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We study plasmonic time crystals, an extension of dielectric-based photonic time crystals to plasmonic
media. We demonstrate that such systems may amplify both longitudinal and transverse modes. In
particular, we show that plasmonic time crystals support “collective resonances” of longitudinal modes,
which occur independent of the wave vector k, even in the presence of significant dissipation. These
resonances originate from the coupling between the positive- and negative-frequency branches of the
plasmonic dispersion relation of the unmodulated system and from the divergence of the density of states
near the plasma (ε-near-zero) frequency ωp. The strongest resonance arises at a modulation frequency
Ω ¼ 2ωp, corresponding to a direct interband transition. We demonstrate these resonances for various
periodic modulation profiles and provide a generic perturbative formula for resonance widths in the weak
modulation limit. Furthermore, we propose transparent conducting oxides as promising platforms for
realizing plasmonic time crystals, as they enable significant modulation of the electron effective mass while
maintaining moderate dissipation levels. Our findings provide new insights into leveraging time-modulated
plasmonic media to enhance optical gain and control wave dynamics at the nanoscale.
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Introduction—Temporal modulation of a material
amounts to changing in time some parameters of the
material. In this way, a new artificial (or meta) material
is created, with new and useful properties [1,2]. In
particular, if the dielectric permittivity ε of a material
undergoes periodic modulation, then a photonic time
crystal (PTC) is produced [3]. A PTC can amplify
electromagnetic waves with wave numbers k lying in its
k band gaps [4]. k bands are analogous to the frequency
bands in a spatial photonic crystal.
Generally, the concept of temporal modulation applies to

arbitrary time dependence εðtÞ. For instance, the behavior
of an electromagnetic wave under sudden change of ε
at some instant t ¼ t0 has been considered already in
1958 [5]. The case of εðtÞ being a random function of time
has been studied recently in [3,6]. By now, temporal
modulation of materials has become a broad and active
field of research with many theoretical [3–28] and some
experimental [29–32] works.
A few previous works have investigated some particular

forms of dispersive time crystals, focusing mainly on
transverse waves [18,33–38]. Let us also mention possible
amplification of localized plasmons [39], as well as surface
plasmons [40]. This ongoing work on parametric amplifi-
cation in various types of PTCs must be distinguished from
the old work on parametric resonances and instabilities in
gaseous plasmas (see, e.g., [41]).
In this Letter, we extend the study of PTCs to longi-

tudinal excitations of an electron gas. In conventional

PTCs, which rely on permittivity modulation in dielectric
materials, both the modulation depth and frequency face
stringent constraints. Specifically, both must be sufficiently
large to produce observable k gaps and significant ampli-
fication rates. Here, we demonstrate that “plasmonic time
crystals” (PLTCs) serve as exceptional platforms for gen-
erating optical gain. More precisely, we show the possibil-
ity of achieving a collective resonance that can significantly
enhance parametric gain. This collective resonance arises
from the coupling of plasmons with positive and negative
frequencies and is characterized by a diverging density
of states. Such a resonance can occur for any mode with a
k-independent dispersion relation. In particular, it applies to
longitudinal plasmons, whose temporal modulation, to the
best of our knowledge, has not been previously studied.
Infinite band gaps for transverse waves were analyzed in

a recent work [38]. Here, we show that, unlike the trans-
verse resonant case [38], longitudinal waves support a
collective resonance even in the presence of dissipation.
Thus, for a longitudinal plasmon, a very wide (theoretically
“infinite”) k gap emerges naturally, leaving only the
challenge of ensuring a substantial amplification rate.
We also note that the temporal modulation of longitudinal
optical phonons was analyzed in [42] in the context of
the interaction of a point charge with a time-modulated
medium.
Physical model—We consider a conducting material

whose electric response is determined by both bound
and free electrons. We assume that the response of the
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conducting material is modulated in time via a nonlinear
process driven by optical pumping. In this context, trans-
parent conducting oxides (TCOs) have recently attracted
considerable attention [43–49], as it has been demonstrated
that optical pumping can induce strong refractive index
modulations in the near-zero permittivity (ENZ) regime
[50,51]. Moreover, recent studies have shown that time
interfaces as short as a single optical cycle can also be
generated with such a modulation scheme [49].
The nonlinearity of ENZ materials excited below the

band gap is governed primarily by the modulation of their
absorption properties and by the modulation of the effective
mass of free electrons [52]. In a plasma subjected to optical
pumping, a significant fraction of conduction electrons is
excited to higher energy states within the conduction band,
forming a population of “hot electrons.” Because of the
nonparabolicity of the conduction band, these hot electrons
may experience an effective mass m� that differs from its
equilibrium value. Furthermore, the increased energy of the
hot electron population can enhance the probability of
lattice collisions, rendering the collision frequency ν a time-
dependent parameter [52].
In this Letter, we concentrate on homogeneous and

isotropic media. Consequently, electromagnetic excitations
in our system are either longitudinal or transverse. In what
follows, we shall focus mainly on longitudinal plasmons.
(Transverse plasmons will be discussed mainly in com-
parison with longitudinal plasmons.)
Longitudinal plasmons—For this type of excitation, the

magnetic field in the material is negligible, and the electron
displacement away from equilibrium oscillates along the
same direction as the electric field gradient in space, as we
show below. In order to derive the equation governing the
dynamics of (volume) longitudinal plasmons in a material
[53,54], consider some volume of the electron gas dis-
placed by an amount u relative to the neutralizing ionic
background, as illustrated in Fig. 1(a). (Note that the
displaced electrons can belong to an arbitrary region within
the material.) By applying Newton’s law to the displaced
electrons, we obtain Mðd2u=dt2Þ þMνðdu=dtÞ ¼ QE,
where M ¼ m�Ne is the total effective mass of the
displaced electrons, Q ¼ −eNe is their total charge, and
Ne is the number of displaced electrons. The term propor-
tional to νðdu=dtÞ accounts for dissipation due to
collisions.
The electric field E acting on the displaced electrons

is obviously the field generated by the excess of negative
charge in a layer of thickness u and by the corresponding
layer of uncompensated positive ionic charge of the same
thickness [see Fig. 1(a)]. Elementary electromagnetic
analysis then yields E ¼ eð4πn0u=εÞ, where n0 is the
density of free electrons, and ε ¼ 1þ 4πχe represents the
permittivity of the background with the contribution from
bound electrons described by the electric susceptibility χe.
(We adopt Gaussian units.) This relation essentially means

that the total electric displacement field D ¼ εE −
4πen0u ¼ 0 vanishes throughout the plasma medium.
Upon substituting the relation between E and u in the

equation of motion, we find that the electron displacement
obeys the equation

m�ðtÞ d
2u
dt2

þm�ðtÞνðtÞ du
dt

þ e2
4πn0
εðtÞ u ¼ 0: ð1Þ

We have incorporated the effect of optical pumping by
allowing the effective mass and collision frequency to vary
with time. Furthermore, for completeness, we also consider
the impact of optical pumping on the susceptibility of the
bound electrons, as in conventional nonlinear optics. As a
result, optical pumping can also modulate the permittivity ε
of the background, although this effect is typically less
significant than the modulation of the free electron
response.
In Supplemental Material [55] we provide a more formal

derivation of (1) governing longitudinal plasmons by
considering Maxwell’s equations coupled with a transport
equation with time-varying coefficients.
For simplicity, in the main text, we neglect the modu-

lation of the bound electrons permittivity, and thus set
ε to its unmodulated equilibrium value ε0. (Modulation
of ε is qualitatively similar to modulation of the effective
mass [55].) Furthermore, we also assume that ν is time

(a)

(b)

FIG. 1. (a) Illustration of the displacement of a region of the
electron gas. The displacement generates a region of thickness u
with an excess of negative charge and a corresponding region of
equal thickness with positive charge due to the uncompensated
ionic background. (b) Band structure of the static dispersive
crystal, showing both positive- and negative-frequency bands.
The arrows indicate possible interband transitions.
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independent, treating it as a time-averaged collision fre-
quency. The theoretical justification for this approximation
is provided in Supplemental Material [55]. Under these
assumptions, Eq. (1) can be rewritten as

d2f
dt2

þ ω2
p½1þ δmðtÞ�f þ ν

df
dt

¼ 0; ð2Þ

where f is any component of the displacement vector u.
Here, ωp is the plasma frequency of the unmodulated
(equilibrium) system, defined as ω2

p ¼ 4πe2n0=m�
0ε0,

where m�
0 is the effective mass of electrons in the

unmodulated system and where we have parametrized
the modulated effective mass as 1=m� ¼ ½1þ δmðtÞ�=m�

0.
We shall refer to the dimensionless fractional quantity δmðtÞ
as the modulation depth (or modulation profile).
Equation (2) describes a damped parametric oscillator

[57]. The first-order damping term in (2) may be eliminated
by redefining f ¼ e−νt=2g. The resulting equation for g is

d2g
dt2

þ ω2
p

�
1 −

ν2

4ω2
p
þ δmðtÞ

�
g ¼ 0: ð3Þ

Since our plasma is spatially homogeneous, it suffices
to consider waves with a spatial dependence of the form
∼eik·r. A distinctive feature of Eq. (2) is that it does not
involve the wave number k. This property is unique to
longitudinal plasmons, owing to their intrinsic k-independent
dispersion relation, ω ¼ �ωp [see the dashed lines in
Fig. 1(b)]. Such a dispersion implies that, once time modu-
lation is switched on, the function fðtÞ—along with all other
relevant quantities—can undergo exponential growth simul-
taneously for all kmodes. This collective resonance enhances
the interaction between the plasma and the optical pump,
leading to strong parametric amplification, as we elabo-
rate below.
In particular, it is important to emphasize that, under

periodic modulation δmðtÞ with modulation frequency Ω,
all k modes of a longitudinal plasmon excitation are
amplified at the same frequencyΩampl. This is the collective
longitudinal resonance alluded to in the Abstract. The
overall scale of Ωampl is essentially fixed by the two
dimensionful quantities in (2), namely, ωp and ν [58].
The latter, in turn, determine the location of the ENZ
resonance εðωÞ ¼ 0 (on the unmodulated permittivity),
even in the presence of dissipation [59]. In contrast, the
related concept discussed in Ref. [38] relies on the
condition εðωÞ ¼ ∞, which in principle is more sensitive
to dissipation effects.
Under periodic modulation profile δmðtÞ, the two

Floquet-type fundamental solutions of (2) are of the form
[55,60–62] f1;2ðtÞ ¼ e−iω1;2tu1;2ðtÞ, where ω1;2 are the two
fundamental frequencies, and u1;2ðtÞ are periodic functions
with period T ¼ 2π=Ω [55]. The fundamental frequencies

ω1;2 ¼ ω0
1;2 þ iω00

1;2 are typically complex. Thus, if (at
most) one of the imaginary parts ω00

1;2 is positive, the
corresponding Floquet solution will grow as function of
time, rendering the system unstable.
The eigenfrequencies ω1;2 depend on the modulation

frequency Ω and on the parameters controlling the (dimen-
sionless) modulation profile δmðtÞ. This parameter space is
split into regions of stability and instability, separated by
borderlines. In regions of stability, oscillations of fðtÞ
are bounded, while in regions of instability fðtÞ exhibits
resonant behavior, with unbounded oscillations. These
general statements are demonstrated succinctly by the
following two examples:
Harmonic modulation: δmðtÞ ¼ δmM cosΩt. In this case

(and in the absence of losses), Eq. (2) reduces to the famous
Mathieu equation [60–64], which exhibits rich structure of
stability and instability regions in the space of parameters
Ω=ωp and δmM. In particular, forΩ ¼ 2ωp, it is well known
that the amplitude of oscillations grows exponentially
approximately as expðδmMωpt=4Þ. In our problem, this
instability can be interpreted as a collective resonance (i.e.,
for all values of the wave number k) due to the interband
transitions between the two branches �ωp of the static
(unmodulated) crystal [see Fig. 1(a)] [35,65]. This insta-
bility persists also when Ω is slightly detuned away from
2ωp, albeit with a smaller growth exponent [57]

ω00 ≃ ðωp=4Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2mM − 16Δ2

p
, where Δ ¼ ðΩ=2ωpÞ − 1 is

the detuning parameter.
The width of the instability region around Ω ¼ 2ωp is

determined by reality of ω00. In particular, this means that
there is a minimal threshold value of δThmM ¼ 4jΔj required
to induce instability. Similar but weaker instabilities occur
also at modulation frequencies around Ωn ¼ 2ωp=n with
integer n [57]. Finally, such exponential growth, albeit with
smaller amplification rate ω00ðνÞ ≃ ω00ð0Þ − ν=2, persists
also for sufficiently small ν, as should be clear from the
argument leading to (3) [57].
In particular, it follows that, for a sinusoidal-type

modulation of the effective mass, the minimum modulation
depth required to overcome losses (at resonance) is
approximately δmM ≈ 2ν=ωp. The ratio ν=ωp can be related
to the imaginary part of the complex permittivity, ε00ðωÞ,
evaluated at the ENZ frequency via ðν=ωpÞ ≈ ðε00ENZ=εÞ,
where ε is the permittivity due to bound electrons.
Consequently, the required modulation depth is
δmM ≈ 2ðε00ENZ=εÞ. For typical TCOs, ε ∼ 3–4 and ε00ENZ ∼
0.2–0.5 [44,46]. According to Ref. [52], for TCOs δmM
varies linearly with the pump intensity and can be as large
as 0.2. Therefore, while challenging, attaining the required
modulation depth for optical gain appears feasible in these
materials.
Periodic piecewise constant modulation: In this case, in

its simplest form, δmðtÞ assumes one constant value δm1

during the first part 0 ≤ t < τ of the modulation period
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and another constant value δm2 during its remaining part
τ ≤ t < T [60,61]. For concreteness, let us focus on the
modulation

δmðtÞ ¼ δmMsgnðsinðΩtÞÞ; ð4Þ

which flips sign at the middle of the modulation period.
Here, as in the case of Mathieu’s equation, one obtains a
rich chart of stability and instability regions in the plane
of parameters Ω=ωp and δmM [60,61]. In particular, for
weak modulation amplitude δmM (and in the absence
of dissipation ν ¼ 0), we find an infinite family of
resonances analogous to the aforementioned resonance
of the Mathieu equation, centered at modulation frequen-
ciesΩodd

n ¼ 2π=T ¼ 2ωp=ð2nþ 1Þwith integer n and with
growth exponents [55]

ω00 ¼ ωp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2mM

½ð2nþ 1Þπ�2 − Δ2

s
; ð5Þ

whereΔ¼Ω=Ωodd
n −1 is the detuning parameter. Thus, at the

center of the resonance (Δ ¼ 0), ω00
Res ¼ ωpδmM=ð2nþ 1Þπ

is linear in δmM and is therefore of leading order in
perturbation theory. Furthermore, similar to the Mathieu

case, detuning the modulation frequency away from the
resonance requires a threshold value δThmM ¼ ð2nþ 1ÞπjΔj
of the modulation amplitude to induce instability with
diminished ω00.
In addition to this family of “linear resonances,” we

find that there is yet another family of weaker resonances
centered in the vicinity of modulation frequencies
Ωeven

n ¼ 2ωp=2n ¼ ωp=n with integer n, with growth
exponents [55]

ω00 ¼ ωp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
δ2mM

4

�
2

−
�
Δþ δ2mM

8

�
2

s
; ð6Þ

where Δ ¼ Ω=Ωeven
n − 1 is the detuning parameter away

from Ωeven
n . In contrast to (5), the centers of these

resonances (i.e., maximal instability) occur at modulation
frequencies ΩRes

n ¼ Ωeven
n ð1 − δ2mM=8Þ, which depend

quadratically on δmM. Furthermore, at Ω ¼ ΩRes
n , all these

resonances share an “n-independent” common growth
exponentω00

Res ¼ ωpδ
2
mM=4, quadratic in δmM, and therefore

of higher order in perturbation theory.
The predictions of (5) and (6) are compared against

numerical simulation of the piecewise constant modulation
in Figs. 2(ai)–2(aiii), showing excellent agreement.

(ai) (b)

(aii) (aiii)

FIG. 2. (ai) ω00 as a function of the (weak) modulation strength for (i)Ω ¼ 2ωp (blue solid lines), (ii)Ω ¼ ð2� 0.01Þωp (green dashed
lines), and (iii) Ω ¼ ð2� 0.03Þωp (black dotted lines). (aii) ω00 as a function of the detuning parameter Δ for fixed weak modulation
amplitude δmM ¼ 0.05 for the first three odd resonances (2nþ 1 ¼ 1, 3, 5) in (5). The dashed curves are the analytic predictions. The
three resonances are centered at Δ ¼ 0 and the growth rate becomes smaller as n increases. (aiii) The same as in (aii) with δmM ¼ 0.05
for the even resonances 2n ¼ 2, 12, 22 in (6). Note the smaller vertical scale compared to the previous case. The three displayed
resonances are in good agreement with the n-independent prediction of (6), despite the large disparity of chosen values for n. Evidently,
these three resonances are centered around a negative value of Δ consistent with −δ2mM=8 as predicted in (6). (b) ω

00 as a function of the
modulation frequency Ω for fixed strong modulation amplitude δmM ¼ 0.5. The vertical grid lines mark the resonant modulation
frequencies Ω ¼ 2ωp=m with m ¼ 1; 2;…; 7 for the weak modulation case.
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In Fig. 2(b) we show numerical results for the growth
rates ω00 of resonances arising at fixed strong modulation
amplitude δmM ¼ 0.5 as function of the modulation fre-
quency Ω. The general pattern of resonances at weak
modulation amplitudes, summarized in (5) and (6), is
clearly preserved, up to some amount of bounded shifts
in resonance frequencies. However, as can be clearly seen
in Fig. 2, at strong modulation amplitude, the strength of
the even resonances of (6) can become comparable to, or
even surpass, the odd resonances of (5). Furthermore, under
strong modulation, the gain rate no longer scales linearly
with δmM. Hence, the weak modulation evaluation of the
gain typically underestimates the actual gain, potentially
facilitating a practical realization.
In Supplemental Material we give a simple perturbative

derivation of the growth rate ω00 of linear resonances (at
zero detuning Δ ¼ 0 and in the absence of losses ν ¼ 0)
for an arbitrary weak periodic modulation profile δmðtÞ
in (2) [55]. Our analysis confirms that the instabilities
generally occur when the modulation frequency Ω is
commensurate with the gap width 2ωp of the unmodulated
longitudinal plasmons, such that 2ωp=Ω ¼ n, with integer
n. Specifically, the growth rate of the nth resonance
is governed by the nth Fourier coefficient of δmðtÞ ¼P∞

l¼1ðcl expðilΩtÞ þ c�l expð−ilΩtÞÞ, such that

ω00
n ¼

ωpjcnj
2

: ð7Þ

This result is linear in cn, and therefore in δm, because it
arises from first-order perturbation theory. The above for-
mula includes as particular cases the harmonic (Mathieu)
modulation and the piecewise constant modulation, dis-
cussed previously [55].Moreover, in SupplementalMaterial
[55],we demonstrate that, for a given peakmodulation depth
δmM, the optimal modulation profile that maximizes optical
gain corresponds to a piecewise constant modulation.
Transverse waves—We shall now briefly consider tem-

poral modulation of transverse waves [18,33–37], mainly in
order to compare it against that of longitudinal plasmons.
We shall assume in this section that the material dissipation
is negligible (ν ¼ 0). For transverse waves, the oscillations
of free electrons occur along a direction perpendicular to
the spatial field gradients, i.e., perpendicular to the wave
vector k. A detailed analysis presented in Supplemental
Material shows that the time dynamics of transverse waves
is governed by [55]

d2Db

dt2
þ ω2

T

�
1þ ω2

p

ω2
T
δmðtÞ

�
Db ¼ 0; ð8Þ

where ω2
T ¼ ðc2k2=ε0Þ þ ω2

p is (k-dependent) transverse
wave dispersion, and Db ¼ εE, where E is the electric
field. The plane wave spatial variation ∼eik·r of the fields is
implicit. Furthermore, analogous to the case of longitudinal

plasmons, in the following we suppose that ε remains time
independent.
Equation (8) is qualitatively similar in form to (2) (with

ν ¼ 0). It coincides with the latter at k ¼ 0 and therefore
describes a parametric oscillator, as in the case of longi-
tudinal plasmons. Evidently, we can translate the entire
previous discussion of resonances in modulated longi-
tudinal plasmons to transverse plasmons, simply by replac-
ing ωp in the appropriate places by ωT and by rescaling the
modulation amplitude δmðtÞ by a factor ω2

p=ω2
T. Thus,

compared to the longitudinal case, the modulation ampli-
tude is effectively reduced and the resonance frequency of
the system is increased. Stability regions in the parameter
space pertaining to modulated longitudinal plasmons
become k bands of the transverse PLTC, while regions
of instability correspond to gaps.
Importantly, the resonances associated with Eq. (8) arise

separately for each wave number k, in contrast to the
collective, k-independent nature of resonances in modu-
lated longitudinal plasmons. As a result, the resonances
associated with transverse waves are weaker, both due to
the reduced modulation depth and because they remain
isolated from one another.
For example, in the case of piecewise constant modu-

lation (4), we see from (5), pertaining to longitudinal
plasmons, that there will be resonances of the transverse
plasmon at modulation frequency Ωodd

n;T ¼ 2ωT=ð2nþ 1Þ
with integer n and growth exponents ω00¼
ωT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ω2

pδmM=ð2nþ1Þπω2
T �2−Δ2

q
, in which Δ¼Ω=Ωodd

n;T−1
is the detuning parameter. Analogous results exist obvi-
ously also for the weaker longitudinal resonances (6).
A numerical example is reported in Supplemental
Material [55].
Conclusions—In this Letter, we have carried out a

comprehensive study of plasmonic time crystals, demon-
strating that these platforms support both longitudinal and
transverse modes. We have shown that, under periodic time
modulation, these systems function as parametric oscilla-
tors, and we have analyzed their stability properties across a
broad range of parameters.
Notably, the resonance of longitudinal modes is inde-

pendent of the wave vector k, even in the presence of
significant dissipation, enabling a collective resonance
that can be leveraged to achieve optical amplification.
The strongest parametric instabilities arise from interband
transitions at modulation frequency Ω ¼ 2ωp. In particular,
we have proposed that TCOs are well suited for realizing
plasmonic time crystals, as they allow for significant
modulation of the electron effective mass while maintain-
ing a moderate dissipation level [43–49].
In contrast, transverse resonances depend on the wave

vector k of propagating waves and remain isolated from
one another, limiting their capacity for collective amplifi-
cation. Our findings pave the way for the exploration of
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plasmonic time crystals as a platform for tunable optical
amplification in nanophotonics.
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