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ABSTRACT

Conventional Chern insulators are two-dimensional periodic structures that support unidirectional edge states at the boundary, while the wave
propagation in the bulk regions is forbidden. The number of unidirectional edge states is governed by the gap Chern number, a topological invariant
that depends on the global properties of the system over the entire wavevector space. This concept can also be extended to systems with a
continuous translational symmetry provided they satisfy a regularization condition for large wavenumbers. Here, we discuss how the spatial
dispersion, notably the high-spatial frequency behavior of the material response, critically influences the topological properties, and consequently,
the net number of unidirectional edge states. In particular, we show that seemingly small perturbations of a local magnetized plasma can lead to
distinct Chern phases and, consequently, markedly different edge state dispersions.

1. Introduction

Lorentz’s reciprocity theorem states that the field produced by a given source remains the same if we interchange the source and
observation points in a linear time-reversal symmetric (Hermitian) system [1,2]. Naturally, such systems cannot support asymmetric
light flows, and thus cannot provide optical isolation. To surpass this constraint, different methods have been proposed to design
nonreciprocal devices by breaking time-reversal symmetry via an external magnetic field bias [3-5], moving media [6-11] and
time-varying modulations [12-15]. Alternatively, nonreciprocity can also be achieved by exploiting non-Hermitian [16-20] and
nonlinear effects [21-24].

Within this context, topological photonics has emerged as a unique paradigm to realize unidirectional edge-type waveguides robust
to path deformations and other irregularities. Chern insulators first appeared in condensed matter theory in connection to the dis-
covery of the quantum Hall effect [25-27], but since then they have transitioned to photonics [28-30] and other fields [31-33].

Suppose that we have a physical system whose spectrum is determined by the eigenvalue problem H (K) - ypx = O, With k

some vector defined over a two-dimensional closed (i.e., compact and without boundary) manifold S. If the operator H(k) varies
smoothly with respect to k in the entire manifold S, we can assign an integer gap Chern number #g,;, to each band gap, i.e., a spectral
region without eigenvalues w,x [34-36]. In periodic systems, k = (ky, ky) usually denotes the wavevector of a Bloch wave, whereas
the eigenvalue w, determines the frequency of the time-harmonic modes y,; ~ e~*=«’, Similar to the genus g of a closed surface, i.e.,
the number of holes, this topological invariant is a property of the system as a whole and it is robust to perturbations that do not close
the frequency gap [37].

Far from being a mere mathematical curiosity, the Chern topology exhibits significant physical implications: in electronic systems,
it determines the quantized Hall conductivity, whereas in photonics it governs the fluctuation-induced light-angular momentum of an
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insulator cavity [38,39]. Moreover, the gap Chern number determines the net number of unidirectional edge modes propagating at the
interface between a topological material and a trivial insulator [40]. This relation between the bulk properties of a material and the
edge dispersion is known as the bulk-edge correspondence.

Conventional topological insulators are two-dimensional periodic structures (crystals), where the wavevector manifold S is a
Brillouin zone homeomorphic to a torus [41-47]. Nevertheless, other base manifolds may be considered as well. For example, in
continuous media, we can “compactify” the (unbounded) Euclidean plane R? into a Riemann sphere. However, if the material response
does not satisfy certain regularization conditions for large wavenumbers, this compactification does not lead to an operator H (k) thatis
well-behaved over a closed manifold and the Chern theorem no longer applies [48-50].

In such a case, the system topology is ill-defined, prompting several questions: What happens if the gap Chern number is non-
integer? How can the material response be adjusted to guarantee the emergence of topological phases? Is the regularized topology
unique, or does it depend on the regularization process? Some of these questions have been partially explored in previous works [48,
50-55], which revealed intriguing effects, such as energy sinks [56,57], in platforms with ill-defined topologies. Moreover, ill-defined
Chern insulators are not exclusive of continuous media, they also exist in photonic crystals characterized by a frequency-dependent
material response [58]. In this article, we present for the first time a comprehensive study of the topology and edge states of
magnetized plasmas with various types of dispersive responses. In particular, we demonstrate how spatial dispersion can critically
influence the topology of a magnetized plasma and the number of edge states supported within a topological band gap.

In this work, we only consider abrupt interfaces between two semi-infinite bulk media. Nonetheless, it is worth mentioning that
“soft” interfaces, i.e., smooth space-varying regions connecting the two insulators, have also been discussed in the literature [59-63].
Remarkably, on such platforms, one can deduce the emergence of topologically-protected unidirectional localized modes from the
local response in a three-dimensional parameter space of a symbol matrix of the global Hamiltonian [64-66], even when the bulk
topologies are ill-defined. In such a context, the number of topological states depends not only on the properties of the bulk materials
but also on the profile of the interface. Interestingly, it has been shown in Ref. [63] that some soft interfaces can result in edge states
with a complex dispersion.

The paper is organized as follows. In section 2, we present a brief review of topological concepts and of the Chern theorem in
continuous media. In Sect. 3, we characterize the Chern phases for various physical models of a magnetized plasma. In section 4, we
demonstrate how these seemingly similar models result in distinct edge-state dispersions due to the bulk-edge correspondence. In
section 5, we present a detailed comparison between the different models and a summary of the main results.

2. Chern theorem in continuous media

Consider the spectral problem

H(k) Yok = Onk¥nx, (@)

where the wavevector k = (kx, ky) is defined over a two-dimensional manifold S. For each separable band @, x, we can assign a Chern
number

Cn = —1 / / dk.7 .k 2
2
s

with the Berry curvature defined as
T =2 (Vi< Ank) Auc=Re{i W, Vi) €)

The eigenvectors y,,  are assumed orthonormal, i.e., (W, ,Wni) = Onm, Where (-, -) denotes an inner product with respect to which
the operator H (k) is Hermitian. In general, ¢, may take any real value. However, if the base manifold S is closed and the operator H(k)
is smooth, then the Chern theorem establishes that ¢, is necessarily an integer and it is invariant to small perturbations that preserve
the separability of the considered band (w, ).

As explained in the Introduction, the wavevector space in continuous media is the unbounded Euclidean plane R? and thus some
caution is required to compute topological Chern invariants in these platforms. To circumvent this obstacle, Ref. [48] suggests
compactifying the base manifold by adding a single “point at infinity”, thus becoming isomorphic to the Riemann sphere. In that case,
we can use Stoke’s theorem to compute the Chern number as

s= L 1
gnfzﬂ; f dk Ankt5- }{dk Ank. 4)
) C(e0)

Clkn

Above, we denote C(k,) as a circumference of arbitrarily small radius around a singularity of the (gauge-dependent) Berry potential
A, x located atk = k;, € R? and C(o) is a closed path of arbitrarily large radius to account for the contributions at k = co. In rotational-
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a) b)

Fig. 1. Visual representation of how the compactification of the unbounded Euclidean plane R? creates well-behaved (a) or ill-behaved (b) op-
erators near k = co. The color map represents the Berry curvature. The points on the compactified plane are mapped one-to-one onto the points of
the Riemann sphere using the stereographic projection.

invariant problems (such as all the examples considered in this article), it is usually possible to choose an eigenvector basis that is
rotationally symmetric and smooth everywhere except perhaps at the origin k = 0 and at infinity k = oo:

1 1
%:ffdk.Amk-ffdk‘Ank. ®)
2z 2 ’
C(e) C(0)

Naturally, the Chern theorem only holds if the compactification leads to a sufficiently well-behaved operator H (k) (see Fig. 1). For
that, the material response must satisfy a suitable regularization condition as |k|—oo. Otherwise, the Chern number may be non-
integer, and the system is topologically ill-defined.

3. Magnetized electric plasma

In order to illustrate how the high-spatial frequency response of a material (|k|—>o0) can critically impact its topology, next we
consider different physical descriptions of an electron gas subject to an external magnetic field bias By = Bz as illustrated in Fig. 2a.
This material is known to exhibit nonreciprocal phenomena, such as the Faraday rotation effect [3], because the magnetically-induced
cyclotron orbits of the free electrons break time-reversal symmetry. The medium effectively behaves as a continuum of rotating wheels,
generating a rotational drag that underlies the Faraday effect [67,68]. For simplicity, we restrict the propagation of electromagnetic
waves to the xoy plane (d/dz = 0) and assume a transverse-magnetic (TM) polarization, i.e., B~z and E-Z = 0, to exploit this
nonreciprocal response.

3.1. Local and full-cutoff models

We begin by considering a local model that results from combining the microscopic Maxwell’s equations,

—V xE = 0,B, (6a)
+V x B — pgJ = €opy0E (6b)
with an electron transport equation in the absence of dissipative collisions,

ngE —By x J = %0[.]. 7)

Above, E and B denote the dynamic electric and the magnetic fields, respectively, J is the electric current density, n is the average
electron density, m is the electron’s rest mass, and ¢ = —e is the electron’s charge. Note that the left-hand side of Eq. (7) corresponds to
the Lorentz force per unit volume. For simplicity, we assume |B| < |By|.

Since the system is invariant under continuous space and time translations, we look for plane wave solutions (V— + ik, d;— — iw).
This leads to the conventional Hermitian eigenvalue problem:

[0
Hioea (K) W = =W ®)
P

with



J.C. Serra and M.G. Silveirinha Reviews in Physics 13 (2025) 100108

ck/o, ckl/w,

Fig. 2. (a) Visual representation of the electron cyclotron orbits in a magnetized plasma. (b)-(d) Band structures of TM modes in a magnetized
plasma described by different physical models. The cyclotron frequency is w. = 0.6w,. (b) Local model (solid blue) and full-cutoff model (dashed
black) with a large-wavevector cutoff kyax = 100wy, /c. The Chern numbers are Z.5 = F1 and #'.; ~ +1.514 for the local model, and ¢4, = F1
and 7,1 = £2 for the full-cutoff model. (¢) Hydrodynamic model for a diffusion velocity f# = 0.15¢c: ¢, = F1 and ¢ 17 = +1. (d) Quasi-static
approximation of the hydrodynamic model with (dashed black) and without (solid blue) a low-wavevector cutoff kyin = 0.2w,/c. The Chern
numbers are 7, ~ F0.514 for the unregularized model and #";; = F1 for the regularized model.

k
o -Zx1 -
@p \/E_OEn,k
ck
Hlocal (k) = +w— x 1 0 0 5 ll’n,k = BnAk/\//T() . (9)
P
W, Jn.k / wp\/%
+il 0 +i—2Z x 1
@p
We have introduced the bulk plasma frequency w, = 1/:% and the cyclotron frequency w. = — £Bo. It is implicit that E,j = ExX +

E,¥, Jox = JxX +J, ¥ and B, = B,Z, so that the Hamiltonian is represented by a 5x5 matrix.
The eigenvalue problem (8) has five TM-polarized frequency bands as illustrated in Fig. 2b. In agreement with previous works [69,
70], we show in Appendix A that the high-frequency bands @, i are characterized by integer Chern numbers # ., = Fsgn[w.], while

2
the low-frequency bands w.; x have non-integer topological invariants Zy; = +sgnfw.][ 1+ 1/4/1+ %5 . The particle-hole sym-
metry implies that the Chern number of a positive frequency band is the symmetric of the corresponding negative frequency band.
Therefore, throughout this work, we ignore the static bands (wx = 0) as their total topological charge is always trivial.
To understand the origin of this ill-defined topology, it is convenient to consider the equivalent macroscopic (relative) permittivity
tensor:

Elocal (@) = &:(0)1; + igy(0)Z X 1 + £,(0)Z V Z,

02 o 2 o> (10)
&(w) =1 *rpwy £g(w) = *EC rpw” &(w) =1 *w*];
c c

The material response for the eigenmodes y ., becomes trivial for large wavenumbers, i.e., lim  Eocal (012x) — 1, so that the

k|~c0
response becomes reciprocal for |k|—o0. In that case, it is possible to pick a gauge such that the Berry potential AL, i vanishes as [k|—>oo,
implying 45 € Z [48]. On the contrary, eigenmodes y,,, with large wavenumbers experience a nonreciprocal electric response

characterized by the gyrotropic parameter u}"ﬁ’; £g(@111) F ﬁ Thus, in the latter case the vector potential has an intrinsic
oy +ag

singularity (which cannot be removed with a gauge transformation) near k = co (North Pole of the Riemann sphere). This explains the

ill-defined topology of the local model [48].

From a physical perspective, every material should asymptotically behave as the vacuum for k— oo, because an electric dipole with
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length I does not react to excitations with very short wavelengths 1 = 27/|k| < 1 [71]. This constraint also arises from applying the
Riemann-Lebesgue lemma to the spatial kernel that governs the material’s nonlocal response, under the assumption that the kernel is
square-integrable. A mathematical approach to implement this physical constraint on the electric susceptibility is to introduce a
large-wavevector cutoff knm, [48], i.e.,

Ecutoff(wa k) =1 glocal(w) - 1] (11)

R
1+k2/k2,,

with k? = k- k. For k < kpay, We retrieve the local model as Zqyoft (@, k) = Elocal (@), Whereas for large wavenumbers k > knay the
response becomes trivial, i.e., 24 (0, k) ~ 1. As will be shown below, the full cutoff regularizes the topology of the local model. It is
important to note that the full cutoff model is not derived from a specific physical mechanism, even though its purpose is to encapsulate
the physical property described above.

This full-cutoff model is described by the regularized Hamiltonian:

0 LN o,
wp 1 + kz/kmax

k
Heyeott (k) = +w— x 1 0 0 . 12)
P

1 W
+i [ ———5—1 0 +i—z x 1
1+ k2 /K, @p

The corresponding dispersion for the bulk bands is represented in Fig. 2b with a dashed black curve. As seen, it is very similar to the one
of the local model (solid blue curve) for k < kmax. Now, the Chern topology is regularized so that #.; = +2sgn(w.] and ¢z = F
sgnfw.] (see Appendix A). Importantly, this result is independent of the specific value of wavevector cutoff, provided 0 < kpmax < co.

3.2. Hydrodynamic model

From a practical standpoint, it is well established that nonlocal effects play a significant role in plasmonics, particularly at the
nanoscale. In this context, the hydrodynamic (drift-diffusion) model emerges as the most physically robust framework for addressing
these effects [72-74]. It has been experimentally validated in various setups [75-77], particularly those involving reciprocal systems.

This model accounts for the electron-electron repulsive interactions [54,78-81], leading to the transport equation

+e00 B + w.Z x J — f*Vp = 0,J, 13)

where p denotes the free-electron charge density, which is linked to the current density through the continuity equation:

V-J+0dp=0. 14)

The last term in the left-hand side of the transport equation models the effects of diffusion. The parameter  has unities of velocity and
is proportional to the Fermi velocity of the metal. The spectral problem Hpyaro(K) - ¥,y = “;%:‘y/n‘k associated with the hydrodynamic

model is governed by the following matrix operator:

0 —ﬁ x 1 0 —il
Wp
+—x1 0 0 0
thdro (k) = ’ ﬂk s (153)
0 0 0 +—-
wp
+il o & %50
Wp Wp
with the state vector defined as:
B 5 g\
7]
= eE, ——, , . 15b
lIln,k ( \/_0 \/% wp \/EO‘ wp \/E)‘) ( )

As before, it is implicit that E,x = ExX + E, ¥, Jax = JxX + J, ¥ and B, x = B;Z, so that the operator is represented by a 6 x6 matrix. As
illustrated in Fig. 2c, the band structure consists of two positive frequency bands, two negative frequency bands and two static-like
bands. As the diffusion effects prevent wave localization on spatial scales smaller than L ~ $/w,, the photonic dispersion does not

5
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saturate for large wavevectors, i.e., »%  ~ °k? and w2, ~ c*k? as k—oo. As a result, Appendix A shows that the Chern numbers of
these bands are integer numbers: #.; = +sgn[w.] and # .2 = Fsgn[w.| [54]. In fact, it is possible to prove, using perturbation theory,
that a nonreciprocal perturbation of a reciprocal system always leads to integer Chern numbers for a band such that o, x— o, provided
that @, x — @ x—co for all the other bands m # n, as happens in the hydrodynamic model for all n.

It is important to underline that both the full-cutoff model and the hydrodynamic model yield the same band structure as the local
model when 1 /kmax = 0 and = 0, respectively. Accordingly, the Chern numbers of the high-frequency band in the two regularized
models are identical. Interestingly, despite this property, the Chern topology of the low-frequency band in the hydrodynamic model
differs from that of the full-cutoff model. This difference arises because the mathematical convergence associated with the limits
1/kmax—0 and f—0 is not uniform. Due to this lack of uniform convergence, the two regularized versions of the local model cannot be
considered small perturbations from a global point of view. Accordingly, the asymptotic behavior of the modes near k = co remains
quite different in the two models, even when the respective cutoff parameters (1/kmax Or ) are arbitrarily small, resulting in two
distinct topologies.

In fact, topological features are global properties and thereby can be greatly impacted by the high-spatial frequency response of a
material, specifically by spatial dispersion effects. The local model topology is ill-defined because its high-spatial frequency response
has discontinuous features that prevent a proper topological classification.

3.3. Quasi-Static limit

Quasi-static models are frequently used in plasmonics as they significantly simplify the analysis of electromagnetic processes in the
near-field region [82-85], where retardation effects are negligible. Within this framework, the dynamical magnetic field can be
neglected (B = 0) and the electric field is written in terms of a scalar electric potential, E = — V¢, governed by Gauss’ law,

VE=-Leogp=-"_ (16)
=) Eokz
Next, we employ this quasi-static approximation to the hydrodynamic model of the previous subsection. In this context, the quasi-static
approximation is expected to be applicable for waves such that w/c < k, which are dominant in the near-field region.
Combining Gauss’s law [Eq. (16)] with the transport and continuity equations [Egs. (13), (14)], we find that the quasi-static

dynamics is modelled by the eigenvalue problem Hgs(k) -y, ) = %“wn_k with

(1)2
0 + /}2+72P k /}2+CU_§ Pnk
V ko, k? wp\/€0

Hos(k) = y Wak = a7
2 J
k 1) nk
2 R : We
e, g 21 on /o

As expected, this approximation only captures the lower-frequency bands of the hydrodynamic model (see Fig. 2d), which are asso-
ciated with longitudinal-like volume plasmon modes. As the single positive frequency band satisfies @, x— + o, one might expect a
well-defined topology. However, it turns out that the Chern number is once again ill-defined (see Appendix A): &4 =

Fsgnjwe| | 1/4/1+ ng . Unlike the local model, this is unrelated to the non-compactness of the wavevector space. Instead, it stems

2
from the discontinuous behavior of the operator Hos (k) at the origin k = 0, due to the elements proportional to 4/ 5+ ‘,f—;’ i

wp®
The singularity should be understood as a deficiency of this simplified model because the quasi-static approximation is only valid
for large wavenumbers. The problem can be fixed in different ways. The first one is to ignore the effects of the electric force in the
transport equation which corresponds to the limit w,—0. This is the basis of the analysis of Ref. [79]. Alternatively, one can heu-

ristically introduce a low-spatial frequency cutoff knyi, in Eq. (16), i.e.,

Y
S — 18
4) €o (kz + kﬁ-nin) ( )

to obtain a smooth operator near the origin:

w? k
0 [P —
chtoff(k) ﬁ ke + klzﬂin @ (19)
) /P + o K +i2%g 1 |
—r i—2Z x
k2 + kg @ @

Evidently, in the limit kyin—0 we recover the original quasi-static model. The resulting bulk dispersion is shown in Fig. 2d and the
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Chern numbers are now integer numbers: 1 = Fsgn|w.|.

Importantly, the quasi-static models provide a good approximation of the hydrodynamic model only for large wavevectors, and
thus the topologies of the different models can be entirely distinct. Indeed, the Chern numbers for the quasi-static model do not
coincide with those of the hydrodynamic model (# 41 = +sgn[w,]). This can be attributed to the fact that the Chern topology is a global
property, meaning that it depends on the physical response for all wavevectors. The discrepancy between the Chern numbers of the two
models can be understood through a geometric analogy. Imagine two closed surfaces that appear nearly identical when viewed from
certain angles. As previously mentioned, the topological invariant (genus) of each surface is defined by the number of holes. However,
this similarity in appearance does not imply that the surfaces are topologically equivalent, as the unobserved sections of the surfaces
might have a different number of holes. Similarly, in our case, the quasi-static and hydrodynamic models can produce very similar
responses for large wavevectors but exhibit different topologies due to their distinct behaviors for k ~ 0.

It is worth mentioning that other methods can be employed to regularize the response of a continuous system, and these may lead to
different classes of Chern insulators [54,62,63,79,86,87].

4. Edge states dispersion

One of the most notable features of Chern insulators is the bulk-edge correspondence. The walls of a photonic insulator cavity
characterized by the gap Chern number %, support N, counter-clockwise (CCW) propagating edge states and N_ = N, + @gyp
clockwise (CW) edge states across the entire band gap [40]. The gap Chern number is defined as

Coap = Z @, @0

Ok <Ogap

where the sum is performed over all the frequency bands w, x below the gap. Moreover, the topological nature of the Chern invariants
guarantees that these edge-type channels are robust against perturbations that do not close the band gap. The gap Chern number can
also be directly computed using a Green’s function formalism without the need to determine all the eigenmodes of the system [55,70].

In the previous section, we demonstrated that seemingly similar physical descriptions of a magnetized plasma originate very
different Chern topologies, regardless of how small the parameter controlling the nonlocal perturbation may be. Next, we show how
these inequivalent Chern insulators shape the dispersion of edge modes in distinct ways, consistently aligning with the bulk-edge
correspondence. We compare the propagation properties of the topological edge states with the dispersion of the edge states sup-
ported by the local model, which is associated with an ill-defined topology with non-integer Chern numbers.

bi)

cqlw, cqlo,

Fig. 3. (a) Flat interface (y = 0) between a PEC (y < 0) and a magnetized plasma (y > 0) represented in gray and cyan colors, respectively. For
frequencies within the band gaps, the system supports edge states that may propagate in the positive (blue arrow with dw/dq > 0) or negative (red
arrow with dw/dq < 0) x-direction. (b) Edge state dispersion for (i) the local model and (ii) the full-cutoff model with kya.x = 5@, /c. The cyclotron
frequency of the magnetized plasma is w. = 0.6w,. The bulk plasma dispersion is represented with solid black lines, while the dispersion of the edge
states propagating forward/backward is represented with blue/red colors, respectively. The band gaps are shaded in a light gray color.
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To explore this, let us consider a flat interface (y = 0) that separates the half-region y > 0 filled with a bulk magnetized plasma,
from the other half-region y < 0 filled with a perfect electric conductor (PEC) as illustrated in Fig. 3a. In this planar geometry, the CW/
CCW edge states of the cavity geometry correspond to the edge states propagating along the — x/+x direction, respectively, as rep-
resented by the red/blue squiggly arrow.

We look for TM edge states in the electron gas region (y > 0) described by linear combinations of evanescent time-harmonic plane
waves (e ') with a wavevector of the form k, = qX + iy,¥, corresponding to the spatial variation e** = e@¢~7¥, The allowed
wavevectors are determined by the characteristic equation:

det (H(k)|k:q,m.,y - wﬂ 1) =o. (21)
P

The matrix operator H(k) depends on the physical model of the plasma. The characteristic equation is solved with respect to the
attenuation constant y, subject to the constraint Re{y} > 0 to ensure that the energy is localised at the interface y = 0". As it will be
further discussed below, in general there are multiple solutions. The number of solutions is denoted by N.

The system state vector in the electron gas region is written in terms of a linear combination of the allowed evanescent plane-wave
modes:

N
W = ee it Z A, y > 0. (22)
n=1

Here, y, ;. denotes the envelope of a generic plane wave and is defined as in Appendix A for each of the physical models, with the
replacements w, x— and k—gX + iy, y. The complex coefficients a, determine the weights of the linear combination. As further
discussed in Appendix B and in the following subsections, the dispersion of the edge states is obtained by enforcing suitable boundary
conditions.

4.1. Local and full-cutoff models

For the local model [Eq. (8)], the characteristic Eq. (21) has a single solution (N = 1). The edge states dispersion is obtained by
enforcing X - E|,_o+ = 0 at the boundary of the PEC material. The numerically calculated dispersion is represented in Fig. 3bi. In this
figure, as well as in the other examples throughout the article, the edge state dispersion is shown exclusively within the band gap
regions.

The high-frequency band gap, which has a gap Chern number Zg,p2 = +1 (for w. = 0.6wp), supports a single edge state propa-
gating in the —x direction (red), in accordance with the bulk-edge correspondence. The low-frequency gap (which is not topological,
gap1 = — 0.514) hosts an edge state that propagates along the + x-direction (blue). However, the edge state dispersion does not span
the entire gap, i.e., it is not gapless as in topological systems.

For the full-cutoff model, the system is topological, and the lower-frequency gap is characterized by the gap Chern number #g,p; =

— 1. As the material response is spatially dispersive for this model, the characteristic Eq. (21) supports now N = 3 independent so-
lutions. Consequently, the characterization of the edge states involves the use of two scalar additional boundary conditions (ABCs)
[511, besides the standard PEC boundary condition (X - E|,_o+ =0).Asdetailed in Appendix B, these ABCs can be expressed in a vector

form as J| = 0. It can be shown that this vector ABC ensures the conservation of the power flow through the spatially dispersive

y=0*
material and the conservation of energy.

The numerically calculated edge state dispersion is represented in Fig. 3bii. Curiously, the number of edge states varies between
one and three depending on the frequency of operation. However, throughout the entire gap, there is always one extra mode
propagating forward, in agreement with the bulk-edge correspondence (N, — N_ = 1). Note that the branch with ¢ < O crosses the
bulk dispersion (static-like @ = 0 band) both at ¢ =0~ and ¢ = — oo. This branch comprises a mode propagating along +x and
another mode propagating along — x. On the other hand, the branch with q > 0 spans the entire gap and crosses the bulk dispersion at
g=0"and q = + .

The wavevector cutoff can be implemented in practice by introducing an air gap of width d ~ 1/knax between the magnetized
plasma and the PEC regions as explained in Refs. [51,56,57]. This property is consistent with the fact that the ABC for the spatially
dispersive model (J|,_o- = 0) ensures the vanishing of the nonreciprocal current density in the material near the PEC interface.

4.2. Hydrodynamic model

For the hydrodynamic model, the bulk magnetized plasma has a single band gap with a trivial gap Chern number #g,, = 0. The
characteristic Eq. (21) supports N = 2 solutions. The edge state dispersion is found by imposing the usual PEC boundary condition
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10 0 10

cqlo, cqlo,

Fig. 4. Edge state dispersion for the (a) exact and (b) quasi-static formulations of the hydrodynamic model. For the quasi-static models, bi) rep-
resents a system without a low-frequency cutoff, whereas bii) represents a regularized system with kpin = 0.2wp/c. The geometry is the same as in
Fig. 3a and the magnetized plasma is characterized by the parameters w. = 0.6w,, # = 0.15c. The bulk plasma dispersion is represented with solid
black lines, while the dispersion of the edge states propagating forward/backward is represented with blue/red colors, respectively. The band gaps
are shaded in a light gray color.

(X-E| = 0) [78]. The
details can be found in Appendix B. In this case, as illustrated in Fig. 4a, the system supports exactly two gapless

counter-propagating edge states [80,81]. Therefore, the net number of unidirectional states is zero, exactly as predicted by the
bulk-edge correspondence.

y—o+ = 0) and, in addition, the vanishing of the normal component of the electric current density (¥ - J|,_o-

4.3. Quasi-Static limit

Similar to the exact hydrodynamic model, both quasi-static models yield N = 2 solutions for the characteristic Eq. (21). The edge
states are found by imposing the boundary conditions ¢|,_o. = 0 and y-J ly—o+ = 0. The first boundary condition ensures that the
tangential electric field vanishes at the PEC boundary.

We begin by analyzing the model with an ill-defined topology, i.e., without the low-spatial frequency cutoff (kyin = 0). Akin to the
exact hydrodynamic model, the edge state dispersion comprises two counter-propagating modes (see Fig. 4bi). However, one of the
edge states (blue curve) is not gapless. This is attributed to the non-integer nature of the gap Chern number (%, = + 0.514).

For 0 < knpin < oo, the quasi-static model becomes topological, resulting in a gap Chern number g, = + 1. Now, in agreement
with the bulk-edge correspondence, the interface supports a single edge state propagating along the —x direction (Fig. 4bii). It is
relevant to note that in this model the band gap width is highly dependent on the cutoff value kpn;,. Specifically, a finite ki, results in a
gap width that effectively shifts the mode propagating towards the +x direction in Fig. 4bi outside the band gap in Fig. 4bii. We
emphasize that we represent only the edge state dispersion within the gap region. Comparing Figs. 4bi and 4bii may give the
misleading impression that the edge state disappears when kp,;, is finite, but as previously noted, it is rather the band gap that changes
its width to shift the edge state dispersion to the bulk region, not represented in the plot.

5. Discussion and conclusions

The most striking feature of a Chern insulator is that the topological nature of its edge-type channels makes them robust against
weak perturbations, i.e., continuous deformations that do not close the relevant band gap. For example, minor fabrication errors may
alter the exact edge dispersion but the asymmetry in the number of modes propagating in each direction remains the same.

Therefore, it may appear puzzling that arbitrarily weak non-local perturbations can give rise to so disparate edge-state dispersions,
as summarized in Table 1. To understand this, it is essential to recognize that the original system, i.e., the local magnetized plasma, is
topologically ill-defined. For this reason, any perturbation that regularizes its behavior for large wavenumbers, no matter how small it
is, abruptly changes the gap Chern number to an integer value. This in turn has important implications for the edge state dispersion. A
geometrical illustration of this property was provided in Refs. [57,58]: a torus with a vanishing inner radius has an ill-defined topology
due to the cusp at its center, which makes it a non-differentiable surface. An infinitesimal deformation of the torus either opens or
closes the hole, altering the genus of the surface in a discontinuous and non-unique manner.

To better understand how the regularization of the topology impacts the bulk dispersions for arbitrarily weak perturbations, let us
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Table 1
Overview of the gap Chern numbers and number of edge states for the lower-frequency gap and different models of a magnetized
plasma with w. = 0.6wp. The magnetized plasma is surrounded by a PEC wall.

Number of Edge States

Model © gap
N_ N,
Local —0.514 0 0/1
Full-Cutoff -1 0/1 1/2
Hydrodynamic 0 1 1
Quasi-Static + 0.514 1 0/1
Quasi-Static with Cutoff +1 1 0
DA : : by . —
__j __J ol
’ ]
o - . S o
S NUREN S .
3 el Y. S
- -
0 1 1 0 1 1
1 10 100 1000 1 10 100 1000
cklw, cklw,

Fig. 5. Comparison between the TM band structures of a bulk magnetized plasma with a local model (solid black lines) and two regularized models:
(a) spatial full-cutoff model with kyax = 10w, /c (dashed blue), kynax = 100w, /c (dashed red) and kpmax = 1000w, /c (dashed green); (b) hydrody-
namic model for # = 0.1c¢ (dashed blue), # = 0.01c¢ (dashed red) and = 0.001c (dashed green).

focus on the full-cutoff regularization and on the hydrodynamic model. Figs. 5a and 5b show that the bulk dispersions coincide with that
of the local model (black lines) for wavenumbers satisfying k < kmax and k < wp /. For sufficiently weak perturbations, it is extremely
challenging to experimentally probe the nonlocal effects of these media within a realistic range of wavenumbers. Therefore, it is often
reasonable to dismiss them in most practical applications (in more precise terms, this is true when the characteristic spatial features of the
material structures have dimensions larger than 27/kpax, for the full-cutoff mode, and larger than 274/ w,,, for the hydrodynamic model).
However, the gap Chern number is a global property of the system, and the asymptotic behavior of the material response plays a crucial
role in it, leading to distinct classes of Chern insulators with very different edge dispersions, as shown in Sect. 4.

In summary, we have explored different physical models to describe a continuous magnetized plasma: a local model, a full-cutoff
model, a hydrodynamic model, and a quasi-static model. In the absence of nonlocal effects, the system is topologically ill-defined. In
agreement with previous works, we have shown that due to this property the edge dispersion is not gapless. In other words, the
difference between the number of modes propagating in each direction is not constant and depends on the frequency of operation
within the band gap.

Furthermore, we have shown that arbitrarily small nonlocal perturbations can lead to different classes of well-defined Chern in-
sulators. This discontinuous behavior naturally leads to very distinct edge dispersions, as consistently predicted by the bulk-edge
correspondence. In topological systems, the edge state dispersions are such that the net number of unidirectional modes across the
entire bandgap is constant. Our findings underscore the importance of the high-spatial frequency response of a material when dealing
with topology-related phenomena: topological invariants are determined by the global properties of the systems, regardless of how
similar the systems may appear in the low-spatial frequency region of the parametric space.
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Appendix A. Dispersion relations, Berry potentials and Chern numbers of the bulk magnetized plasma

In this Appendix, we present the dispersion relations, Berry potentials and Chern numbers of the bulk magnetized plasma for the
different physical models discussed in the main text.

A. Local and full-cutoff models
The dispersion equation for the full-cutoff model is

10
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det [chtoff(k) - wn.kl] = 07
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(A1)

where Heyf(K) is defined as in Eq. (12) of the main text. The dispersion of the TM waves is governed by five frequency bands:

Wok

07
Wp
ik _ 1 R+ o? | (R2-02) oo}
wP 1 + kz/kfnax 20)3 40}3 1 + kz/kfnax7
2
o, | 1 eRier |@-w)'  ot/of

The corresponding normalized eigenfunctions are:

. ch/wf. COnk 1 AP
—i—————k-—— — 5 z xk
1 + kz/krznax a)P 1 + kz/krznax a)P

2
Vo = 1 Wy B 1 B 0740 5
M o 02 1+k2 k2, o?

2
S S N2 (S N
1 +kz/kmax wP @p 1+ kz/k?nax wP

e _ CR[0) (bt (1 eh)
T r R /R, @ 1+k2 k2, o
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2 2
+Czk2 Cif 1 n 02y 1 _ Wy — 02
oy [op\1+k k%) op \1+k2 /R, o

2 2 2 21’
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Each band w, is characterized by the Berry potential

A —4 c2wcwn‘k/w§ 1 W2y »? \ . K
T Ik, \11kke. w2 202)
nk + / ‘max + / max P P

with

(A2a)

(A2b)

(A2¢)

(A3)

(A4)

(A5)

where we have used A, = iu/;‘k - ViWp k- The formulas for the local model are obtained from the previous ones by setting kpax = co.

In the local case (kmax = o0), the (non-static) bands have the following Chern numbers:

G = kl_l;Tm (i xK)-Aix — ,l(lfg (2 xK) - As1x

1 1
=+——— — (Fsgnfw]) = £sgnfw ]| 1 + ————
/1 +a)§/m§ /1 +mg/m§

ZﬁiZ — kETm (/Z\ X k) . Aiz.k _ ll<l—r>'(§ (/Z\ X k) . AiZ.k

=0 — (£ sgnjw.]) = Fsgnjw].

When the wavevector cutoff kyax > O is finite, the topological phases become regularized:

11

(A6a)

(A6b)
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Zil — lim (/Z\ X k) . Ail.k — ll(lﬂ'l (/Z\ X k) . Ail‘k

k—+co -0
= tsgnfw.] — (Fsgn|w.|) = £2sgn[w.],
Fam i @10 Ay fim (25K A

= 0~ (dsgnfod]) = Fsgnlo.

B. Hydrodynamic model

The hydrodynamic model [see Eq. (15)] is characterized by four non-trivial bands with dispersions:

D11k
Wp

WDi2k
Wp

+

(+p)k2 +w2

(- )k~ w2)’

1
+ 203

2
D

4 2
4w} H

=+

2 2) 1.2 2
1+(c + )k + 2

(2= —e2) w2

2
2wp

4o} w?’

The corresponding (normalized) eigenvectors are given by:

Yok = a

with

The Berry potential

An,k =—4

2
e COnk w? — 02 — K\
—i— k- > | 1-————5—— |z X k
w? w? w?

1 S — 0% 1 %y AR
e )\ e |
b P P

is given by

The bands have the

wAC?

27.2 2
Czwn.kwc ﬂ k? — Wy x »?
prnk

2 2
2 2a)p

following Chern numbers:

G = kng (ZxKk)-Aax — zl(Tc} (zxKk)-Aux
=0 — (Fsgn|w.]) = £sgnjo],
Fam i @10 Ay - fim (1K) A

=0 — (sgn[oc]) = Fsgn[o].
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(A7a)

(A7b)

(A8a)

(A8b)

(A9)

(A10)

(A11)

(Al2a)

(A12b)



J.C. Serra and M.G. Silveirinha Reviews in Physics 13 (2025) 100108
C. Quasi-Static Limit

In the quasi-static limit, the spectral problem associated with the hydrodynamic model reduces to HCQ“S‘°ff(k) Yk = %“y/n,k, with

Hg“smff(k) defined as in Eq. (19). It yields two non-trivial bands with the following dispersions:

® w? ? k2
:}Lk: 4 Jw_;_i_ <ﬂ2 +k2 p2 >m (A13)
P P + Knin ) @5

The corresponding (normalized) eigenvectors are given by:

1
Vo = 2 . (A14)

02 2 P+ —L(wnik +iw.Z x k
J k2 (ﬁz e > (‘“ﬁ.k + “’g) + (“’ﬁ,k - “’g) k2 + klznin( ! ‘ )

The Berry potential satisfies

fl)z ~
2 (ﬂz + k2+11<)2> ®oniZ X k
Ank= : (A15)

w2 2
ke (ﬁ2 + ) (02 +2) + (@2~ 02)

Without the low-wavevector cutoff (ky;, = 0), the bands have the following Chern numbers:

Co = lim (Zxk)- Ay _ Il(l_rg (Z xKk)-Apx

k—+o0
1 1 : (A16)
=0 | = sgnfod] ————— | = Fsgnfod ————nu
1/1+w§/w§ ,/l-&-wg/wf
With the wavevector cutoff (ky;, > 0), we find
7z - i ZxKk)-A _ L Zxk)-A
T = lm (Z2xK)-Ank _lim (Zxk)- A (A17)

— 0~ (sgnlw.]) = Fsgnlwd.
Note that the above result remains true when w, = 0, as in Ref. [79], which is a particular case insensitive to the cut-off.
Appendix B. Derivation of the edge states dispersion

In this Appendix, we deduce the dispersion relations for TM edge states propagating at the interface y = 0 between a magnetized
plasma (y > 0) and a PEC (y < 0) represented in Fig. 3a.

A. Local and full-cutoff models

For a local magnetized plasma [Eq. (9)], the characteristic Eq. (21) reduces to

272 2 2 _ 2
‘ I; = 01_2 - 2w 2wp 2 (BD
[0 0y 0% —0F —0F

with k? = g2 — y2. It yields exactly a single solution for y > 0 (N = 1). The edge state dispersion is found by enforcing X - E|,_o- =0in
Eq. (A3) with k = ¢X + iyy and kpax = co. This yields the well-known result:

2 2
0.q — (1 _@ w2m°> y=0. (B2)
P
For the full-cutoff model [Eq. (12)], the characteristic Eq. (21) yields
2 _ 12 2k2 2 2 2 272 2
wp k2 + k2, \K2+K2,, w?

13
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This equation supports N = 3 positive solutions, y,, y, and y3, for a fixed frequency . Using again Eqs. (A3) and (22), and imposing the
boundary conditions X - E|,_. = 0 and J|,_,. = 0, we find the edge states dispersion equation takes the form:

a ap; as
det b1 b2 b3 =0 (B4)

with

0cq 1 »? — »?
ap = - - by @Y,
1 + krzl/kfnax 1 + k%/klznax wP
1 0w, 1 ®?
[N i R (. S—— P B5)
o {ws ! (1 ey w%)’ } | (

e 1 oo [ 1
Tiree, | \tree, o2)!)

To simplify the notations, we introduced k2 = ¢? —y2, n=1,2,3.
It is relevant to note that the full-cutoff model stems from the “regularized” transport equation,

2
+igow2E = [01 —iw.Z x 1] - <1 v >J. (B6)

7y
kmax

It can be shown that the ABCJ|,_. = 0 ensures the conservation of power flow at the interface of the spatially dispersive material with
another conventional (local) dielectric or metal.

B. Hydrodynamic model

For the hydrodynamic model [Eq. (15)], the characteristic Eq. (21) reduces to:

(w2 -0l - czkz) <m2 - f/}zkz) w2 (? — ck?)
4 = 4 (B7)
of of

with k2 = g2 — y2. Now, there are N = 2 solutions with y > 0, which we denote by y; and y,.
The state vector associated with the edge states is obtained from Eq. (22) with the help of Eq. (A9). By imposing the boundary
conditions X - E|,_,» =0and ¥ - J|,_o. =0, one finds that the unknown coefficients a; and a> must satisfy the following linear system:

()0

v, (1M> o, v <1w) o,
(A)p : (Up (l)p [0} a)p

with

2
P

oo, SPkE — w?
Sy — (14852 7
q wg 72 ( + wg q

(B9)

In the above, we defined k2 = ¢> — 2, n =1,2. The edge state dispersion equation is found by setting det M = 0.

C. Quasi-Static limit

For the quasi-static formulation of the hydrodynamic model [Eq. (19)], the characteristic Eq. (21) has two solutions y, defined
implicitly by:
PP o — o — o — K,

2 2 2
) w3 2wp

Y (B10)
P eh oK) e, a2

4 2 2
4wp ] w;
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In the non-regularized case (kni, = 0), the above formulas simplify to:

(Bl1a)
7y =lal- (B11b)
Using Eq. (A14), the state vector associated with an edge state can be written as (at the origin):
o* — w?
+a_ (B12)

Pr—" (o +ing xk)
Rtk

with ky = ¢gX + iy, . Enforcing the boundary conditions $ly—o+ = 0and y-J ly—o+ = 0, we obtain the following dispersion equation:

(02472 +K2,,) | (@7 +0eq) = [02+ 42 (2 +K,) | (07 +0c0). (B13)
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