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In this work, we develop an analytical framework to understand quantum friction across distinct stability
regimes, providing approximate expressions for frictional forces both in the deep stable regime and near the
critical threshold of instability. Our primary finding is analytical proof that, near the instability threshold, the
quantum friction force diverges logarithmically. This result, verified through numerical simulations, sheds light
on the behavior of frictional instabilities as the system approaches criticality. Our findings offer new insights into
the role of instabilities, critical divergence, and temperature in frictional dynamics across quantum and classical

regimes.
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I. INTRODUCTION

The Casimir effect, a fundamental consequence of quan-
tum fluctuations, generates an attractive force between neutral
bodies in vacuum. This phenomenon was first theoretically
predicted by Casimir and Polder in their work on atom-on-
a-plate interactions [1], now known as the Casimir-Polder
effect. They demonstrated that quantum fluctuations of the
electromagnetic field give rise to an attractive force between
a neutral atom and a conducting plate. Extending this idea,
Casimir later studied a cavity-type configuration consisting
of two neutral, perfectly conducting plates, showing that a
similar attractive force occurs between the plates [2]. These
theoretical discoveries laid the foundation for a broad range
of research into fluctuation-induced phenomena.

While the original Casimir effect deals with two parallel
plates in close proximity, the force can be modified by ap-
plying spatial modulations to the plates [3-9]. For instance,
nanostructuring the surface of the plates has been shown
to alter the magnitude of the Casimir force, offering new
methods for controlling and applying this interaction [3-6].
Furthermore, by introducing anisotropy, fluctuation-induced
torques can be exerted in addition to the attractive force [7-9].
These spatial modulations have expanded the possibilities for
utilizing the Casimir effect in practical systems. However, be-
yond spatial modulations, temporal modulations of the system
have also led to new and intriguing discoveries.
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One particularly interesting temporal modulation is seen
in the dynamical Casimir effect, where real photons are pro-
duced from quantum fluctuations due to the periodic motion of
one of the plates [10—12]. In this scenario, the vertical position
of one plate oscillates, causing the separation between the
plates to vary periodically. As a result, quantum fluctuations
in the vacuum are converted into real photons. A related
phenomenon, quantum friction, arises when the plates move
laterally in opposite directions [13-21]. This lateral motion
leads to a dynamic modulation of the quantum vacuum, pro-
ducing real photons and, consequently, generating a frictional
force between the plates [20]. This frictional force occurs
without direct contact between the plates, driven purely by
the shearing motion and quantum fluctuations.

Early theoretical studies implicitly assumed that these sys-
tems would reach a nonequilibrium steady state, resulting in
a time-independent frictional force [13-21]. However, recent
research has revealed that quantum frictional systems may
experience instabilities under certain conditions [22-27]. For
example, Brevik et al. [26] recently employed a nonperturba-
tive approach to demonstrate that such systems can exhibit an
unstable behavior where the excitation population grows ex-
ponentially over time. This instability leads to a continuously
increasing frictional force, demonstrating that the system does
not reach a stable, steady state in some regimes. Although
several previous studies addressed the gap between the two
distinct regimes [25,27,28], they largely rely on numerics and
leave room for further analytical exploration, particularly near
the threshold of instability.

In this work, we provide approximate analytical expres-
sions for quantum friction in both the deep stable regime
and near the critical regime where the system approaches
instability. The approximate formulas clarify the behavior of
the system in these distinct regimes. Additionally, we gen-
eralize the study of friction near the instability threshold to
incorporate the effects of thermal fluctuations. This allows
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FIG. 1. (a) The setup studied in this article. Two metallic or
semiconducting plates are separated by a vacuum gap of width d
and in relative motion with speed v. (b) Dispersion curves without
the interaction between the two surfaces.

us to investigate how the frictional force crosses over from
quantum (zero-temperature) to classical (high-temperature)
regimes in the vicinity of criticality. Our results contribute to
a deeper understanding of quantum friction and its stability
across different regimes.

II. INSTABILITY THRESHOLD

Consider two metallic or semiconducting plates at a dis-
tance d in relative motion [Fig. 1(a)]. Isolated plates (d — o0)
can support Doppler-shifted surface plasmons. For a finite dis-
tance, they are hybridized, leading to the dispersion relation
[26,27]
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where the subscript “a (b)” specifies the sign + (—) inside
the radical, ws is the surface plasmon resonant frequency

for an isolated plate, and k = (k,, k,) is the transverse wave
vector. The dispersion equation supports four branches, which
include both the positive frequency and negative frequency
branches, linked by particle-hole symmetry, as usual [first +
sign in Eq. (1)]. Thus, two independent waves can propagate
in the system for a given k. The + sign inside the square
root defines the two distinct branches of the spectrum. In
Fig. 1(b), we show the dispersion curves in the noninteracting
limit (d — o0). Of particular interest are the crossing points,
ky = F2w,/v = Lky. For k = (koy, 0), the coupling e~ 2kod
albeit exponentially small, leads to a profound change in the
dispersion relation, resulting in purely imaginary frequencies,
:I:a)l()o) ~ +i(ws/2)e 4. The root with a positive imaginary
part represents an instability (i.e., exponentially growing solu-
tion in time). The instability is not limited to the wave vector
k = (kg, 0) but occurs in a narrow region of k centered around
this value [22,26],

oKl k, o IKld
2 "k 2

Within this region, the growth rate (the positive imaginary part
of the corresponding root) is evaluated as [22,26]

1 2 — nlkdd \*
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where n = v/(wsd) = 2/(kod) is the destabilizing factor.
Since quantum (and thermal) fluctuations with all possible
k exist, the system is unstable even for a small relative
velocity v.

So far, the discussion neglects the effect of dissipation in
the plates. It is characterized by the collision frequency y
and modifies the dispersion relation as follows [a quasistatic
approximation is implicit; see Ref. [29], Eq. (30)]:

<14+

@

The dissipation is a stabilizing factor, allowing for a nonequi-
librium stationary state (NESS). Here, we disregard the effect
of frictional force on the velocity of the plates, as it is entirely
negligible on the timescale relevant to this problem. Such an
NESS exists only if the velocity v is not too large for a given
y, ensuring that dissipation mechanisms dominate over gain
mechanisms [27]. Otherwise, instabilities arise.

To determine the instability threshold, we find the most
favorable value of k for the instability to occur. Thus, we set
ky, = 0 and write Eq. (4) for the potentially “unstable root,”

wp= iws|:—I‘+\/\/g4lﬁI/n +4B2(1-T2) — (1+ B2— Fz)i|’
&)

where dimensionless parameters I' = y /(2w;) and 8 = k,/ko
have been introduced. The system is stable if Im{wy} < O for
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[
all k. This condition is fulfilled if

e P _ 48212 < (1 — ,32)2 (for all B). 6)

(i) Weak dissipation (I' <« 1). To maintain the system sta-
bility, it is enough to satisfy Eq. (6) with 8 = 1, which is the
optimal value for developing an instability in the absence of
dissipation [22,26]. This yields the instability threshold,

e ¥ =4r? =g = n(I). )

2

log[1/(2T")]
Namely, for a fixed small I', the system is stable if n < n.(I")
or if v < v(I') = 2wd/log[1/(2I")]. This result was previ-
ously obtained in Refs. [27,28].

(ii) Strong dissipation (I' >~ 1). Let us first note that for
I' > 1/4/2, the system is stable for all values of . In-
deed, for I' = 1/+/2, Eq. (6) yields e=*#I/" < 1 4 g*, which
is satisfied for any g, although barely so for § — 0. For
" somewhat smaller than 1/4/2 [i.e., I' = (1 — 8)/+/2 with
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FIG. 2. Stability-instability diagram. The system is always stable
(Im{wy} < 0)if T > 1/4/2.

8 < 1], instability becomes possible for sufficiently small k.
A straightforward analysis shows that for a fixed, small §, the
instability threshold is n ~ 873/ > 1. The system is stable
unless the velocity reaches a large value, v, >~ w,d8~/%. The
full stability-instability diagram is depicted in Fig. 2. It is
found by minimizing the function I'(8) = (%)1/2

with respect to .

III. QUANTUM FRICTION AND ITS DIVERGENCE

In the stable region (NESS), there is a time-independent
friction force F (as previously noted, we neglect changes
in the kinetic energy of the plates). The expression for this
force was derived by a number of authors [13,14,27]. At zero
temperature, the friction force per unit of area is

+oo o fik, Tm{R_}Im{R, }e~ 2kl
/ / /kv 273 |1 — R_Rye ?kid|2 deodkdky,
®)

400
- 27,3 / / /kv ke

o) (o-(o- +iy) — o

A = (w4 (wp +iy) —

Note that A(w, ky, k;) = 0 is the surface plasmon’s disper-
sion relation with the solution given in Eq. (4). For small I,
the four roots of A are approximated as w,, ~ —iw" £

z(log’ with :l:a)(o) the four roots in the absence of dissipation
defined as in Eq (1). We are interested in the roots near the
real w axis. Such potentially unstable roots provide the largest
contribution to F. For k, &~ ko and k, ~ 0, there is a pair of
roots close to the origin, Qpr ~ —iw + i[wf)o)]” =iQu,,
with [0(”]" given by Eq. (3). Additionally, there is another
pair of roots located at v ~ +2w;.

The singular behavior of the friction force is determined
by the behavior of the integrand for w near the origin,

(w _kz 2/4) —2Ik|d

where

w?

Ry = s 9
* wr(wy +iy) — »? ©)

are the quasistatic reflection coefficients. Note that we defined
wy := w % k,v/2. The denominator in Eq. (8) accounts for
the multiple scattering between plates. Note that Eq. (8) holds
in the reference frame where both plates are in motion, while
the expression in Refs. [13,14,27] is in a frame where one of
the plates is at rest. The two expressions are related by the
transformation w — w — k,v/2 and are consistent due to the
Galilean invariance of F'.

In the present section, we focus our attention on the weak
dissipation regime, I' < 1, so that the instability threshold for
the normalized velocity n is given in Eq. (7). Alternatively, by
fixing a small value of 7, one can get the instability threshold
forI"as I'. = (1/2)e~%/" « 1. We consider two distinct cases
in the following.

(i) “Deep stable region” (I'c K I' <« 1): In this case,
the system is far away from the instability threshold. The
multiple-scattering effect can then be neglected [i.e., the de-
nominator in Eq. (8) is set to unity]. Furthermore, since the
integral over k, in Eq. (8) has a sharp cutoff at k, ~ 1/d,
kyv/2 is small compared to ws and so is @ when evaluating the
imaginary part Im{R.}; hence, Im{R+} ~ —wiy /w?. After
the integration over @ and the change of variables, k,d = x
and ky,d =y, Eq. (8) is reduced to

F=-— o’ Fz/ x4e_2“/mdxdy = _—15ha)sn31"2
6m3d3 6472d?
(10)

Thus, for small velocities (n < 1), the friction force F is
proportional to v? in the deep stable regime, in agreement with
Ref. [19].

(i1) Near threshold (I' ~ T'.): We set I' = I'c(1 + &) with
& < 1. The multiple scattering becomes important in this
regime, and the denominator in Eq. (8) approaches zero for the
appropriate values of w and k. To study this case, we substitute
Eq. (9) into Eq. (8). After some algebra, we obtain

e dodk,dk,, (11)

) w?e‘z‘k‘d. (12)

(

corresponding to the nearly unstable root. For @ &~ 0, |A|?
can be approximated as 16w¢[w?® + (2),)*][0* + (27_)*].
Furthermore, in the term w* — k2v%/4 in Eq. (11), ®* can be
neglected so that

f+oo /ko+ f(k)
32”3 k=22 £ (k)

kv 3,2 —2|k|d
5 /+ 2 —(k3v?/4)e
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where we defined f(k,) = eV ki+kid Note that we restricted
the integration range in k, to the narrow window |k, — ko| <
(ko/2)f (ky) centered at k, = ko [Eq. (2)].

In the integral over w, the integration limits can be ex-
tended to Foo, as the relevant value of k,v/2 =~ kyv/2 =
ws 1s comfortably away from the dominant integration re-
gion w =~ 0. With this approximation, the integral over w is
7 /(yS2, Q). Setting all k. in the integrand of Eq. (13)
identical to ko, one finds that

hw y +oo k0+ rf
ky)}dky. 14
~ x| /sz o Q,, k. (14)

Introducing the variable g = 2(k,/ko — 1)/ f, we obtain
 hedy e —f(ky)dg 2
ky)}-dk,.
~ e / / 4r2 — 2){f( ) dky
(15)

{f )21 —
The integration over g can be done analytically and yields
/ o0 arcsin[ws f (ky)/y]
C2r2?

V1= [osfk)/yT?

Next, we set I'=Tc(14+¢)=(1/2)e?"(1 +¢) and
concentrate on the term (ws/y)f(ky). It can be ex-
panded in a Taylor series in k, as follows: (ws/y)f(k,) ~
(Te/DHY( — k}z,d /(2ko)). Keeping the dependence on k, in the
denominator 1s crucial: setting k, = 0 in the term (ws/y ) f (ky)
would result in a square-root singularity F ~ 1/./¢, while
the more accurate treatment smoothes out this behavior into
a weaker logarithmic divergence, as shown below.

Near the singularity, the arcsin term in the integrand can be
replaced by 7 /2. Furthermore, the prefactor in front of the in-
tegral measure can be evaluated at k, = 0 [i.e., {f (ky)}zdky %
{f (0)}2dky =e "dk,] and moved out of the integrand if the
integration range is truncated to |ky| < ky max. These approxi-
mations yield

{f(ky)Ydky. (16)

hwf
F~—-—2o¢

~+ky, max 1
4 v? o / i2d d
4 s /26 1+ bd

Near the instability threshold (¢ — 07), the integral evaluates

log(

quadratlc term in the Taylor expansion is small as compared

to the leading term. Specifically, we take 57— “““d }‘. This final

approximation gives the analytical result

a7

\ max

). We choose ky nax in such a way that the

o~ DO sy a1

F a0 n e log o (18)
As seen, the friction force diverges logarithmically near the
instability threshold, in agreement with previous numerical
results [25]. The above result is valid under the conditions
e <« 1 and e™*/" <« 1. We underline that it is essential to keep
the k2 correction in Eq. (17) to obtain the logarithmic behavior
of F. Although our focus in this article is on the behavior
of the force as the collision frequency approaches criticality,
our result is universal. In particular, a similar logarithmic
divergence arises when the relative velocity approaches the
critical value at a fixed level of dissipation.
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FIG. 3. Comparison of the approximate formulas for the friction
force with the exact result for n = v/(wsd) = 0.5. The square mark-
ers represent the exact result (8), the circle markers the approximate
integral (16), and the red curve the analytical formula (18). The
two approximate formulas agree well with the exact result around
the instability threshold. The inset shows the normalized force as
a function of log(e¢) and confirms the logarithmic divergence near
criticality. The force normalization factor is set Fy = hw; /d3.

In Fig. 3, we compare the approximate formulas, Egs. (16)
and (18), with the exact result (8). It is evident that the ap-
proximate formulas work well near the instability threshold.
Furthermore, they accurately predict the logarithmic diver-
gence near criticality, as illustrated in the inset of Fig. 3. For
some semiconductors, wg/y can be as large as ws/y = 10
(see, e.g., Refs. [30,31]), and the critical point is roughly
estimated as n. ~ 1 [e.g., ve ~ 10° m/s for w,/(2n) =
1.5 THz and d = 10 nm]. When the instability threshold is
approached, the friction force exhibits the logarithmic behav-
ior F ~0.002 x Fylog(e), where we defined Fy = hws/d>.
For a plasma frequency ws/(27) = 1.5 THz (e.g., narrow gap
semiconductors such as InSb or InP [30,32]) and for a sep-
aration width d = 10 nm, the prefactor can be estimated as
0.002 x Fy ~ 2.0 pN/um?.

When thermal fluctuations are present alongside quantum
fluctuations, the integration limits in the integral over w in
Eq. (8) should be extended to +00. Additionally, a “smooth-
ing factor,”

1 h hos h ho_—
~1CO0 —co ,
2 2kgT 2kgT

should be introduced [14,33] in the integrand. The behavior
of the friction force near criticality is determined mainly by
the singular multireflection factor in the integrand of Eq. (8).
Thus, the asymptotic formula for the friction force at a finite
temperature can be readily obtained by multiplying Eq. (18)
by the smoothing factor evaluated at k, = ky and @ =0,
which corresponds to the singularity of the integrand. This
yields

~

_Nes s o 1
2 /2d3 2kgT

In particular, in the high-temperature classical limit, kg7 >
hws, the h drops out from the formulas, and the force near the
instability threshold is larger by a factor 2kg7T /(fiws) than its
purely quantum counterpart calculated in this section.

1
log —. 19)
e
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IV. CONCLUSIONS

The standard setup of two plates in relative motion, com-
monly used to study quantum friction, has been shown to
be unstable in the nondissipative limit [22,26,27]. Therefore,
when calculating time-independent friction, it is essential
to verify the system’s stability within the relevant parame-
ter range; otherwise, the calculation becomes invalid. In the
nondissipative limit, the usual framework cannot be applied,
as the system remains unstable even at arbitrarily small veloc-
ities v.

In this work, we analyzed the friction force F across var-
ious regimes, with a particular focus on behavior near the
instability threshold, where the force diverges. Specifically,
we demonstrated analytically that the transition into the un-
stable regime is accompanied by a logarithmic singularity in
the friction force.

Let us briefly mention several additional problems not
treated in this brief paper:

(i) Instead of a pair of plates, one often considers a
nanoparticle moving parallel to a surface, which can also be
unstable [29] and experience a divergent force.

(i1) What about the “usual” vertical Casimir-Lifshitz force
F.? Since the instability originates from the denominator in
Eq. (8) (multiple scattering), and the expression for F; (see,
e.g., Ref. [14]) has exactly the same denominator, we expect
that F, should diverge when the instability threshold is ap-
proached.

(iii) Dragging plates mechanically, with significant veloc-
ity and precision, is extremely challenging. Therefore, an
alternative setup has been proposed in the literature (see

Refs. [34-36] and references therein): The plates are at rest,
but a stationary drift current is induced in one of the plates.
Indeed, while the velocity v ~ 10° m/s that we took as an
example when discussing Fig. 3 may seem too large if we
consider a translational mechanical motion, it is not unrealis-
tic in the context of electron drift velocities under high electric
fields (saturation velocity) [37]. There are many similarities
(and some significant differences) between this “electrical”
setup and the more standard, mechanical one, as discussed in
detail in Ref. [35]. There is a new twist in the “electrical” setup
regarding a possible instability: It is well known that a semi-
conductor sample, subjected to a drift current, can become
unstable (such instabilities have been thoroughly studied in
the past; see Ref. [38] and references therein). This means
that even a single isolated plate with a drift current in it can be
unstable.

These additional considerations underscore the complex-
ity and richness of quantum friction phenomena, suggesting
that the parallels between mechanical and electrical setups
could provide further insights into fluctuation-induced forces
in nanoscale systems near criticality.
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