6 boost the
sensitivity of magnetic-resonance imaging,7 negative
refraction,8 noninvasive sensing,9 or the realization of ultra-
subwavelength waveguides and resonators.10–12

Similar to conventional materials, due to the relatively
small dimensions of the inclusions as compared to the wave-
length of radiation, the electromagnetic wave propagation in
metamaterials can be conveniently described using homog-
enization techniques. Indeed, in general it is difficult or im-
practical to model all the minute microscopic details of the
basic inclusions that form a specific metamaterial since this
may require extensive computational efforts, sometimes be-
yond the available computational resources. Homogenization
methods greatly simplify propagation and radiation prob-
lems, by considering that the structured material may be re-
garded as a continuous medium described by only a few
effective parameters, typically the permittivity and perme-
ability.

Due to this reason in recent years significant efforts have
been devoted to the extraction of the effective parameters of
metamaterials. The homogenization of heterogeneous struc-
tures is a topic with a long history,13 with key contributions
from researchers such as Lorentz, Planck, and Oseen. The
simplest homogenization techniques are based on the use of
mixing formulas such as the classic Clausius-Mossotti �CM�
formula. The CM formula can be quite accurate in some

scenarios, but is limited by the fact that it considers that the
volume fraction of the inclusions is small, which in practice
is rarely the case. Valuable information about the effective
response of a periodic material can also be obtained from its
electromagnetic band structure but such procedure is of lim-
ited applicability in case of losses and in electromagnetic
band gaps.14 An alternative averaging approach based on
field summations inside the material was proposed in Ref.
15. The computation of the effective parameters of metama-
terials based on the inversion of computed or measured scat-
tering data16,17 is indisputably the most popular method to
characterize composite media nowadays. However, such ap-
proach has several problems, namely, the extraction method
may yield multiple solutions, making it cumbersome to de-
termine the correct branch and in some cases the extracted
parameters may be unphysical.18,19

Recently, we have introduced a systematic and completely
general homogenization method to extract the effective pa-
rameters of composite media.20,21 The method is based on
the solution of a source-driven numerical problem, and thus
does not involve the computation of eigenmodes. The solu-
tion of the homogenization problem formulated in Ref. 20
yields unambiguously the effective parameters of the com-
posite medium. In contrast with previous works, which typi-
cally assume that the electrodynamics of the material can be
described in terms of bianisotropic constitutive relations, the
method proposed in Ref. 20 describes the metamaterial in
terms of a nonlocal dielectric function, i.e., using a spatially
dispersive model. A material with spatial dispersion is char-
acterized by the fact that the polarization acquired by the
inclusions does not depend exclusively on the macroscopic
�i.e., averaged� electric field in the immediate vicinity of the
particle but depends also on the macroscopic electric field at
distances larger than the characteristic dimension of the basic
cell. Consequently, in the space domain, the electric dis-
placement vector D and the electric field E are typically
related through a spatial convolution, and thus for plane
waves �spectral domain� the dielectric function becomes a
function of both the frequency of operation and of the wave
vector.

An important property of the homogenization approach of
Ref. 20 is that the constitutive relations implicit in the spa-
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tially dispersive model are very general �more specifically
they can model an arbitrary composite material such that the
electric displacement vector is related to the macroscopic
electric field through a spatial convolution�, and thus include
as a particular case the conventional constitutive relations
that characterize the material using effective permittivity and
permeability tensors, and possibly magnetoelectric tensors
�bianisotropic model�. In particular, as demonstrated in Ref.
20, if meaningful, the conventional local parameters �permit-
tivity and permeability� may be extracted from the nonlocal
dielectric function by computing the derivatives of the di-
electric function with respect to the wave vector. Moreover,
nonlocal homogenization methods assume particular impor-
tance in the characterization of metamaterials with strong
spatial dispersion,5,12,22 which cannot be homogenized with
classical methods. It has been shown recently that such ma-
terials may have quite interesting applications such as the
transport and manipulation of the electromagnetic fields in
the nanoscale2,23 or the anomalous dispersion of light colors.5

In Ref. 20 it was shown that the dielectric function of a
metamaterial may be numerically computed using the
method of moments �MoM�. Even though such procedure is
completely general, it is well known that the MoM is mainly
suitable for the characterization of metallic structures, being
less efficient in the analysis of dielectric structures, where
finite-difference methods are generally much more versatile
and powerful.24 The aim of this paper is to demonstrate that
the homogenization problem can be efficiently solved using
a finite-difference frequency-domain �FDFD� formalism.25

This paper is organized as follows. In Sec. II we review
the homogenization approach introduced in Ref. 20 and ex-
plain how the homogenization problem can be solved by
discretizing the Maxwell equations using the FDFD method.
In Sec. III we validate the proposed formalism and illustrate
its application to several metamaterials formed by dielectric
inclusions. The extracted local effective parameters ��ef f and
�ef f� are compared with those obtained with other homog-
enization methods and, in particular, we discuss with details
the physics of plasmonic metamaterials that exhibit artificial
magnetism. Finally, in Sec. IV, the conclusions are drawn. In
this work, it is assumed that the fields are monochromatic
with a time dependence of the form ej�t.

II. NONLOCAL HOMOGENIZATION USING THE FDFD
METHOD

Here, we describe an FDFD �Ref. 25� solution of the ho-
mogenization problem formulated in Ref. 20. To begin with,
we present an overview of the homogenization method, ex-
plaining its principles and how it can be used to extract the
effective parameters �e.g., �ef f and �ef f� of metamaterials,
and subsequently we apply the FDFD formalism to solve the
pertinent source-driven problem.

For simplicity, without loss of generality, it is assumed
that the structured material under study is a two-dimensional
�2D� metal-dielectric crystal, obtained by translating a two-
dimensional unit cell � along the primitive vectors a1 and
a2. The periodic material can have dielectric and/or metallic
inclusions, with the magnetic permeability equal to �0 and
relative permittivity �r=�r�r ,��.

A. Overview of the homogenization method

The method presented in Ref. 20 permits the extraction of
the effective parameters of a generic periodic composite ma-
terial formed by nonmagnetic or metallic inclusions. The aim
of the method is to calculate the nonlocal dielectric function
��ef f =��ef f�� ,k� of the metamaterial, where � is the angular
frequency and k= �kx ,ky ,kz� is the wave vector. The possible
dependence of the dielectric function ��ef f�� ,k� on the wave
vector results from spatial dispersion effects,26 which are
characteristic of several metamaterials, even for very low
frequencies.5,12,22,27

In order to compute the unknown dielectric function for a
given �� ,k�, the composite material is excited with a
Floquet-periodic external distribution of electric current Je of
the form Je=Je,ave−jk·r, where Je,av is a constant vector.
Hence, the induced “microscopic” electric and induction
fields �E ,B� have also the Floquet property, and verify the
microscopic Maxwell equations,

� � E = − j�B , �1a�

� �
B

�0
= Je + Jd + j�0�E , �1b�

where Jd=�0��r−1�j�E is the induced current relative to the
host medium and �r is the periodic permittivity of the mate-
rial.

For a two-dimensional material, the macroscopic average
macroscopic fields Eav and Bav are defined as follows:

Eav =
1

Acell
�

�

E�r�e+jk·rd2r, Bav =
1

Acell
�

�

B�r�e+jk·rd2r .

�2�

In the above, � is the unit cell of the material and Acell
= �a1�a2� is the area of �. It can be easily verified that the
macroscopic fields verify the following equations:

− k � Eav + �Bav = 0, �3a�

�Dg,av + k �
Bav

�0
= − �Pe, �3b�

where Pe= 1
j�Acell

��Je�r�e+jk·rd2r is by definition the applied
polarization vector and the generalized electric displacement
Dg,av verifies the constitutive relation,

Dg,av � �0Eav + Pg = ��ef f��,k� · Eav. �4�

In Eq. �4�, Pg= 1
j�Acell

��Jd�r�e+jk·rd2r is the so-called gener-
alized polarization vector, which can be related to the classi-
cal polarization and magnetization vectors and with higher-
order multipoles.20 It should be clear from Eq. �4� that the
dielectric function can be determined for a given �� ,k� pro-
vided Pg is known for three independent vectors Eav �e.g., for
Eav	 ûi, where ûi is directed along the coordinate axes�.
Hence, the unknown dielectric function can be computed us-
ing the procedure outlined next.

The first step is to select three independent vector ampli-
tudes Je,av for the applied current Je �� and k are fixed�, and,
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for each distribution of current, solve the Maxwell’s Equa-
tions �Eq. �1�� to obtain the microscopic fields. It is assumed
that the obtained average fields Eav form an independent set
of vectors. In the second step, the generalized polarization
vector Pg associated with each distribution of microscopic
fields is determined using the formula Pg

= 1
j�Acell

��Jd�r�e+jk·rd2r, and then finally the dielectric func-
tion of the material ��ef f =��ef f�� ,k� is calculated so that it is
consistent with Eq. �4�. The calculated dielectric function is
independent of the excitation, i.e., it is independent of the
specific set of constant vectors Je,av that is considered in the
calculation.

An important property discussed in Ref. 20 �see also Refs.
28 and 29� is that in presence of weak spatial dispersion so
that the material can be described using conventional consti-
tutive relations and its response is to some degree of approxi-
mation local, the effective parameters of the artificial me-
dium �local permittivity, local permeability, and
magnetoelectric parameters� can be readily extracted from
the nonlocal dielectric function. Specifically, the relation be-
tween the nonlocal dielectric function and the local param-
eters is as follows:

�ef f�

�0
��,k� = �r� − �� · �r�

−1 · �� +
c

�
��� · �r�

−1 � k − k � �r�
−1 · ���

+
c2

�2k � ��r�
−1 − I�� � k , �5�

where I� is the identity dyadic, �r���� is the local permittivity
dyadic �relative to the free-space permittivity�, �r���� is the
local permeability �relative to the free-space permeability�,
and ����� and ����� are dimensionless tensors that character-
ize the magnetoelectric coupling.20 The constitutive relations
implicit in the definition of the local parameters are20

D = �0�r� · Eav + 
�0�0�� · H , �6a�

Bav = 
�0�0�� · Eav + �0�r� · H . �6b�

It should be clear that the above constitutive relations are
different from the constitutive relation implicit in Eq. �4�.
The main advantage of the constitutive relations �6� are that
they are local and, in particular, the number of parameters
that characterize the material is drastically reduced �because
the local parameters are independent of the wave vector�.
Moreover, the constitutive relations �6� are valid both in the
spectral domain as well as in the spatial domain, and this
simplifies considerably the analysis of problems involving
interfaces between different media. The constitutive relations
�6� have been used for a long time in the characterization of
media with optical activity.29–31

As mentioned before, in this work it is assumed that the
geometry of the metamaterial is intrinsically two dimen-
sional �axis of the structure is along z� and that kz=0. More-
over, it is also supposed that the electromagnetic wave is
transverse electric to z �TEz�. In such conditions the only

relevant component of the relative magnetic permeability
�r���� is the zz-component, which may be numerically cal-
culated as follows:20

�ef f

�0
� �r,zz��� =

1

1 − ��

c
�2 1

2�0
 �2�ef f ,yy

�kx
2 

k=0

, �7�

where �ef f ,yy = ûy ·��ef f · ûy. Formula �7� shows that the emer-
gence of artificial magnetism is intrinsically related to spatial
dispersion effects of second order �Refs. 20 and 28�.

On the other end, putting k=0 in Eq. �5� it is readily
found that

�ef f�

�0
��,k = 0� = �r� − �� · �r�

−1 · �� . �8�

In the absence of magnetoelectric coupling ��=��=0 �e.g., if
the material has inversion symmetry, i.e., it is invariant under
the transformation r→−r with respect to some suitable ori-
gin of the coordinates�, the local electric permittivity is given

by �����=��ef f�� ,k=0�. However, in general the tensors ��

and �� do not vanish. The relevant components of the tensor ��

for the two-dimensional geometry under study
�TEz—polarized waves with kz=0� are clearly �zx and �zy.
Thus, we may assume that

�� = �zxûzûx + �zyûzûy , �9�

where ûzûx� ûz � ûx represents the tensor product of two
vectors. Taking into account that in reciprocal media the ten-

sor �� is linked to �� by the relation ��=−��T �Ref. 31� �the
superscript “T” represents the transpose tensor�, and substi-
tuting Eq. �9� into Eq. �5�, it is found after straightforward
calculations that

�zx = −
�

c
�r,zz

1

�0
 ��ef f ,xy

�kx


k=0
,

�zy = −
�

c
�r,zz

1

�0
 ��ef f ,xy

�ky


k=0
. �10�

Hence, the magnetoelectric parameters are obtained from
the first-order derivatives of the nonlocal dielectric function
with respect to the wave vector.

B. 2D FDFD method

In order to determine the microscopic electric fields �so-
lution of Eq. �1��, we employ the well-known FDFD method
based on the Yee’s mesh.32 The FD method is excellent to
model devices with a complex geometry or structures of fi-
nite size. It is an accurate and stable method where the
sources of error such as the grid resolution, nonphysical re-
flections from the grid boundaries, and the effect of repre-
senting curved surfaces on a Cartesian grid are well under-
stood. Being a frequency-domain method, it is able to
resolve sharp resonances and obtain solutions at a single fre-
quency more efficiently than time-domain methods. In the
FD method the unit cell � is divided into many rectangular
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grids. A portion of the grid with a dielectric inclusion is
illustrated in Fig. 1.

For TEz polarized waves the electromagnetic field only
has the following Cartesian components Ex ,Ey ,Hz, and the
wave vector is restricted to the xoy plane �kz=0�. Hence, in
our case, the problem to be solved �Eq. �1�� is

�
�2Ey

�x � y
−

�2Ex

�y2 − ��

c
�2

�rEx = − j��0Je,x

�2Ex

�x � y
−

�2Ey

�x2 − ��

c
�2

�rEy = − j��0Je,y
� . �11�

In the above, Je,x and Je,y are the components of the applied
current density �Je=Je,ave−jk·r� along the x and y coordinates.
In order to discretize the derivatives of the electric fields in
Eq. �11� we employ the formulas proposed in Ref. 33,

�2Ey

�x2 �i, j� =
Ey�i + 1, j� − 2Ey�i, j� + Ey�i − 1, j�

��x�2 , �12a�

�2Ey

�x � y
�i, j�

=
Ey�i + 1, j� − Ey�i, j� − Ey�i + 1, j − 1� + Ey�i, j − 1�

�x�y
,

�12b�

�2Ex

�y2 �i, j� =
Ex�i, j + 1� − 2Ex�i, j� + Ex�i, j − 1�

��y�2 , �12c�

�2Ex

�x � y
�i, j�

=
Ex�i, j + 1� − Ex�i, j� − Ex�i − 1, j + 1� + Ex�i − 1, j�

�x�y
,

�12d�

where �x and �y are the grid spacing along the x and y

directions, respectively. The discrete indices �i , j� attached to
the field components are such that Ex�i , j��Ex ��xi+�x/2,yj�

and
Ey�i , j��Ey ��xi,yj+�y/2�, where �xi ,yj� are the Cartesian coor-
dinates of the considered node �see Fig. 1�. If the mesh of
Fig. 1 has N nodes in the unit cell, then there are 2N un-
knowns, as each node corresponds to two components of the
electric field, Ex and Ey, respectively. The magnetic field
Hz=− 1

j��0
�

�Ey

�x −
�Ex

�y � can be calculated at each node using the
formula,24

Hz�i, j� = −
1

j��0
�Ey�i + 1, j� − Ey�i, j�

�x

−
Ex�i, j + 1� − Ex�i, j�

�y
� �13�

being Hz�i , j��Hz ��xi+�x/2,yj+�y/2�. All the nodes situated at
the boundary of the unit cell have some adjacent nodes lying
outside of the unit cell but they can be “brought back” using
the Bloch-Floquet periodic boundary conditions,

	�x + a,y + b� = e−jkxa−jkyb	�x,y� . �14�

Here, 	�x ,y� is any field component, kx and ky are the wave-
vector components along the x and y directions, and a and b
are the lattice constants along the x and y directions. Substi-
tuting Eq. �12� into the system �Eq. �11�� and taking into
account the Bloch-Floquet boundary conditions �Eq. �14��, it
is possible to reduce the homogenization problem to a stan-
dard linear system that can be numerically solved with re-
spect to the unknowns �microscopic electric field compo-
nents at the grid nodes�. In this manner, we obtain the
microscopic fields, which are then used to compute the non-
local dielectric function as detailed in Sec. II A. Since the
problem is effectively two dimensional we only need to
solve two excitation problems to retrieve the nonlocal dielec-
tric function.

III. APPLICATION OF THE HOMOGENIZATION
METHOD

A. Dielectric cylinders

To validate the developed numerical code, first we com-
puted the effective dielectric function of a metamaterial
formed by cylindrical dielectric inclusions with circular cross
section and dielectric constant �r=�r�− j�r� with �r�
1. The
inclusions are arranged in a square lattice with period a and
have radius R �Fig. 2�. The real part of the effective dielectric
function �Fig. 2� was computed for k=0 and for the normal-
ized frequency �a /c=0.001 �quasistatic regime�. A uniform
mesh was used with �x=�y=a /34 and the computation time
for each frequency sample is approximately 15 s in a stan-
dard personal computer.34 The calculated effective permittiv-
ity was compared with the effective permittivity extracted
from the band structure of the periodic material �slope of the
fundamental mode near the origin of the Brillouin zone� us-
ing the hybrid plane-wave integral-equation-based method
described in Refs. 35 and 36.

In Fig. 2�a� the computed results are shown as a function
of the volume fraction of the cylinders �in percentage� for

i

j

x�

yE
y�

1j �

1i�

0 r� �

0�

xE� �,i jx y

zH

yE

xE

xE

yE
zH

zH

xE

yE
zH

FIG. 1. �Color online� Geometry of the grid mesh for the FDFD
method. The nodes are spaced by �x and �y along the x and y
directions, respectively. The shaded region represents a portion of
the dielectric inclusion with dielectric permittivity �r.
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different values of the permittivity: �r=3, �r=6, and �r=15
�the metamaterial is assumed lossless�. It can be seen that the
results obtained using the homogenization method concur
very well with the results obtained from the slope of the band
structure at the origin of the Brillouin. As expected, the ef-
fective permittivity grows with the volume fraction of the
cylinders. In Fig. 2�b� the effective permittivity is plotted as
a function of the relative permittivity of the cylinders, now
for a fixed volume fraction of the inclusions. It is seen that
the effective permittivity is more sensitive to the variation in
�r for cylinders with large radii.

In a second example we have extracted both �ef f and �ef f
for a mixture of high-index cylinders with permittivity �r
=56 and normalized radius R=0.4a �Fig. 3�. Metamaterials
formed by a mixture of cylinders with large dielectric con-
stant may exhibit a strong magnetic response due to the ex-

citation of the Mie resonance in the particles.37 Inclusions
with a large dielectric constant are used so that free-space
wavelength is much larger than the spacing between inclu-
sions at the resonance frequency, and consequently the sys-
tem may be considered as an effective medium. Related con-
figurations �with spherical inclusions� have been studied in
Refs. 38 and 39 to mimic the response of an isotropic
double-negative medium �Refs. 38 and 39�.

Using the FDFD implementation of the nonlocal homog-
enization method, we computed the effective parameters of
the considered system as a function of the normalized fre-
quency �a /c �Fig. 3�. Consistent with Ref. 37, it can be seen
that the composite material may have an effective response
very different from its nonmagnetic dielectric constituents
and, in particular, that the magnetic response may be greatly
enhanced around �a /c�0.8 while the electric response has
a resonance near �a /c�1.2.

We compared the results obtained using the homogeniza-
tion method with those predicted by the Clausius-Mossotti
mixing formula �the expressions of the dynamic electric and
magnetic polarizabilities of the dielectric cylinder can be
found in Ref. 40�. As can be seen in Fig. 3, despite the
relatively large diameter of the cylinders, the results ex-
tracted with the FDFD method agree surprisingly well with
those obtained using the Clausius-Mossotti formula. This in-
dicates that the interaction between the inclusions is pre-
dominantly of the dipole type.

B. Plasmonic inclusions

Particles with a plasmonic response are important build-
ing blocks of optical metamaterials. Since the early pioneer-
ing works of Bergman and Milton it is well known that nano-
particles with negative permittivity can support multiple
electric resonances.41,42 Several configurations that exploit
the existence of such plasmonic resonances in order to tailor

� e
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FIG. 2. �Color online� �a� Quasistatic effective permittivity as a
function of the volume fraction fV �in percentage� of the inclusions
for different values of the permittivity �r. �b� Effective permittivity
as a function of �r for different values of fV. The discrete symbols
in �a� and �b� correspond to the values computed with the homog-
enization method and the solid lines were obtained from the slope
of the band structure of the material at the origin of the Brillouin
zone. The geometry of the unit cell of the two-dimensional metama-
terial is shown in the inset: the unit cell consists of a cylindrical
inclusion with circular cross section, normalized radius R /a and
permittivity �r.
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FIG. 3. �Color online� Real parts of the effective permittivity
�ef f �green lighter curves� and permeability �ef f �blue darker
curves� as a function of the normalized frequency �a /c. The dis-
crete symbols correspond to the values extracted with the FDFD
method and the solid lines are the values obtained using the
Clausius-Mossotti formula. The high-index cylindrical-shaped in-
clusion has a normalized radius R=0.4a and permittivity �r=56.
The host material is air.
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the effective properties of a composite material �notably the
magnetic response in the optical regime� have been put for-
ward in the recent literature.43–46 It is thus relevant to char-
acterize the optical response of a metamaterial formed by an
array of such particles. For simplicity, it is supposed here that
the permittivity of the inclusions is described by the Drude

model �r=1−
�p

2

���−j�� , where �p is the plasma frequency and
� is the collision frequency. The Drude dispersion model
may describe accurately the response of noble metals
through the infrared and optical domains. It is assumed that
the normalized plasma frequency verifies �pa /c=1, where a
is the lattice period. The inclusions are arranged in a square
lattice and have a normalized radius R=0.45a. These param-
eters are the same as in Ref. 43.

The extracted permittivity ��ef f =�ef f�� ,k=0�� is depicted
in Fig. 4 as a function of the normalized frequency � /�p.
Clearly, the effective permittivity of the metamaterial has
several sharp singularities, especially close to the frequency
� /�p=0.7, which corresponds to the plasmon resonance for
a single cylindrical particle ��=−1�. This irregular behavior
of the electric response is a consequence of the excitation of
multiple quasistatic resonances that are characteristic of
closely coupled plasmonic particles, consistent also with the
results of Ref. 43, which showed that in general the material
may support almost dispersionless bulk plasmons, propagat-
ing plasmon polaritons, and modes associated with high-
multipole resonances. It Ref. 43 it was shown that these
“high-multipole resonances” may be associated with a re-
gime where the structure behaves as a double-negative ma-
terial. This is indeed supported by our numerical analysis,
which shows that in the vicinity of � /�p=0.63 both the ef-
fective permittivity and the effective permeability are simul-
taneously negative �the effective permeability is shown in the
inset of Fig. 4 and was evaluated using Eq. �7��. In particular,
we have obtained that at � /�p�0.637 the effective permit-
tivity is �ef f =−0.56, and the effective permeability is �ef f

=−2.35, consistent with the values reported in Ref. 43 for a
nearby frequency ��ef f =−2.35 and �ef f =−0.427 at � /�p
=0.6�.

When the absorption is increased �i.e., � is increased� so
that the surface-plasmon polaritons are more damped, the
somehow irregular behavior of the electric response tends to
disappear. The effect of loss is particularly important at the
frequencies associated with the plasmonic resonances.

To further investigate the properties of the plasmonic
resonances and emphasize their quasistatic nature,47 we have
studied a second metamaterial configuration where the inclu-
sions are square-shaped tilted plasmonic inclusions �with
negative permittivity�, arranged in a square lattice �inset of
Fig. 5�.48 The computed permittivity is shown in Fig. 5 as a
function of the �negative� permittivity of the square-shaped
inclusion. The quasistatic regime is assumed ���0� and the
square cylinders have sharp corners. As shown in Fig. 5,
somehow similar to the previous example, the effective per-
mittivity of the metamaterial has several singularities, which
are a consequence of the excitation of multiple quasistatic
plasmonic resonances. However, in the present case the reso-
nant response is enhanced by the fact that the boundary of
the inclusions is not a smooth curve. More specifically, as
also discussed in Ref. 48, the sharp corners of the plasmonic
inclusion may cause a great enhancement of the electromag-
netic field in their vicinity. Thus, unlike the array of circular
cylinders considered in the previous example �for which the
inclusions have a smooth boundary�, the array of square cyl-
inders supports strongly localized resonances which stem
specifically from the irregular boundary of the inclusions. We
compared the results obtained with our method with the ef-
fective permittivity calculated in Ref. 48 using a different
method �discrete symbols in Fig. 5�. The general agreement
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FIG. 4. �Color online� Real and imaginary parts of the effective
permittivity �ef f /�0=��− j�� as a function of the normalized fre-
quency � /�p, for a mixture with plasmonic cylinders arranged in a
regular lattice, for different values of the damping frequency:
� /�p=0.001 �black curves�, � /�p=0.01 �green curves�, and
� /�p=0.1 �blue curves�. The solid lines correspond to the real part
of �ef f while the dashed lines represent the imaginary part. The host
material is air. The inset shows the real part of the effective mag-
netic permeability �� /�p=0.001� of the system in the vicinity of
� /�p=0.64.
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two-dimensional metamaterial is shown in the inset: the unit cell
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the FDFD method while the discrete symbols are from Ref. 48. The
host material is air.
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between both sets of results is quite satisfactory but it may be
noticed that our extraction method does not predict as many
singularities as the method used in Ref. 48. The reason may
be that in Ref. 48 a refined mesh was used at the sharp
corners while our numerical code uses a uniform mesh,
hence predicting less accurately the singularities resultant
from the sharp corners �whose number is infinite in the range
−3��r�−1 /3�.

It was shown in Ref. 48 that when the inclusion has nega-
tive permittivity and an infinitely sharp wedge, the electro-
magnetic fields may have a very irregular behavior at the
wedge and the stored energy may not be finite. These prob-
lems can be minimized by adding loss to the material. In-
deed, it may be seen in Fig. 5 that when losses are consid-
ered, i.e., the permittivity of the inclusions is of the form
�r=�r�− j�r� with �r�0, the amplitude of the resonances is
damped. However, it should be mentioned that even the pres-
ence of absorption may not be sufficient to avoid a resonant
response. For more details about this counterintuitive result
the reader is referred to Ref. 48, where it is shown that to
obtain a stable response it is necessary to add both loss and
round the corners of the inclusions.

C. Zero-index media

Zero-index media is a class of metamaterials with index
of refraction equal to zero �or near zero� at the frequency of
operation. Due to the relatively long wavelengths intrinsic to
these materials, they may have interesting potentials in tun-
neling electromagnetic energy through narrow channels and
bends,3,4,40 to increase the directivity of an antenna,49 to ma-
nipulate the shape of wave fronts, and to design delay lines.50

In general, zero-index media are strongly mismatched with
free space due to the huge difference between the wave im-
pedance �=
� /� in such materials and free space. Never-
theless, when both the permeability and the permittivity of
the material are near zero, the metamaterial may have near-
zero index and may be matched to free space.

Clearly, the realization of a material with such properties
is not a trivial matter. One of the possible realizations is a
racemic mixture of left-handed and right-handed helices of
certain pitch angle, as considered in Ref. 51. In a recent
work,40 a different strategy to obtain a material with simul-
taneously near-zero permittivity and permeability was ex-
plored. It was shown that such material may be easily real-
ized provided a material with near-zero permittivity �and no
magnetic response� is somehow available. This may be the
case of some metals at optical and UV frequencies, and some
semiconductors and polar dielectrics at infrared frequencies.
Specifically, it was shown in Ref. 40 that by embedding di-
electric particles with suitable size and permittivity in a host
background with near-zero permittivity it may be possible to
realize a composite material with simultaneously near-zero
permittivity and permeability. Our objective here is to char-
acterize the effective parameters of such zero-index compos-
ite materials.

For simplicity, we suppose that the geometry of the
metamaterial is similar to that of Sec. III A. Specifically, the
metamaterial is formed by cylindrical-shaped inclusions with

normalized radius R /a=0.4, and arranged in a square lattice.
However, instead of being embedded in air, we will consider
that the cylindrical inclusions are embedded in an epsilon-
near-zero �ENZ� host medium ��h�0�. It was demonstrated
in Ref. 40 that at the frequency where �h=0, the effective
permittivity of the composite material vanishes whereas the
effective permeability is given by the following �exact� for-
mula:

�ef f = �0�Ah,cell

Acell
+

2�R2

Acell

1

krR

J1�krR�
J0�krR��, at � = �p,

�15�

where Ah,cell=Acell−�R2, kr=�
�r�0�0, and Jl is the Bessel
function of first kind and order l. In order to further validate
our numerical code, we have computed the effective perme-
ability of the composite material using the FDFD-
homogenization method. The effective permeability is writ-
ten in terms of the derivatives of the nonlocal dielectric
function with respect to the wave vector �Eq. �7��. The cal-
culated result is depicted in Fig. 6 �discrete symbols� as a
function of the relative dielectric permittivity of the cylinders
�r, and compares very well with exact result given by Eq.
�15� �solid lines�. It may be seen that the magnetic response
has a resonance when �r�36, and that the permeability is
near zero, �ef f �0, when �r�56.

In order to study the frequency response of the metama-
terial we have calculated the local permittivity and the local
permeability as functions of frequency. It is assumed that the
host permittivity is described by the Drude dispersion model,
and that the permittivity of the cylinder is �r=56. The nor-
malized plasma frequency verifies �pa /c=1.0 and the colli-
sion frequency is such that � /�p=0.001.

In Fig. 7�a� the extracted effective parameters �discrete
symbols� are depicted as functions of the frequency, showing
that, consistent with the theory of Ref. 40, both the permit-
tivity and permeability are near zero at the plasma frequency:
�ef f��p�=�ef f��p��0. The solid lines in Fig. 7�a� represent
the effective parameters predicted by the Clausius-Mossotti
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FIG. 6. �Color online� Real part of the effective permeability
�ef f as a function of the permittivity �r of a square lattice of dielec-
tric cylinders embedded in a host medium with permittivity near to
zero ��h�0�. The cylindrical-shaped inclusions have normalized
radius R=0.4a. The solid curve was obtained using Eq. �15� and the
discrete symbols where obtained with the FDFD method.
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mixing formula �see Ref. 40�, being the general agreement
with the data extracted with the FDFD homogenization quite
good. In Fig. 7�b� we show the amplitude of the electric field
component Ey at different frequencies of operation marked in
Fig. 7�a�, and supposing that the excitation Je=Je,ave−jk.r is
directed along y and k=0. It may be seen in Fig. 7�b� �i� that
when � /�p�1 ��h�0� the electric field does not penetrate
into the cylinder and is strongly concentrated in the ENZ
region so that the spatially average electric displacement vec-
tor �Dy�= ��Ey� vanishes ��ef f �0�. The situation is quite dif-
ferent at the resonance of the electric response, � /�p
�1.282, as shown in Fig. 7�b� �ii�.

D. Horseshoe inclusion

An interesting proposal to obtain a strong magnetic re-
sponse using plasmonic nanoparticles is based on nanostruc-
tures shaped as a horseshoe. It was shown in Ref. 52 that
such “nanoantennas” with dimensions much smaller than the
light wavelength can have a magnetic plasmon resonance

with resonant frequency depending on the shape and material
properties rather than on the wavelength. In this section, we
will study the effective magnetic response of arrays of such
metallic horseshoe-shaped nanostructures.

The two-dimensional metamaterial consists of metallic
nanoantennas arranged in a square lattice �Fig. 8�a��. The
permittivity �r of the inclusions follows the Drude dispersion
model, being the normalized plasma frequency �pa /c=30.0
and the collision frequency � /�p=0.001. The normalized
thickness of the “arms” of the nanoantennas is b /a=0.18 and
the distance between the opposite arms is d /a=0.26. Using
the homogenization-FDFD method we calculated the effec-
tive permeability �ef f of the composite material as a function
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the host medium is characterized by a Drude-type dispersion model.
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quency where the effective permittivity hits a resonance �ii� and
when �ef f �0 �i�.
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FIG. 8. �Color online� �a� Real part of the effective permittivity
�ef f as a function of the normalized frequency �a /c. Solid line:
homogenization method used in this work; discrete symbols: data
extracted using the inversion of the reflection and transmission co-
efficients �Refs. 16 and 17�. The geometry of the unit cell is shown
in the inset and consists of a U-shaped plasmonic inclusion with
complex permittivity �r. The arms of the horseshoe have a normal-
ized thickness b=0.18a and normalized length L=0.79a. The dis-
tance between the two arms is d=0.26a. �b� Real parts of
�ef f ,xx�� ,k=0� �blue solid curve� and �ef f ,yy�� ,k=0� �green dashed
curve� as a function of the frequency. The host medium is air. �c�
and �d� normalized amplitude of the magnetic field Hz in the unit
cell, when the current source is directed along x and y, respectively,
at �a /c�1.47. �e� and �f� represent the real part of the electric field
vector E in the unit cell, when the current source is directed along
x and y, respectively.
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of the normalized frequency �a /c �solid line Fig. 8�a�� �as
before the effective permeability is calculated from the
second-order derivatives of the nonlocal dielectric function
with respect to the wave vector�. The homogenization
method predicts that there is a magnetic resonance around
�a /c=1.47.

It is interesting to compare the FDFD-homogenization re-
sults with the effective parameters yielded by the well-
known method of extraction based on the inversion of the
reflection and transmission coefficients.16,17 In order to ob-
tain the required reflection and transmission coefficients �for
a metamaterial with one layer thickness� we used a commer-
cial full-wave electromagnetic simulator.53 The computed
data is also shown in Fig. 8�b� �discrete symbols�, revealing
a fair agreement with our homogenization method. It may be
seen that the resonance is slightly shifted to higher frequen-
cies and that the magnetic response is weaker. The justifica-
tion for these properties may be that the effective permeabil-
ity extracted with our method is a parameter intrinsic to the
periodic material �bulk permeability� whereas the permeabil-
ity obtained from the method of extraction reported in Refs.
16 and 17 depends on the thickness of the metamaterial slab
�in our simulation a monolayer� as well as on interface ef-
fects.

Figure 8�b� shows the real part of the effective permittiv-
ity components �ef f ,xx�� ,k=0� and �ef f ,yy�� ,k=0� along the
two principal directions of the structure, x and y respectively,
as a function of frequency. It can be seen that the dielectric
function along the y axis ��ef f ,yy� is barely sensitive to the
variation in the frequency whereas �ef f ,xx hits a resonance at
�a /c�1.57. This resonance is a consequence of the cou-
pling between the electric and magnetic fields �bianisotropy�
existent in this structure. This issue will be further discussed
ahead.

Figures 8�c� and 8�d� show the normalized amplitude of
the magnetic field Hz �at �a /c=1.47 and for the same mate-
rial parameters as in the example of Fig. 8�a�� when the
external current source is directed along x and y �supposing
that k=0�, respectively. Likewise, Figs. 8�e� and 8�f� show
snapshots �at t=0� of the electric field vector E in the unit
cell when the current source is directed along x and y, re-
spectively. It is important to note that for k=0 the external
excitation enforces a nonzero external electric field in the
system while the external magnetic induction field vanishes.
Or in other words, for k=0 we are calculating the electric
response of the metamaterial. Consistent with this property, it
is seen from Fig. 8�f� that the electric field distribution is
somehow similar to that of two electric dipoles. Figure 8�d�
shows that the induced current flows from one end to the
other in each arm of the horseshoe, creating two magnetic
fields that cancel out in all the points with coordinates x /a
=0.5.

On the other hand, when the current source is directed
along x �Figs. 8�c� and 8�e��, i.e., Je=Jeûx, the magnetic field
Hz and the electric field are highly concentrated between the
arms of the horseshoe. Even though k=0, such field distri-
bution corresponds to the excitation of a magnetic resonance
of the system. This occurs due to the lack of inversion sym-
metry of the considered material, which implies the emer-
gence of bianisotropic effects. Thus, even though the exter-

nal excitation is purely electric �k=0�, the field distribution
in Figs. 8�c� and 8�e� is mostly determined by the magnetic
response of the metamaterial since the metamaterial is oper-
ated close to the magnetic resonance �see Fig. 8�a��.

To demonstrate in a conclusive manner the emergence of
the bianisotropic effects, we have calculated using Eq. �10�
the magnetoelectric coupling parameters �zx and �zy of the
metamaterial. The numerical simulations showed that �zy
�0, consistent with the symmetries of the horseshoe, spe-
cifically with the fact that the structure is invariant under the
transformation �x ,y ,z�→ �−x ,y ,z�. On the other hand, the
amplitude of the parameter �zx may be quite significant.

Figure 9 represents Im��zx� as a function of frequency �for

a lossless metamaterial the tensor �� is purely imaginary31�,
showing that it exhibits the same behavior as the magnetic
permeability, hitting a resonance at the same frequency
��a /c=1.47�. We have also plotted in Fig. 9 the frequency
dependence of �ef f ,xx�� ,k=0�, which, from Eq. �8�, is related
to the local parameters through the relation �ef f ,xx�� ,k=0�
=�xx+ 1

c2 �zx
2 1

�ef f
, where �xx is the relative local permittivity

along x. Interestingly, the previous formula predicts that, in
presence of bianisotropic effects, �ef f ,xx has a resonance at
the frequency where the permeability �ef f vanishes. This is
confirmed by Fig. 9, which shows that at �a /c�1.55 the
magnetic permeability vanishes and the xx component of the
nonlocal dielectric function has a pole.

It is important to stress that the extraction of the material
parameters ��zx, �ef f, �xx, and �yy� is based on the assumption
that the effective medium can be accurately described by the
bianisotropic constitutive relations �Eq. �6��. In these condi-
tions, the nonlocal dielectric function is necessarily a qua-
dratic form of the wave vector, as follows from Eq. �5�. In
particular, it should be clear that the magnetic permeability
�ef f should completely determine the spatial dispersion ef-
fects of second order or equivalently it should univocally
determine the second-order derivatives of the nonlocal di-
electric function �ef f� with respect to k. It may be easily veri-
fied from Eq. �5� �by calculating the derivatives �2 /�kx

2 and
�2 /�kx�ky at the origin� that �ef f should verify, besides Eq.
�7�, the following formulas:

�ef f
�2�

�0
=

1

1 − ��

c
�2 1

2�0
 �2�ef f ,xx

�ky
2 

k=0

, �16a�
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FIG. 9. �Color online� Nonlocal dielectric function along the x
direction �green dashed line�, effective permeability �black dotted
line�, and magnetoelectric parameter �blue solid line� for the horse-
shoe geometry of Fig. 8�a�.
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�ef f
�3�

�0
=

1

1 + ��

c
�2 1

�0
 �2�ef f ,xy

�kx � ky


k=0

. �16b�

The above formulas should be regarded as consistency con-
ditions of the bianisotropic model, i.e., if the material is in
fact local it must verify �ef f

�1� =�ef f
�2� =�ef f

�3�, where �ef f
�1� is the

magnetic permeability extracted using Eq. �7�.
In order to check this, we numerically calculated the mag-

netic permeability �for the configuration of Fig. 8�a�� using
the extraction formulas �ef f

�1�, �ef f
�2�, and �ef f

�3�. The result is
plotted in Fig. 10 where it can be seen that the consistency
relations are not satisfied by the horseshoe configuration
since the curves describing each of the extraction formulas
do not agree. Moreover, the curves associated with �ef f

�2� and
�ef f

�3� exhibit a resonance with a nonphysical dispersion at
�a /c=1.6. This unsettling result implies that the magnetic
permeability of the structure depends on the direction of
propagation, and thus the response of the horseshoe particle
cannot be fully described by the assumed bianisotropic rela-
tions �Eq. �6��. Indeed, it must be emphasized that a truly
local material �with �zx, �ef f, �xx, and �yy independent of k�
should verify �ef f

�1� =�ef f
�2� =�ef f

�3�. Therefore, in general the con-
sidered metamaterial should be regarded as nonlocal �in the
sense that it cannot be described by the local constitutive
relation �6��.

The origin of the spatially dispersive response of the
metamaterial may be related to the excitation of the electric
quadrupole moment, which is known to have strength com-
parable to that of the magnetic dipole, in other metamaterials
with a topology similar to that of the horseshoe.54,55 The
excitation of the electric quadrupole is a consequence of the
fact that the induced electric current does not form a closed
loop54 �Figs. 8�c� and 8�d��. Indeed, we numerically verified
that to a very good approximation �ef f

�1� =�ef f
�2� ��ef f

�3� in the
examples considered in Secs. III A and III C �inclusions with
circular cross section; the circular geometry forces the in-
duced current to circulate in a loop�.

Another reason for the lack of consistency between �ef f
�1�,

�ef f
�2�, and �ef f

�3� in the geometry of Fig. 8�a� may be the fact
that the volume density of the horseshoe inclusions in that
example is too high to expect a local response of the material
�these high densities of particles are typical of metamaterials

and are necessary to have a strong magnetic response�. When
working with densely packed crystals the expansion of the
dielectric function must include additional terms which are
second order with respect to k and possibly other terms of
even higher orders. Physically, those terms are related to the
higher-order multipole moments that are not taken into ac-
count by the bianisotropic constitutive relations �Eq. �6��.

We have also studied the influence of the permittivity of
the horseshoe inclusions on the magnetic response of the
particles. Figure 11 depicts the required permittivity for the
particles in order that the magnetic resonance occurs at a
certain specified frequency �ra /c �in these plots the permit-
tivity of the nanoparticles is regarded as a free parameter; the
dimensions of the particle are kept invariant; the star-shaped
symbols were obtained using the homogenization method
proposed here �using Eq. �7�� whereas the circle-shaped sym-
bols were obtained using the retrieval process of Refs. 16
and 17. The results show that to obtain very subwavelength
resonant particles ��ra /c�1� the absolute value of the real
part of the permittivity of the inclusions −�r� must be rela-
tively small. Specifically, in order to obtain ultrasubwave-
length particles it is necessary that the skin depth of the
metal, �, be comparable or larger than the thickness of the
nanoantennas. This is clearly seen in the inset of Fig. 11,
which represents the normalized resonant wavelength �r /a
as a function of the normalized skin depth � /b of the horse-
shoe configuration.

IV. CONCLUSION

In this work, we developed a FDFD implementation of
the nonlocal homogenization approach proposed in Ref. 20.
We have demonstrated that the proposed numerical method
may be an excellent solution to solve the homogenization
problem, yielding very accurate results, and allowing for the
computation of the effective parameters of metamaterials
formed by dielectric and metallic inclusions with arbitrary
shapes, taking into account both the effect of loss and fre-
quency dispersion. We compared our homogenization ap-
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FIG. 10. �Color online� Real part of the effective permittivity
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different formulas for the extraction of �ef f.
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FIG. 11. �Color online� Required permittivity �r for the horse-
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proach with other homogenization methods, demonstrating
not only its accuracy but also its generality. In particular, we
have studied with details the electrodynamics of arrays of
horseshoe-shaped nanoparticles, and emphasized the fact that
such metamaterials may be characterized by significant mag-
netoelectric coupling, as well as nonlocal effects that cannot
be described by the usual bianisotropic constitutive relations.
The developed formalism can be easily extended to fully
three-dimensional structures.
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