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A prism of glass separates white light into its spectral components in such a manner that colors

associated with shorter wavelengths are more refracted than the colors associated with longer wave-

lengths. Here, we demonstrate that this property is not universal, and that a lossless metamaterial prism

with a suitable microstructure may enable a broadband regime of anomalous dispersion, where the

spectral components of light are separated in an unconventional way, so that ‘‘violet light’’ is less refracted

than ‘‘red light.’’ This phenomenon is fundamentally different from conventional anomalous dispersion

effects, which are invariably accompanied by significant loss and are typically very narrow band.
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The separation of the colors of light by a glass prism is
one of the most remarkable optical phenomena. Such a
beautiful effect is a consequence of the frequency disper-
sion of the index of refraction of glass, which makes
spectral components associated with different colors be
refracted in different directions. Similarly, the dazzling
profusion of colors observed in rainbows is the result of
the wavelength dependence of the refractive index of water
droplets. In a transparent medium, such that the absorption
is negligible in a given range of frequencies, the electric
permittivity " must be an increasing function of frequency
[1]. This property stems from the principle of causality and
from one of the Kramers-Kronig formulas for "ð!Þ ¼
"0ð!Þ þ i"00ð!Þ:

"0ð!Þ ¼ 1þ 1
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where P.V. stands for the principal value of the integral [1].
When the material is transparent near the frequency ! of
interest, i.e., "00ð!Þ is negligibly small, it is possible to
differentiate the integral in the usual way because in prac-
tice u ¼ ! does not lie in the integration region. Hence, we
have that [1]
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which shows that indeed the refractive index n ¼ ffiffiffiffiffiffiffiffiffiffiffi
"ð!Þp

increases with frequency (for simplicity, it is assumed that
� ¼ 1), and consequently that the spectral components of
light associated with shorter wavelengths (‘‘violet’’ light)
are more refracted by a glass prism than the components
associated with longer wavelengths (‘‘red’’ light), as illus-
trated in Fig. 1(a). Hence, it seems that, independent of the
material of the prism, the palette of refracted colors will
always follow the same pattern, showing red as the left-
most color and violet as the rightmost color. Indeed, it is
well-known that a regime of anomalous dispersion, where
the refracting index decreases with frequency, requires the
presence of loss and is typically very narrow band [2,3].

In recent years, there has been a great interest in novel
artificially engineered materials, known as metamaterials.
Such structured materials are typically formed by dielec-
tric or metallic inclusions, whose shape and size are ration-
ally designed in order to tailor the electromagnetic
properties of the composite material. Metamaterials may
enable an unprecedented control of the propagation of
electromagnetic waves, and effects like negative refraction
and subwavelength imaging [4,5].
Here, we demonstrate that, notwithstanding the funda-

mental physical constraints that impose that in a transpar-
ent material @"=@!> 0, it may be possible to design a
metamaterial prism with a suitable microstructure such
that it separates the colors of light in an anomalous way,
and the palette of refracted colors is reversed [Fig. 1(b)]. To
this end, we need to step beyond the frontier of usual local
materials, and consider materials with a nonlocal (spatially
dispersive) response [1,6]. A spatially dispersive material
is characterized by the fact that the electric dipole moment

FIG. 1 (color online). (a) Refraction of light by a conventional
dielectric prism. (b) Refraction of light by the metamaterial
prism proposed in this Letter. Notice that the palette of refracted
colors is reversed. (c) and (d) Perspective views of the meta-
material prism. The metamaterial is formed by nonconnected
crossed metallic wires that lie in planes normal to the y direction.

PRL 102, 193903 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending
15 MAY 2009

0031-9007=09=102(19)=193903(4) 193903-1 � 2009 The American Physical Society

http://dx.doi.org/10.1103/PhysRevLett.102.193903


acquired by a basic particle cannot be written exclusively
in terms of the local electric field in a small neighborhood
of the particle, but ultimately may depend on the electric
field distribution in the whole crystal. It is well-known that
the plane waves in an unbounded spatially dispersive ma-
terial are characterized by a dielectric function of the form
��"ð!;kÞ, where k ¼ ðkx; ky; kzÞ is the wave vector. For

simplicity, let us consider the particular case where the
wave propagates in the yoz plane, i.e., kx ¼ 0, and the
electric field and the electric displacement are collinear
and polarized along the x direction. In these conditions the
wave propagation can be completely described by the "xx
component of the dielectric function, which is denoted
hereafter by "ð!;kÞ. As in a local material, as a conse-
quence of causality, for each fixed k the dielectric function
"ð!;kÞ also verifies the Kramers-Kronig formulas, and, in
particular, in a transparency window it verifies Eq. (2) [6]
(p. 53; the material is assumed nongyrotropic). However,
the key point is that unlike in a local material, the property

@"=@!> 0 does not imply that the refractive index n ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"ð!;kÞp

is an increasing function of frequency. In fact, for
a plane wave the wave vector k must verify the dispersion
characteristic k2y þ k2z ¼ ð!=cÞ2"ð!;kÞ, and should be re-

garded a function of frequency. Hence, even though
@"=@!> 0, the total derivative d"

d! ¼ @"
@! þrk"� dkd! does

not need to be positive, and the index of refraction may
possibly be a decreasing function of frequency.

In order to demonstrate this possibility, we consider an
artificial material formed by two nonconnected arrays of
parallel wires (‘‘double-wire medium’’) [7]. Each array of
parallel wires is arranged in a square lattice with lattice
constant a. The two arrays of wires are mutually orthogo-
nal and lie in planes parallel to the xoz plane. The distance
between adjacent perpendicular wires is a=2. The metallic
wires are tilted by �45

�
with respect to the xoy plane

[Figs. 1(c) and 1(d)]. For simplicity, it is supposed that the
wires stand in air. It is known that the considered material
is strongly spatially dispersive, and for kx ¼ 0 and an
electric field polarized along the x direction, it is charac-
terized by the dielectric function

"ð!; kzÞ ¼ 1� �2
p

ð!=cÞ2 � k2z=2
; (3)

where �p ¼ f2�=½lnða=2�rwÞ þ 0:5275�g1=2=a is the

plasma wave number, and rw is the radius of the wires
[7]. For simplicity, it is assumed here that the wires are
perfect electric conductors. The effect of metallic loss can
be easily accounted for using the formulas of Ref. [7], and
is negligible provided the skin depth of the metal is smaller
than the radius of the wires. It was demonstrated in Ref. [7]
that, unlike what could be expected based on the conven-
tional model that describes wire media as an artificial
plasma, the metamaterial supports a propagating mode
characterized by a large positive index of refraction for
arbitrarily long wavelengths. Such a property may enable
the realization of ultrasubwavelength waveguides, as ex-

perimentally verified in Ref. [8], and subwavelength imag-
ing [9]. Here, we prove that a prism of the metamaterial
separates the colors of light in an unusual manner, revers-
ing the palette of refracted colors.
Consider a plane wave propagating along the z direction

in the unbounded metamaterial. From Eq. (3) it is clear that
@"
@kz

¼ � @"
@!

kz
!

c2

2 . Thus, the total derivative of the permit-

tivity seen by the plane wave with respect to frequency may

be written as d"
d! ¼ @"

@! ð1� 1
2

c2

vpvg
Þ, where vp ¼ !=kz and

vg ¼ d!=dkz are the phase and group velocities, respec-

tively. Hence, even though @"=@!> 0, when 0< vpvg <

c2=2 the refractive index may, indeed, decrease with fre-
quency. In fact, substituting the dielectric function (3) into
the dispersion characteristic of plane waves, it is readily
found that the index of refraction (for propagation along z
or quasiparallel to z) is [7]

n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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which is clearly a decreasing function of frequency, be-
cause �p depends exclusively on the geometry of the

metamaterial. This exciting property suggests that a prism
of the considered metamaterial may refract the spectral
components of light in an unconventional manner. Indeed,
since the component of the wave vector parallel to the
interface must be preserved, it is clear that for normal
incidence the wave vector in the metamaterial must be
collinear with the wave vector associated with the incident
wave. For similar reasons, the angle of refraction �t is such
that sin�t ¼ n sin�, where � is the angle between the input
and output interfaces of the prism [10]. Thus, since n
decreases with frequency, the angle of refraction �t has
exactly the same property, and consequently colors of light
associated with shorter wavelengths will be less refracted
by the prism. It is interesting to mention that, similar to the
phase velocity, the group velocity also increases with
frequency, and is always less than c.
To illustrate the suggested potentials we plot in the inset

of Fig. 2 the angle of transmission, �t, as a function of the
normalized frequency and for different values of �. The
metamaterial is formed by wires with radius rw ¼ 0:05a,
where a is the lattice constant. It is clear from Eq. (4) that
for sufficiently low frequencies the wave suffers total
internal reflection. The onset of transmission (�t ¼ 90

�
)

occurs at the frequency !c such that nð!cÞ ¼ csc�. As
shown in Fig. 2, for frequencies larger than!c the angle �t
decreases monotonically. Notice that in the spectral region
of interest !a=c � 1; i.e., the lattice constant is much
smaller than the wavelength, and thus the metamaterial
can indeed be described using the homogenization model.
In order to further characterize the anomalous properties

of the metamaterial, next we investigate the refraction of a
Gaussian beam by the metamaterial prism. For simplicity,
it is assumed that the prism is periodic along the x direction
and that the incoming electromagnetic field is independent
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of x. The output interface of the prism is defined by 0<
y <W, where W is the aperture of the prism. The incident
electric field is polarized along x, and is such that

Einc
x ðy0; z0Þ ¼ E0e

ik0z
0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2iz0=k0w2
0

q e�ðy0�y0
0
Þ2=½w2

0
ð1þ2iz0=k0w2

0
Þ�;

(5)

where y0 and z0 form a system of coordinates attached to
the input interface (see Fig. 1), y00 ¼ W=2 cos� is the

coordinate of the central point of the input interface, k0 ¼
!=c is the free-space wave number, and w0 defines the
beam waist. The electric field at the output interface (after
propagation through the prism) may be estimated as
Eout
x ðyÞ ¼ Einc

x ðy cos�; 0ÞTð!;LyÞ, where Ly ¼ y sin� is

the distance traveled by the wave inside the lens, and
Tð!;LÞ is the transmission coefficient for plane wave
incidence (along the normal direction) in a metamaterial
slab with thickness L (see the inset of Fig. 3). The trans-
mission coefficient can be evaluated using formula (5) of
Ref. [9].

To give an idea of how T varies along the output inter-
face of the prism, in Fig. 3 we plot the amplitude and phase
of T as a function of L=a for the normalized frequency
!a=c ¼ 0:22. This frequency is slightly larger than the
frequency!c that defines the onset of transmission through
a prism with�¼15

�
, a configuration which will be studied

in detail below. The solid lines correspond to the exact
results obtained by solving Maxwell’s equations using the
periodic method of moments (MoM), whereas the discrete
symbols were obtained using the homogenization model
developed in Ref. [9], using �p ¼ 1:76=a (this is slightly

smaller than the theoretical value 1:93=a). Again, we em-
phasize that T is calculated by solving the scattering prob-
lem associated with a planar metamaterial slab. As ex-
plained in the previous paragraph, it is expected that if �
is not too large, T can be used as well to estimate the field
at the output interface of the prism. As could be antici-
pated, due to interference effects caused by the wave re-
flections at the slab interfaces, the amplitude of T oscillates
nearly periodically as the thickness of the metamaterial is
varied.
The effects of wave diffraction after transmission

through the metamaterial prism can be estimated using
the physical optics approximation

Exðy; zÞ �
Z W

0
Eout
x ð �yÞ

�
�ik0 cos�t�0 � @�0

@z

�
d �y; (6)

where �0 ¼ i
4H

ð1Þ
0 ðk0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðy� �yÞ2 þ z2
p Þ, and Hð1Þ

0 is the

Hankel function of first kind and order zero. We have
used the above formalism to characterize the refracted
Gaussian beam for a metamaterial prism formed by 297
planes of metallic wires spaced by a=2 (W ¼ 148a), and
with � ¼ 15

�
. The radius of the wires is rw ¼ 0:05a. The

beam waist of the incoming wave was taken equal to
2w0 ¼ 4:0�0. In Fig. 2 we plot the radiation intensity, I �
jExj2, in the far field of the metamaterial prism (dashed
lines) as a function of the elevation angle ’ [see Fig. 1(c)]
for different frequencies of operation. Consistently with
the variation of �t with frequency (inset of Fig. 2), it is seen
that as the frequency increases from !a=c ¼ 0:25 up to
!a=c ¼ 0:40, the main lobe of the refracted beam ap-
proaches the direction normal to the prism; i.e., the maxi-
mum of the radiation intensity occurs for a larger value of
’, confirming that the metamaterial prism separates the
spectral components of light in an anomalous manner. The

FIG. 3 (color online). Amplitude and phase of the transmission
coefficient T of a planar metamaterial slab, as a function of the
thickness of the slab L. The slab is illuminated by a plane wave
propagating along the normal direction. The normalized fre-
quency of operation is !a=c ¼ 0:22, and the radius of the wires
is rw ¼ 0:05a. Solid lines: full wave calculation with the peri-
odic MoM. Discrete symbols: results obtained using the ho-
mogenization model developed in Ref. [9]. The inset represents
the geometry of the problem. The wires are tilted by �45

�
with

respect to the interfaces, and lie in planes normal to the y
direction.

FIG. 2 (color online). Normalized radiation intensity I of the
refracted beam (calculated at a distance R ¼ 30:0�0 from the
output interface) as a function of the elevation angle ’, for a
metamaterial prism with � ¼ 15

�
and (a) ! ¼ 0:25c=a,

(b) ! ¼ 0:35c=a, and (c) ! ¼ 0:40c=a. The dashed lines cor-
respond to the results obtained using physical optics [Eq. (6)],
whereas the solid lines were obtained by solving Maxwell’s
equations using the periodic MoM. The vertical grid lines
mark the theoretical angle of transmission �t for each of the
considered cases. The inset shows �t as a function of normalized
frequency and different values of �.
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direction of maximum radiation intensity is not exactly
coincident with the theoretical value (marked by the verti-
cal grid lines in Fig. 2) due to the effect of diffraction.
Clearly, the effects of diffraction are more important for
low frequencies, not only because the prism is electrically
smaller but also because the angle of transmission �t is
larger. In this example, the prism aperture is W ¼ 5:9�0 at
!a=c ¼ 0:25, and increases to W ¼ 9:4�0 at !a=c ¼
0:40. Naturally, for a prism with a larger aperture the effect
of diffraction will be less significant.

To demonstrate in a conclusive manner the extraordinary
properties of the metamaterial prism, we have solved
Maxwell’s equations using the MoM. The MoM takes
into account all the details of the microstructure of the
metamaterial prism, and gives the exact solution of the
problem, apart from some small inevitable ‘‘numerical
noise.’’ To simplify the numerical modeling it is still
assumed that the metamaterial prism is periodic along
the x direction. The dimensions of the metamaterial prism
are the same as before. The calculated (full wave) radiation
intensity associated with the refracted beam is depicted in
Fig. 2 (solid lines). It can be recognized that the full wave
results are qualitatively similar to the results obtained using
the physical optics approximation, and clearly show that
the longer wavelengths are more refracted by the metama-
terial prism than the shorter wavelengths. Figure 4 shows a
density plot of jExj2 (which is roughly proportional to the
beam intensity) in the vicinity of the prism for !a=c ¼
0:25 and !a=c ¼ 0:40. Unlike a conventional glass prism,
it is seen that the metamaterial prism bends more the
spectral component of light with the larger �0. Some
fluctuations of the transmitted field may be noticed, espe-
cially in Fig. 4(a). These side lobe diffraction peaks occur
due to the finite size of both the prism aperture and the
beam waist, which leads to the excitation of guided modes
at the edges of the prism [7–9]. The guided modes propa-
gate strongly attached to the prism interface and form a
standing wave due to reflection at the prism vertices,
originating some oscillations in the near-field diagram. It

is expected that for a prism with an electrically larger
aperture W these diffraction related effects will be less
important, as supported by the results of Fig. 4(b).
In conclusion, it was demonstrated that, notwithstanding

the very strict physical principles that impose that in a
transparent material @"=@!> 0, the index of refraction
of a spatially dispersive metamaterial formed by crossed
metallic wires may decrease with frequency in a very broad
spectral range. Such a remarkable property is absolutely
unique and cannot be obtained with conventional local
materials [2,3], which would require the presence of sig-
nificant loss. It was demonstrated theoretically and with
full wave numerical simulations that this property enables
a metamaterial prism to reverse the palette of the refracted
colors. The proposed material may be fabricated at micro-
waves using the technique reported in [8]. Even though at
optical frequencies the response of metals is dominated by
plasmonic effects and the real part of the permittivity is
relatively low, the reported phenomenon may still be ob-
served because of the very strong nonlocal response in-
duced by the topology of the metamaterial (this response is
comparatively much stronger than in an array of parallel
wires, which may behave as a local material in the optical
regime [11]).
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