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This work presents an exploratory study of the potential applications of
electrically biased materials that possess a nonreciprocal and non-Hermitian
electromagnetic response analogous to the electronic response of field-effect
transistors. The most distinctive feature of such materials is their chiral-gain,
meaning that their response can be active or dissipative depending on the
handedness of the wave polarization. It is shown how the chiral-gain can be
harnessed to develop novel electromagnetic devices with unique properties

such as chiral lasers, polarization-dependent mirrors, and

coherent-perfect-absorber lasers. Furthermore, it is demonstrated that
materials with chiral-gain can bypass a reciprocity constraint that typically
limits the external coupling strength, thus facilitating the excitation of cavities

with extremely large quality factors.

1. Introduction

Photonic integrated circuits have the potential to revolutionize
information processing devices by enhancing their speed, band-
width, and power efficiency.['3] However, their development has
been slowed down by several challenges, particularly the absence
of integrated light sources and amplifiers suitable for large-scale
production,*7 as well as the lack of efficient integrated nonre-
ciprocal components.[8-10]

In a recent article,""l we introduced a nonlinear (meta-)
material that mimics the response of semiconductor transistors.
Such an idealized platform, which we designated by MOSFET-
metamaterial, is characterized by a linearized optical response
that is both nonreciprocal and non-Hermitian. These effects arise
from the interplay between material nonlinearities with a static
electric bias. Materials biased by a static electric field or DC volt-
age provide a versatile approach to controlling electromagnetic
properties, allowing for dynamic tunability and reconfigurability.
Electrically biased systems have significant advantages over other
biasing methods, such as superior performance, compactness,
ease of integration, and scalability in modern photonic devices.
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Furthermore, it can be noted that such
transistor-like response can in principle
also be engineered using other mecha-
nisms, such as optical pumping for ex-
ample. Interestingly, similar material re-
sponses have also been explored in the
context of elastic waves by Vitelli’s group,
where mechanical actuators provide the
necessary gain.['?]

The most remarkable property of the
MOSFET-metamaterial is that its non-
Hermitian response is controlled by an
indefinite matrix (see below). Conse-
quently, the interactions of a wave with
the material can be either dissipative
or exhibit gain, depending on the field-
polarization. In a series of subsequent
articles, we demonstrated that transistor-like electromagnetic re-
sponses may be implemented in different ways, using trans-
mission lines coupled with FETs,"¥] in 2D engineered materials
(strained twisted bilayer graphene),['* and in 3D low symmetry
natural materials with a large Berry curvature dipole.!">] Remark-
ably, the gain response of such platforms has chiral-properties,
such that the material exhibits gain for a particular handedness
of the optical field, while it is dissipative for the opposite polariza-
tion handedness.['"1*16 The combination of gain and loss within
the same platform can lead to interesting physics, as extensively
explored in PT -symmetric systems.['~22] However, unlike typical
PT -symmetric platforms, chiral-gain media have both loss and
gain within the same material, rather than being spatially sepa-
rated. Various studies have explored harnessing chiral effects in
photonic systems to enhance device functionality.[2}:3-%]

The objective of this article is to present an exploratory study
of the potential applications of such “chiral-gain” materials in the
realm of nanophotonics. Here, similar to ref. [11], we restrict our
attention to the case of an idealized nonlinear material character-
ized by the constitutive relation P = ¢,y (E) - E with a nonlinear
susceptibility of the form

XXX(EZ) 0 0
¥E)=] 0 Xy O 1)
0 0 X

where E is the electric field and P is the polarization vector. As
shown in ref. [11], under a static electric bias with a nonzero x
component, the linearization of P leads to a (linearized) permit-
tivity tensor of the form

8XX 0 8){2
e=|0 ¢, O (2)
0 0 ¢
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Remarkably, this permittivity tensor describes a nonreciprocal
(€ T4 £)12%] and non-Hermitian (¢' # &) material response. Ad-
ditionally, in the special case where the permittivity tensor is
real-valued and frequency-independent, the linearized response
is also time-reversal (7) invariant (¢* = €). Here, T, * and ¥ rep-
resent the transpose, the complex conjugate and the Hermitian-
conjugate operations, respectively.

The non-Hermitian response of the material is ruled by the
matrixg” = == 11 For the model of Equation (2), supposing for
simplicity that the diagonal elements are real-valued, the matrix
£ is given by:

1 0 e,
= Zl o 0o (3)
== 0 0

As the matrix trace vanishes, the matrix is indefinite. This means
that some of its eigenvalues are positive, corresponding to a dis-
sipative response, whereas other eigenvalues are negative corre-
sponding to a gain response. It was shown in ref. [11] that when

., is real-valued the relevant eigenvectors of the matrix € are
% = iZ. Thus, the polarization states associated with the dissipa-
tive/gain responses are circular and have opposite handedness.
The polarization that activates the gain (dissipation) is controlled
Dby the orientation of the electric field static bias.

In our previous work, we showed that a material with chiral-
gain can be used to combine optical isolation with amplification
within the same device.['!] Here, we analyze how the chiral-gain
can be harnessed for several potential nanophotonic applications.
First, in Section 2 we characterize the spectrum of generalized
indefinite-gain materials and discuss the conditions for their sta-
bility and the role of parity-time (P7) symmetry. In Section 3, we
investigate the application of chiral-gain materials in lasing. In
Section 4, we theoretically demonstrate that chiral-gain materials
can be used as polarization-dependent amplifying mirrors. Next,
in Section 5, it is shown that open cavities formed by chiral-gain
media may be engineered to exhibit an arbitrarily high-quality
factor. Finally, in Section 6, we demonstrate that such cavities are
ideal for light-storage and that their operation is not limited by the
reciprocity constraint. This distinctive behavior stems from the
unique analytical structure of the scattering matrix, which simul-
taneously accommodates a zero and a pole at the same frequency.
This property delineates a regime where coherent perfect absorp-
tion (CPA or anti-lasing)[?**° and “quasi-lasing” are seamlessly
integrated within the same resonator, similar to the behavior of
“CPA-lasers”(17-2] and their nonlinear counterparts.(3132 We find
that, under optimal conditions, the energy retention within the
cavity is primarily influenced by the excitation duration rather
than by the incoming wave amplitude.

2. Bulk Stability and P7 -Symmetry

ZZ‘

Indefinite-gain materials are characterized by a matrixg" =
that is indefinite, meaning that the interactions between the ma-
terial and a wave can be either dissipative or exhibit gain. Next,
we study the stability of a bulk material described by the relative
permittivity tensor
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€= € 0 (4)

This corresponds to a generalization of the MOSFET-
metamaterial model introduced in ref. [11]. When €, # ¢,
(e, # €:) the response is nonreciprocal (non-Hermitian).
Furthermore, when the diagonal-elements are real-valued (as
assumed below) the matrix " is indefinite. For simplicity, in this
article, we neglect the frequency dispersion. It is expected that,
similar to ref. [15], the inclusion of frequency dispersion effects
will limit the nonreciprocal and non-Hermitian response to a
specific frequency range. It should be noted that in the spectral
range characterized by chiral-gain, the dispersive model of ref.
[15] exhibits a dielectric behavior with Re{e;} > 0, consistent
with the model considered here.

The natural modes of an indefinite-gain medium can be ob-
tained by solving Maxwell equations in the frequency domain

VX E = iou,H (5)
VX H = —iwe,e - E (6)

where w is the oscillation frequency. A time variation of the type
e~ is implicit. For a continuous material invariant under arbi-
trary space translations, the bulk normal modes are plane waves
with a spatial variation of the form e*T, where k is the wave
vector and r is the position vector. To assess the material sta-
bility we characterize the plane waves with a real-valued wave
vector and complex frequency w = @’ + iw”. The real part of
@ determines the time period T = 2z/w’ of the natural oscil-
lations and the imaginary part determines the amplitude vari-
ation with time. Since e @' = e~@te®”t it follows that @” > 0
corresponds to a wave growing exponentially with time (unsta-
ble response) while @” < 0 to a wave decaying with time (sta-
ble response). The plane wave solutions satisfy the wave equa-
tion k x (k X E) + (w?/c*) € - E = 0 where c is the speed of light
in vacuum.

The non-Hermitian physics is ruled by the nontrivial eigen-
vectors of €, which are in the xoz plane. Thereby, we focus our
attention in the propagation along the y direction, as it maximizes
the gain or loss interactions. For k = k§, there are two transverse
modes characterized by

o=o,= )
ei
E~EiE£fo(+(e+—exx)i (8)
_Eatentr 0
£ = T ©)
where y = (e, — €,,)% + 4€,,6,,.

Consider first that the permittivity tensor in Equation (4) is
real-valued so that the response is invariant under a time-reversal.
In this situation, y is also real-valued. When y > 0, both £, [Equa-
tion (9)] and the natural frequencies w, [Equation (7)] are real-
valued and non-degenerate. In this scenario @’ = 0 and the bulk
material is stable. On the other hand, when y <0, both £, and
o, become pairs of complex conjugates numbers, meaning that
one mode is attenuated (w” < 0) while the other is amplified

© 2025 Wiley-VCH GmbH
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Figure 1. Locus in the complex plane of the normalized bulk natural fre-
quencies w, /(kc), when €, varies in the range 0 < £,, < 0.1. The insets
indicate the value of £, at the points marked with crosses. The remaining
parameters used in the simulation aree,, = 1,¢,, = 1.1and ¢,, = —0.05.
The exceptional point (y = 0) is reached when ¢,, = —¢,, = 0.05.

(@” > 0). In this case, which arises when ¢,, and ¢,, have op-
posite signs and their product satisfies |e ¢, | > %(sxx —£,)%
the bulk material is unstable. The transition from the stable to
the unstable occurs when y = 0, which corresponds to an excep-
tional point where ¢, the eigenfrequencies [Equation (7)] and the
eigenvectors [Equation (8)] coalesce and become degenerate. It is
worth noting that when €, = ¢, the analysis presented here re-
duces to the case discussed in ref. [33].

The characteristics of the natural modes can be understood by
noting that the material is invariant under a parity transformation
P that flips the y spatial coordinate P : (x,y,2) — (x,—V, 2). The
permittivity tensor of a nonmagnetic and non-bianisotropic ma-
terial invariant under P must satisfy £(y) = V - £(—y) - V, where
V=%Q®%—§®§+2® 2 This condition is satisfied by the per-
mittivity tensor (4). Therefore, since the material is invariant un-
der both P and 7 transformations, it is also invariant under
a PT transformation, the composition of the parity and time-
reversal transformations. P7 symmetric systems are known to
possess a spectrum with mirror symmetry with respect to the
real-frequency axis and to exhibit stable and unstable phases sep-
arated by an exceptional point.3*3%] When y > 0, the system is
in the so-called unbroken P7 symmetric phase, where all the
eigenmodes are real-valued and the bulk material is stable. When
y <0, the system is in the broken P7 symmetric phase, where
the eigenmodes appear in complex conjugated pairs, correspond-
ing to an unstable phase.

This behavior is illustrated in Figure 1 where the locus of the
normalized natural frequencies w, /(kc) given by Equation (7) is
represented in the complex plane as a function of ¢,,,.. For the con-
sidered range of parameters, it is seen that when 0 < ¢,, < 0.05
the parameter y is positive and both frequencies w, lie on the
real axis, implying that the system is stable and is in the unbro-
ken PT symmetric phase. As ¢, increases from 0 to 0.05, it can
be observed that the eigenmodes gradually converge toward each
other until they coalesce at the exceptional point associated with
€,, = 0.05. For larger values of ¢, the eigenmodes leave the real
axis and become complex conjugates. In this case, the system en-
ters the broken P7 symmetric phase, where it becomes unstable,
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with waves growing exponentially in time until some nonlinear
saturation mechanism limits the gain.

Both for the stable (y > 0) and unstable (y < 0) situations, the
eigenvectors of the indefinite matrix € that controls the non-
Hermitian interactions are & + iz. Thus, when ¢ is real-valued,
the wave polarizations that activate the gain/loss are always cir-
cularly polarized (chiral-gain). On the other hand, if either £, or
€,, are allowed to be complex-valued the eigenpolarizations that
control the non-Hermitian interactions are in general elliptically
polarized, corresponding to a more general form of indefinite-
gain. For example, when ¢,, = 0 and ¢, is pure-imaginary (as
considered later in the article) the relevant eigenpolarizations are
linearly polarized and are of the form % + 2.

In the rest of the article, we focus on the permittivity ten-
sor given by Equation (2) with £,, = 0. From the previous sta-
bility analysis, it is evident that such a response is always stable
(r = 0), even when ¢, is allowed to be complex-valued. Further-
more, the exceptional point (y = 0), where the eigenvectors of the
two transverse natural modes coalesce into a single linear polar-
ization, is reached when ¢, = ¢,,. In this regime the indefinite-
gain medium behaves as an ideal traveling wave amplifier, as dis-
cussed in detail in ref. [13]. Throughout the remainder of the pa-
per, we avoid this scenario by assuming that e, # €,, so that the
material response is “bounded.”

3. Lasing

In this section, we illustrate how the non-Hermitian response
provided by chiral-gain media can be harnessed for the creation
of an electromagnetic oscillator, i.e. a laser. A related study based
on a stack of 2D materials can be found in ref. [16]. Next, we study
laser-configurations based on 3D materials.

A laser is an oscillator that supports exponentially growing
natural modes (@” > 0) before it reaches the saturation (nonlin-
ear) regime. Here, we consider a 1D closed cavity consisting of a
chiral-gain medium slab positioned in between two mirrors. We
investigate the natural modes of such a cavity for wave propaga-
tion along the y direction.

The complex eigenmodes of the cavity can be determined by
solving Maxwell equations given in Equations (5) and (6). For
propagation along the y direction, we have V = 9/dy¥, and these
equations can be written in a matrix form as

. d v
la—yf()’) =M-£(y) (10)
where the four-component state vector f is defined by

fy) = (E() E0) H) H)' (11)

with E,, E,, H,, H, the x and z components of the electric and
magnetic fields at position y. The 4 x 4 matrix M is given by

0 0 0 wu,
— | © 0 -op, 0
M=1 —weyE,, 0 0 (12)
WEYE,,  WEYE,, 0 0
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Figure 2. Indefinite-gain medium cavity closed with two PECwalls aty = 0
andy =d.

Similar to a Schrédinger equation, the solution of Equation (10)
is

f(y) =™ -£(0), (13)

where the exponential e is a 4 X 4 matrix that plays the role
of a transfer matrix. The matrix exponential can be evaluated an-
alytically (not shown here), or alternatively it can be numerically
evaluated. Thus, the fields at a generic position y within the ma-
terial depend only on the fields calculated at y = 0.

3.1. Cavity Closed by two PECs

To begin, we consider the scenario where the two reflectors
are perfect electric conducting (PEC) walls as represented in
Figure 2. In this case, the fields at each boundary of the cavity
satisfy

£(0) = H,(0)a, + H,(0)d, (14)
£(d) = H, ()i, + H.(d)a, (15)

where @; = (8, 6, 6;3 6,,)7, with §; the Kronecker delta symbol,
is a vector with the entry “1” at the i-th column. Taking into ac-
count that f(d) = e . £(0) [Equation (13)] and that f(d) - @, =
f(d) - 4, = 0, we find after straightforward manipulations the fol-
lowing system of equations:

G e ™ogy f e ™Mog, <Hx(0)> 3 (o) (16)
0, - em M. g, @, e ™. q, H.(0) 0
The dispersion equation is found by setting the determinant of

the matrix in Equation (16) equal to zero. After simplifications,
we obtain the following explicit result

sin<§d\/§> sin(%d\/e_zz) =0. (17)

Clearly, the natural frequencies of the cavity of Figure 2 are o =
o and 0 = @? with

o = nwc 18)
d v 6xx

o = nwc (19)
N

zz
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and n is an integer. Curiously, even though the bulk material can
provide optical gain,['] the cavity eigenmodes are real-valued and
consequently it is not possible to generate lasing relying simply
on PEC walls. To understand why, let us examine the time aver-
aged net power exchanged between the wave and the material.
For time-harmonic fields E(t) = 3 (E,e™" + Ee"') it s given by
(Q)==*[E, - -E, dV (see the Supporting Information of
ref. [11]). For a chiral-gain medium described by the permittivity
tensor (2) with purely real diagonal elements, one has

(@=22 [1n{e.r, 5.} av (20)

From Equations (13), (14) and (16) the eigenvectors E¥ and E?
associated with the natural modes ¥ and @?, respectively, are:

E* = A*sin <?)x (21)
E: = A° sin(?><ﬁ+ %z) (22)

where A* and A* are normalization constants. As seen, the eigen-
modes are linearly polarized everywhere in the cavity when ¢,,
is real-valued. When ¢, is complex-valued, the eigenmode as-
sociated with w? becomes elliptically polarized. In either case, by
substituting the explicit formulas for the fields into Equation (20)
(E, — E') one finds that (Q) = 0 for arbitrary ¢,,. Thus, in this
configuration the polarization of the eigenmodes is unable to un-
lock the gain and consequently there is no net transfer of energy
from the material to the wave.

It is interesting to point out that the PEC mirrors preserve the
PT -symmetry of the bulk material, and thereby for a real-valued
£ the spectrum must remain real-valued for an unbroken P7 -
phase.

3.2. Cavity Closed by a PEC and a Soft-Hard Boundary

To extract energy from the medium we need to engineer the po-
larization of the cavity eigenmodes so that it “overlaps” the eigen-
vector of € that triggers the gain response. This can be done by
replacing one of the PEC walls by a soft-hard boundary (or Kil-
dal’s mirror)3%37] as represented in Figure 3a. An ideal soft-hard
boundary may be visualized as a set of alternating strips made of
PEC and perfect magnetic conductor (PMC) (Figure 3b). In prac-
tice, this type of boundary condition can be implemented using a
corrugated plate mirror.**37] Such mirror imposes that the elec-
tric and magnetic fields at the boundary satisfy

E-§=H-8=0 (23)

where § = cos(¢)X + sin()Z is a unit vector parallel to the direc-
tion of the strips as shown in Figure 3b. The vector § makes an
angle ¢ with the x axis. It is useful to introduce the unit vector
t = —sin(@)& + cos(@)2 that is orthogonal to §. Note that the com-
bination of the PEC boundary with the Kildal boundary breaks
the P and PT symmetries of the system.

For the geometry of Figure 3a, the PEC boundary condition im-
poses that the state vector satisfies Equation (14) aty = 0, whereas

© 2025 Wiley-VCH GmbH

5L60 17 SUOWILIOD BAITERID 3|01 (ddke aU) AQ peueA0B a6 SORILE VO ‘28N 0 S3N. 10} AReJdl1 BUIIUO A3 1A U (SUOMIPUOD-PUE-SLLISILI0D" B M AReJq][oUI UO//STY) SUONIPUOD PUE S | aU 805 *[G20Z/T0/ZT] U0 ARiq1TauIuO A3]1M 0GSI 2Q BUIIPS N 9pep|nde= Ad T8800vZ0 10d|/Z00T ‘OT/10p/L0"Aa | AReiq B! U051 W01 Papeojumod ‘0 ‘6688898T


http://www.advancedsciencenews.com
http://www.lpr-journal.org

ADVANCED
SCIENCE NEWS

www.advancedsciencenews.com

(a)

www.lpr-journal.org

) PEC
€« soft- PMC
REE hard
BC A
S
0 d Y *
(c) cp=5823°  «p=45 () ¢ p=5823° =45
T ..01--.. T T T ..q-c.. T T T T T T T T T
0, x XXXy xXXXx ] - o, oo =
0.6 |- o xx: ::x ::. 0.4 K ... ... .,
04+ = ° e x ° °
L] x x L] 0.2 | () [ ] ]
2 02 - ¢ ¢ Az ° °
w'd w'd
¢ 02| « .« . <€ . .
. x x . -0.2 . ° B
-04 + x «® ., x — ° . . o
Ox x® ox x® ®e 0 o o
-0.6 + ®o%x ) ox, e — -04 (114 ®o0 —
| ®esas®’ | ! | %0cgee® | ! ! ! ! ! ! ! ! !
0 5 10 15 20 25 30 35 40 0O 5 10 15 20 25 30 35 40
w'd w'd
e e
(e) | ey, =021 xegy, =0.017 (f) 05
RO TT T T eo00eg] T
0.6 .c' .o. ..’ '.. N 04 | |
| e L] ]
g: *" .. .. ..7 03 11 N
12 ’ ° ° 0.2
w 0 .‘xxxxxxxx”""""""""*xxxx...xxxxx"""""""""Xxxxx M- ol ol e e - |- b ol o e -
Xxxxxx XXX XXX XTI LITRRCR X X xx X XXX XXX ]
¢ -0.2 3. .. . o] 01
° ° 0 V v
04 ° . v
sl e o 01| I(ExXEY)-y vy U U
. | **eqeee® ! | **eqeee*’ ! -0.2  8verage = """ !
0 5 10 15 29 25 30 35 40 0 0.2 0.4 0.6 0.8 1
wd y/d
e

Figure 3. a) Indefinite-gain medium cavity closed with a PEC wall at y = 0 and a soft-hard boundary condition at y = d. b) Sketch of a soft-hard boundary
implemented by alternating thin strips of PEC and PMC materials oriented along §. c—e) Locus of the eigenfrequencies w = @’ + iw’’ in the complex-plane
for the cavity represented in (a). The cross permittivity component is €,, = 0.2 in (c) and &,, = 0.1 in (d). The red dots (blue crosses) are calculated for
an orientation of the soft-hard mirror ¢ = 58.23° (¢ = 45°). In (e) @ = 45° while ¢, = 0.2i (red dots) or ¢,, = 0.01i (blue crosses). f) y-component of
the spin angular momentum (in arbitrary units) and its spatial average for the mode with the highest value of @'’ for the blue crosses in (c). In all plots

£ =1lande,, =1.1.

the soft-hard boundary condition at y = d imposes that
(24)
where §; = (s,5,00)7 and §,=(00s,s,)7 with s, =§-%& and

s, = § - 2. Using Equation (13) it may be shown that the cavity
fields are constrained as

§,-e M. g, §, e M. g, .<HX(0)>_<0>
§, - e M g, §, - e M . g, H_(0) 0

Again, the dispersion equation is found by setting the determi-
nant of the matrix on the left-hand side equal to zero. After sim-
plifications, we find that for ¢, # ¢,,, the natural frequencies are

(25)
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given by the solutions of:

ﬁ_sin(%i[\/ez— Ve > — B, sin <w7d[ €+ \VEw ) =0

(26)
where
p. = [( =+ VEw) [VE cos” (9) £ \fe, sin’ (9)]
~ &,.cos (¢)sin ()| (v ¥ V/E) 27)

For ¢ = 0 or ¢ = 7/2, i.e., when the strips are parallel to a coor-
dinate axis, one has g, = +_. As the sum (or the difference) of

© 2025 Wiley-VCH GmbH

85U8017 SUOLLLIOD BATeR10 3(edl|dde ayy Aq peuseno aJe ssjpie YO ‘8sn JO sa|n 1oy ArIqiT8uljuO A3|IA UO (SUONIPUCD-PUR-SLLIBY/LID"AB | IM ARIq 1 Ul UO//:SANLY) SUORIPUOD pUe SWiB | 8L 88S *[5202/T0/ZT] uo AriqiTauliuo A8]iIM "eods!Tad euIpe N apepnde- Aq 1880020z 10d|/Z00T 0T/10p/uoo’ A3 1M AReid 1 |euluo//:sdny wouy papeojumod ‘0 ‘6688£98T


http://www.advancedsciencenews.com
http://www.lpr-journal.org

ADVANCED
SCIENCE NEWS

www.advancedsciencenews.com

two sine-functions can be written as the product of a sine func-
tion and a cosine function, itis clear that for ¢ = 0 or ¢ = 7 /2 the
natural frequencies of the cavity are purely real. For these specific
orientations, the corrugated grid cannot induce lasing in the cav-
ity. Interestingly, for other orientations of the corrugations, the
eigenfrequencies may become complex-valued depending on the
value of £,.

We show in Figure 3c—e the solutions w = @’ + iw” of Equa-
tion (26) in the complex plane (eigenfrequencies) for different
values of the cross-coupling term ¢, and various orientations of
the corrugations ¢. For all the examined cases, the eigenfrequen-
cies form a discrete (countable) set without any finite accumula-
tion points in the complex plane.

For the reasons discussed above, the modal equation given in
Equation (26) has real-valued solutions when g, = +p_. Solving
the equations f, = +f_ with respect to €, one finds that ¢, =
€, OF £, =¢,, where ¢, = (¢,, —¢€,.) tan(g) and ¢,
(€,. — €, ) cot(¢). Our numerical analysis shows that these val-
ues determine exactly the gain thresholds required to have lasing.
As e, and g, have opposite signs, they determine the thresh-
old for positive and negative values of ¢,,. Specifically, to have

. + -
lasing one needs thate,, > €7, ore,, <e_, with

2=

:z,th = max {6xz,1’ gxz,z} (28)

min{e,,e,.,} (29)

3

6xz,th

It can be checked that in these conditions |f,| < |f_|. It is im-
plicit that e, # ¢,,, @ # 0,7/2. Remarkably, for a fixed value
of the permittivity, the gain threshold can be made as small as
desired by selecting the appropriate angle . Moreover, as ex-
pected the thresholds are always different from zero, indicating
that in the absence of cross-coupling the resonant frequencies
remain real-valued.

For €, real, the best orientation for the corrugations, i.e., the
orientation that yields the largest amplification rate w”, depends
on the specific elements of the permittivity tensor. For small ||,
the optimal grid orientation is close to either ¢ = 0 or ¢ = 90°.
On the other hand, for moderately large values of |e,,| the op-
timal grid orientation approaches ¢ = 45°, as illustrated in the
following numerical example.

Figures 3c,d depict the cavity spectra calculated for positive
cross-coupling with e,, = 0.2 and ¢, = 0.1, respectively. We con-
sider two grid orientations ¢ = 58.23° and ¢ = 45.0°. The cor-
responding positive gain threshold values are €, ~ 0.062 for
@ = 58.23° and ezzyth = 0.1 for ¢ = 45°. It can be seen in Figure 3d

that when ¢, = ¢!  all the eigenfrequencies are real-valued
Xz,

1l
(blue crosses). Conversely, for ¢,, > &/, some of the modes
split into two branches with opposite imaginary part of w [red
dots in Figures 3c,d and blue crosses in panel c]. This pat-

tern is repeated periodically in frequency with period Aw, =

¢/ (d |Ven - Ven )
mal ¢ is close to the value ¢ = 58.23° used in Figure 3¢, whereas
for £, = 0.1 the optimal orientation is close to ¢ = 67.5° (not
shown). In Figure 3f, we represent the wave spin angular mo-
mentum density (proportional to the vector iE x E*[38]), as a func-
tion of the position in the cavity. We consider the mode with the
highest " in the example of Figure 3c corresponding to the blue

independent of ¢. For €,, = 0.2, the opti-
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crosses. As seen, the spin angular momentum oscillates with the
position in the cavity and takes both positive and negative values
(associated with different handednesses). However, its average
value aligns with the spin of the eigenmode of " that controls
the gain (a specific circular polarization with handedness con-
trolled by the sign of ). We checked that this holds true for all
the lasing modes (with @” > 0).

When ¢, is a pure-imaginary number, similar to the imple-
mentation proposed in ref. [13], B, are also complex-valued. In
this situation, our numerical study shows that the cavity can
always support solutions exponentially growing in time. Thus,
when ¢, is complex-valued, lasing is in principle possible as
soon as the cross-coupling is different from zero as illustrated in
Figure 3e. The numerical simulations show that the best orien-
tation for the corrugations is ¢ = 45°. The polarization of lasing
modes is now approximately linear because the eigenmode of £
that controls the gain is of the type & + Z.

It is interesting to note that when the modes move
away from the real axis, the real-parts of adjacent eigen-
frequencies are equally spaced by Aw' = Aw, with Aw, =

2rc/ <d[ €y T \/e_ZZD for modes in the same semi-plane

(upper-half or lower-half frequency plane). For a real-valued ¢,
the spectrum has mirror symmetry about the horizontal axis
(Figure 3c,d), analogous to PT symmetric systems. We will ex-
plain this property in the next subsection with the help of im-
age theory. In contrast, for a complex-valued ¢, the eigenfre-
quencies in the different semi-planes are not related by complex-
conjugation (Figure 3e).

3.3. Cavity Closed by Two Kildal’s Mirrors

Suppose now that the PEC wall at y = 0 is replaced by a second
soft-hard mirror as illustrated in Figure 4a. For simplicity, it is as-
sumed that the two soft-hard mirrors have the same orientation.
When €, is real-valued, the cavity is P7 -symmetric.

Interestingly, the modes of this cavity can be split into E-even
and E-odd modes, with the even (odd) solutions associated with
a system where a PMC (PEC) mirror is placed at the center of the
cavity. Thereby, the spectrum of this resonator is the direct sum of
the spectrum of a PEC/Kildal resonator with length L/2, already
studied in subsection 3.2, and the spectrum of a PMC/Kildal
resonator, also with length L/2. This observation explains why
the spectrum of the PEC/Kildal cavity exhibits mirror symmetry
when ¢, is real-valued. Indeed, due to image theory these modes
can be as well regarded as modes of a PT -symmetric cavity with
two Kildal mirrors.

For the resonator with two Kildal mirrors, the boundary con-
ditions at y = 0 imply that

£(0) = At + AL, (30)
where A and A}, are some unknown coefficients, t; = (¢, t, 0 0)7

and t,; =(00¢, )7 witht,=t-% and t, =1- 2. Imposing the
soft-hard boundary conditions at y = d one finds that:

§,-e M. § §poe ™ot \ (A _ (0 61)
8, e . § 8, e}, Ay 0
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Figure 4. a) Indefinite-gain medium cavity closed with two soft-hard mirrors at y = 0 and y = d. b—d) Locus of the cavity eigenfrequencies w = &' + i@

in the complex plane. The cross permittivity is £,, = 0.2 in (b) and ¢,

=0.1in (c). The grid orientation is ¢ = 58.23° (red dots) or ¢ = 45° (blue

crosses). The gain thresholds are the same as in Figure 3. In (d) ¢ = 45° and ¢, = 0.2i (red dots) or ¢,, = 0.01i (blue crosses). In all plots €,,, = 1 and

£,, =11

The dispersion equation is obtained using the same procedure
as before.

Consistent with image theory, our numerical studies show that
the resonant frequencies for this configuration exhibit the same
qualitative behavior as in the PEC/Kildal cavity of Figure 3a. In
particular, we find that resonant frequencies with a positive imag-
inary part always exist for a pure imaginary ¢, (see Figure 4d),
and are only allowed above some positive and negative thresholds

+.u for areal-valued €, (see Figure 4c). The gain thresholds for
lasmg are coincident w1th the ones determined in the previous
section. The optimal orientation for the corrugations for a real-
valued ¢, is also unchanged as compared to the previous subsec-
tion. The main difference as compared to the PEC/Kildal cavity is
the peak gain rate of the lasing modes, which is two times larger
with the two Kildal mirrors for cavities with the same length. Fur-
thermore, the frequency period of the spectrum is also two times
larger than before (2Aw,). These properties are all a simple con-
sequence of image theory.

In summary, we demonstrated that optical cavities based on
a indefinite-gain media terminated by a Kildal's mirror and a
PEC or two Kildal's mirrors may be used to implement electri-
cally pumped chiral lasers. The configuration with two Kildal mir-
rors is the most advantageous as it provides the largest amplifi-
cation rate.

4, Chiral-Gain Mirrors

In this section, we analyze another application of chiral-gain ma-
terials, namely the realization of non-Hermitian mirrors that pro-
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vide either amplification or attenuation, depending on the wave
polarization handedness. To this end, we consider the plane wave
excitation of a chiral-gain medium slab backed by a mirror, as
illustrated in Figure 5a. We focus on the case where ¢, is real-
valued, so that the system is time-reversal symmetric. The mir-
ror is taken as a corrugated wall described by soft-hard boundary
conditions, while the surrounding medium is a dielectric of per-
mittivity 5, for example air. As illustrated in Figure 5b,c, the non-
Hermitian mirror can be used to selectively amplify or attenuate
the incoming wave, depending on its polarization state. This can
be useful, for instance, to enhance the back-scattering of some
object with a specific polarization signature.

It is assumed that the plane wave propagates along the
+y-direction and impinges on the slab along the normal direc-
tion. Let E = E"% + E™2 be the complex amplitude of the
(transverse) incident field and E'*f the complex amplitude of the
(transverse) reflected field. At the y = 0 interface these fields are
related by
Eff(y=0)=R-E*(y=0) 32)
where R is the 2x2 reflection matrix, whose expression is derived
in appendix A [Equation (A10)]. The power reflected by the chiral-
gain slab is proportional to

ref 2 inc,x n inc
B2 = B! "R.E (33)

N~ . .
The reflectance matrix R = R - R plays a crucial role in our anal-
ysis. It is a positive definite Hermitian matrix, meaning that
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Figure 5. a) A chiral-gain medium slab of thickness d is terminated by a Kildal’s mirror. The material slab is illuminated along the normal direction by a
plane wave E"°. b, ¢) Schematics depicting the working principle of the non-Hermitian mirror when |p;|2 < 1 (panel (b), corresponding to attenuation)
and [p,|> > 1 (panel (c), corresponding to gain). d) Illustration of the mirror response when a time-reversal transformation (7') is applied to scenario

(b). In all plots, the incident (reflected) wave is represented in blue (red).

its eigenvectors E,,; and E

| 2

eig2 form an orthogonal basis, while
the eigenvalues |p,|* and |p,|?* are positive numbers. It is as-
sumed, without loss of generality, that |p,|> < |p,|?. Clearly, the

reflectance |p|> = [E*|?/|E|? is bounded by the eigenvalues

of R, namely |p, | < |p|? < |p,|>. Additionally, the eigenvectors
E,1 and E,, determine the polarizations of the incident field
that minimize and maximize the reflected signal power, respec-
tively. It is important to note that E,; are not eigenvectors of
the reflection matrix, which means that the reflected wave may
have a polarization different from that of the incident wave when
Er =, .

In alossless and passive system (two-port microwave network),
energy conservation imposes that the power reflected by the net-
work must be identical to the incident power. Thus, in the con-
servative case one has |p,|?> = |p,|> = 1. On the other hand, non-
Hermitian systems are not constrained by energy conservation,
and hence it is possible to have |p;|*> > 1 (|p;|? < 1), which corre-
sponds to amplification (attenuation) of the incident wave.

Figure 6 shows a plot of the eigenvalues and eigenvectors of
R for a (T -invariant) chiral-gain medium slab surrounded by air
(€4 = 1). As seen, the eigenvalues are different from unity and
have values that oscillate periodically with the frequency or with
the slab thickness. As illustrated in Figure 5b,c, in a wide range
of frequencies, polarization 1 (red lines) can be strongly absorbed
by the slab whereas in the same frequency range (the orthogo-
nal) polarization 2 (blue lines) is strongly amplified leading to
a reflected wave with amplitude larger than the incoming wave.
This behavior is possible as soon as €, is different from zero (no
threshold). Furthermore, it can be checked that the orientation
for the Kildal’'s mirror corrugations that provides the strongest
amplification is the same as the orientation that gives the largest
@' in the closed PEC/Kildal cavity. The maximum power gain is
18.7 for the example of Figure 6a (corresponding to point B of the
plot) with ¢ = 45°, whereas it can reach 37.5 when ¢ = 67.5° (not
shown). We have used CST Microwave Studio full wave simula-
tions to validate successfully our analytical theory (not shown).

Quite remarkably the product |p,|?|p,|? is equal to the unity
meaning that when one of the eigenvectors is amplified the corre-
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sponding orthogonal polarization is attenuated in the same pro-
portion. The property |p,|?|p,|*> =1 is a consequence of time-
reversal symmetry. Indeed, under a time-reversal the roles of the
incident and reflected waves are swapped (see Figure 5b,d).3%40]
Thereby, the maxima and the minima of the reflectance are nec-
essarily interchanged under a time-reversal |p|? — 1/|p|?, imply-
ing that |p,|?> = 1/|p,|?>. Note that this result demonstrates that
detR=1= |detﬁ‘.

Furthermore, the previous argument also implies that if the
field reflected by wave 1, R - Eeig1, (i--e, by the wave E;; ; that ac-
tivates maximum attenuation) is sent back to the material slab
then it it will generate maximum gain. Thereby, it follows that

<§ “Egg1 ) ~ Eg,,. A similar identity holds true with the indices

1 and 2 interchanged. We took into account that under a time-
reversal the electric field is conjugated. Thus, we have shown that
the field reflected by one of the eigenvectors is proportional to the
time-reversed version of the other eigenvector. Formally, this can
Dbe expressed as:

R-E, = pjlelngZig’l, j#1 (34)
with 6; some phase. It is implicit in this discussion that w is real-
valued and that the system is non-Hermitian (|p,| # |p,|). The
eigenvectors amplitude is normalized to the unity.

The polarization curves of the eigenvectors Eg, E, are
depicted in Figure 6b-d for different values of the normal-
ized frequency wd/(rc). The incident fields that maximize the
amplification/absorption are generally elliptically polarized (see
Figure 6c¢), except at some special high-symmetry points. Due to
the orthogonality of the eigenvectors, the handedness of the wave
that activates the dissipation, E ;, is always the opposite of the
handedness of the wave that activates the gain, E;, ,. From Equa-
tion (34), the polarization curve of the field reflected by wave 1
is coincident (apart from a scale factor and the absolute sense of
rotation) with the polarization curve of wave 2. In particular, the
polarization curves of an incident wave (1 or 2) and of the corre-
sponding reflected wave always differ by a 90° rotation.

© 2025 Wiley-VCH GmbH
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Figure 6. a) Plot of the eigenvalues |p;|2, |p,]? of R and their product |p;|2|p,|? (note the logarithmic scale), for ey = 1, e, = 1, &,, = 1.1, £, = 0.1,
and ¢ = 45°. A, B,..., E represent the high-symmetry points within the plot. b—d) Polarization curves for the eigenvectors Ejg 1, Eejg, in the xoz plane

for three different frequencies marked with vertical dashed lines in (a).

Counter-intuitively, the frequency for which the mirror am-
plification/attenuation is maximized (points B, B’, D and D’
in Figure 6a), corresponds to linearly polarized incident wave
(Figure 6b), with the electric field forming an angle of approxi-
mately 30° with respect to the coordinate axes. This is possible be-
cause the field polarization inside the material slab is controlled
not only by the polarization of the incident wave, but also by the
anisotropy of the material and by the anisotropy of the Kildal-
mirror. Consequently, there is no strict correlation between the
polarization of the incident wave that triggers the maximum gain
and the eigenvector of the matrix £ that maximizes the gain re-
sponse of the medium. Thereby, an incident linearly polarized
wave can unlock the chiral-gain within the material. It is also im-
portant to note that any incident polarization can be decomposed
into the basis vectors E;,; and E,;, ,. In cases of very strong gain,
the component associated with E,;, , typically dominates the scat-
tered field, even if it is weak in the incident wave. Therefore, there
is no universal relationship between the polarization handedness
of the incident field and the type of non-Hermitian (dissipative or
amplifying) mirror response.

While the configuration of Figure 5a provides the strongest
non-Hermitian effects, it is also feasible to achieve chiral-
amplification when the Kildal’s mirror is replaced by a PEC mir-
ror. For the parameters used in Figure 6, the chiral-gain slab
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backed by a PEC mirror yields a maximum power gain of 6 (not
shown), which is roughly six times smaller than the maximum
amplification achievable with the Kildal’s mirror. The fact that the
slab backed by the PEC wall can provide amplification while a cav-
ity enclosed by two PEC mirrors (Figure 2) cannot produce lasing
does not result in any contradiction. This difference of behavior
can be attributed to the polarization of the field inside the mate-
rial slab. In the closed cavity, the polarization is controlled only by
the boundary conditions. On the other hand, in the open system,
the polarization of the incident field becomes a free parameter
that can be harnessed to achieve either amplification or absorp-
tion.

In summary, it was demonstrated that a chiral-gain medium
can be used to realize polarization-controlled non-Hermitian mir-
rors. The degree of amplification/absorption is highly dependent
on the polarization and frequency of the incident wave as well as
on the slab thickness.

5. Modes of the Open Cavity

Next, we study the natural modes supported by an open cavity,
i.e., by a system with the same geometry as in Section 4, without
the incoming wave. The natural modes of passive open systems
are characterized by complex-valued frequencies with w” <0,
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Figure 7. a) Locus of the eigenfrequencies of the open cavity represented in Figure 5a for e, = 3, £,, =1, £,, = 1.1, ¢ = 45° and no cross-coupling
€., = 0 (green diamonds), a real-valued cross-coupling €, = 0.2 (red dots) and a pure-imaginary cross-coupling ¢,, = 0.18i (blue crosses). b) Zoom

in view of the spectrum near the real-frequency axis for e,, = 0.2 and ¢ =

0.2001382 and ¢ = 45° (purple triangle).

corresponding to an exponential decay in time. The oscillation
damping is caused either by material absorption or by radiation
loss.[*1#2] Here, we want to study if it is possible to exploit the
chiral-gain to compensate these effects and engineer open res-
onators with high-quality factors.

For an open-resonator, the field in the dielectric-region (y < 0)
is an outgoing plane wave. In particular, at the interface (y = 07)
with the chiral-gain medium the state vector is of the form:

Eout
fout(o) = (_ \/gdi -E > (35)
o out

where E_, is the transverse outgoing electric field and Jis a 2 x 2
matrix defined as in Equation (A4). We used Equation (A7) to
obtain this result.

The dispersion of the natural modes can be found by match-
ing f_,, with the field in the chiral-gain slab (y = 0%) terminated

with a Kildal's mirror [Equation (A2)].This procedure yields the
following dispersion equation

G .edM . § 5 L eidM |}
det Uz ety Uy et -ty
iy idM |t i3 idM |t
u, ety u, e -ty

E4_ N aldM % N aldM | f
+\/—d]'(ul e t; u;-e tH>] -0 (36)

~ idM | ¢ ~ idM | 3
Mo u, -e -ty 0, ety

The roots of this equation give the complex eigenfrequencies
o = o' + iw” of the open cavity. The qualitative behavior of these
solutions with respect to the cross-coupling coefficient ¢ , is anal-
ogous to the behavior observed in the closed cavity of Section 3.2.
The main difference between the two configurations can be un-
derstood by comparing the spectra obtained with £, = 0. Evi-
dently, a closed cavity with €,, = 0 has all the eigenfrequencies
on the real-frequency axis. In contrast, as shown in Figure 7a
with green diamonds, in a passive open cavity the eigenfrequen-
cies are located in the lower-half frequency plane, because of the
energy leakage toward the exterior. To limit the radiation loss of
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45° (red dot), for ,, = 0.2 and @ = 45.0395° (green cross) and for ¢, =

the open cavity we consider that the outside medium has a per-
mittivity of e; = 3. The radiation loss causes the spectrum to be
shifted in the direction of the lower-half plane. The frequency
shift (negative imaginary part) is approximately constant for all
modes.

This property still holds true when the gain parameter ¢, is
different from zero. For example, for an open cavity with a real-
valued £, in the range e, <€, <e. ,, all the eigenfrequen-
cies have roughly the same imaginary part (not shown). Con-
versely, for e, > ¢’ or e, <e_, the modes split into two
branches in some frequency ranges (red dots in Figure 7a). For
a pure-imaginary ¢,, the modes always split into two branches
(blues crosses in Figure 7a), similar to the closed cavity. Inter-
estingly, for a sufficiently large £,,, some modes exhibit a nega-
tive imaginary part very close to zero, meaning that their lifetime
in the cavity is very long (Figure 7b). Thus, the chiral-gain pro-
vided by the material can indeed compensate the radiation loss
effects. By finely adjusting the resonator parameters, it is possi-
ble to achieve a state where the cavity gain compensates almost
exactly the cavity leakage for the eigenmode with the largest life-
time. This is the scenario represented in Figure 7b, where the
mode frequency is only slightly below the real-frequency axis.
This can be done either by tuning the corrugation orientation
(green cross) of the Kildal's mirror or the strength of the gain
parameter (purple triangle). In this peculiar situation, that we
will refer to as the “perfectly tuned” case, the field inside the
cavity oscillates in time without any noticeable decay. It corre-
sponds to a system that can store light for a long period of time,
despite being open to the exterior. Such systems may have po-
tential applications in optical memories!*}! or in sensing. By fur-
ther increasing the gain coefficient ¢, beyond the perfectly tuned
case, the imaginary part of the eigenfrequency of at least one
mode becomes positive, causing the open cavity to become an
oscillator (laser). It is relevant to note that in the perfectly tuned
case (lasing threshold) the field in the dielectric region corre-
sponds to an outgoing propagating plane wave, implying that the
non-Hermitian material continuously radiates energy toward the
dielectric.
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6. Lasing-Anti-Lasing Operation and the
Reciprocity Constraint

In the following, we show that time-reversal invariant open-
resonators relying on materials with chiral-gain can be operated
in a regime where they behave as a CPA-laser.['7-203132] A CPA-
laser simultaneously behaves as an anti-laser — signifying that it
can fully absorb an incoming signal — and as “quasi-laser” signi-
fying that it can interact resonantly with an incoming wave and
store efficiently its energy with no sensible relaxation in time.
Previous implementations of linear CPA-lasers!”-2° were based
on combining different gain and lossy materials. In contrast, our
system integrates both gain and loss within the same material.
We show that unlike conventional passive resonators,[*] the ex-
ternal coupling strength in our resonator is not limited by reci-
procity. Thereby our system can efficiently harvest a significant
amount of energy, even for incoming pulses with relatively short-
duration.

6.1. Time-Reversal Symmetry and Anti-Lasing

In recent years, there has been significant interest in the ana-
lytical properties of the scattering matrix of time-reversal invari-
ant systems (e.g, formed by lossless dielectrics).!'82%%%] [n such
systems, the scattering matrix is constrained by the symmetry

S (@) = [?1 (a)*)r.[”] Thereby, the poles and zeros of S are re-

lated by complex conjugation. Note that the poles of § determine
the natural frequencies of the open-system, and thereby for a pas-
sive system lie in the lower half-plane. On the other hand, the ze-
ros of S determine the frequencies for which the system does not
generate scattering. The “zeros” are the frequencies associated
with a nontrivial null space of the scattering matrix. For a time-
reversal invariant passive platform, these zeros lie in the upper-
half frequency plane. We underline that the “zeros” do not refer
to the individual elements of the scattering matrix, but rather to
the zeros of the matrix determinant.

Several works have developed interesting strategies to harvest,
absorb, and store light by leveraging these analytical properties.
Notably, it has been suggested that introducing a suitable amount
of loss into a system may enable the displacement of a zero of S to
the real-frequency axis, thereby allowing the full absorption of an
incoming wave at that specific frequency with no back-scattering.
This phenomenon is known as “coherent perfect absorption”
(CPA) or “anti-lasing.”[?>3%] Moreover, it has been demonstrated
that the complex zeros of the scattering matrix can be utilized
to store and release light in an ideally lossless cavity for an arbi-
trarily long time period. This mechanism, known as “coherent
virtual absorption,”!*] relies on exciting the system with a signal
that exponentially grows over time.

Conversely, by judiciously inserting gain into an open-
resonator it is possible to push one of the poles to the real-
frequency axis, so that the resonator can support oscillations that
do not decay in time. We refer to this mode of operation as a
“quasi-laser.”

Furthermore, by suitably incorporating loss and gain — such
as in PT symmetric systems — it is feasible to align a pole and a
zero at the same real-frequency, enabling the system to function
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both as an anti-laser and a quasi-laser, depending on the excita-
tion. This dual functionality defines what is known as a “CPA-
laser.”117-2031.32] Ty the next subsections, we demonstrate that the
perfectly tuned resonator introduced in Section 5 can behave as
a CPA-laser.

6.2. Analytical Structure of R Near a Resonance

The geometry of our cavity is the same as in Section 5. We sup-
pose that the permittivity tensor is real-valued to ensure that the
system is time-reversal symmetric. In order to understand how
the chiral-gain affects the excitation of the open cavity, next we
study the analytical properties of the scattering matrix, which in
our system corresponds to the reflection matrix R.

In Appendix B, it is demonstrated that in the vicinity of a res-
onance (@, = @ + iw]) of an open resonator with high-quality
factor, the reflection matrix has the following structure:

_ 0 A
R(w) ~ U*(w)) - < : (w—wo)> U () (37)

;(a)—a)(’;) 0

where A is some constant and U is a unitary matrix.

Consistent with the principles of time-reversal symmetry,
the pole of the reflection matrix is accompanied by a complex
conjugated zero, so that | det(R)| = 1 in the real-frequency axis,
as it should be. Notably, the pole and zero pertain to distinct
elements within the middle matrix in the right-hand side of
Equation (37). This aspect becomes particularly significant when
the system gain is adjusted in such a way that w, approaches the
real-axis. In fact, the structure of the reflection matrix preserves
the influences of both the pole and zero (associated with a non-
trivial nullspace), allowing them to coexist without cancelation
for a perfectly tuned resonator. Note that one of the eigenvalues
of the reflectance matrix R is controlled by the pole, whereas
the second eigenvalue is controlled by the zero. This remarkable
property is rooted in the non-Hermitian response of the mate-
rial. Indeed, it is well known from the study of bound states in
the continuum (BIC), that the influence of a system pole ap-
proaching the real-frequency axis through precise tuning is often
completely canceled by a corresponding zero. This phenomenon
renders the excitation of the bound state from an external region
unfeasible, as highlighted in various studies.[*1#7-5!] This under-
scores the exceptional nature of the chiral-gain response in our
context, where the non-Hermitian characteristics fundamentally
alter the expected analytical properties of the reflection matrix.

To illustrate the discussion, we show in Figure 8 the magni-
tude of the elements of the reflection coeflicient for the perfectly
tuned cavity corresponding to the purple triangle in Figure 7b.
As seen in Figure 8a, the elements of the reflection matrix have
multiple peaks whose positions match the eigenfrequencies of
the open cavity. The peak associated with the almost perfectly
tuned case (Figure 8D) has a very large magnitude that can be
made as large as desired by fine-tuning the system parameters,
in agreement with Equation (37). This behavior suggests that dif-
ferent from a perfectly tuned BIC resonator,[**~#] the trapped
mode of our system can be excited from the outside. This prop-
erty will be analyzed in detail in the next subsection with time do-
main simulations. Furthermore, when the cavity is finely tuned
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Figure 8. a, b) Plot of the magnitude of all entries of the reflection matrix R as a function of the normalized frequency for the perfectly tuned case of
Figure 7b (purple triangle) e, = 3, ¢, = 1,¢,, = 1.1, £,, = 0.2001382, ¢ = 45°. (b) Zoom-in of panel (a) near the normalized frequency 10.4942. c) Plot

' vzz

of the eigenvalues |p;|? and |p, |? of R as well as their product |p;|?|p,|? for the perfectly tuned cavity.

so that w, approaches the real axis, the reflectivities provided by
the open cavity vary as |p,|> = 0 and |p,|*> — oo, confirming that
the effects of the pole and of the zero do not cancel out (see
Figure 8c).

6.3. Time Excitation of the Open Cavity and the Reciprocity
Constraint

Let us now analyze the excitation of a high-quality factor open
cavity. Consider first a time harmonic excitation with the incident
field polarized as E ;. In the limit (w] — 07), the reflected wave
is vanishingly weak because |p,| — 0. This field polarization is
thereby completely absorbed by the resonator, corresponding to
a form of coherent perfect absorption (anti-lasing). This effect is
a consequence of the “zero” of the scattering matrix (|p;| — 0)
on the real frequency axis. It is relevant to note that under a time-
reversal, the scattering problem just discussed, maps into a sce-
nario where the resonator radiates away a plane wave with fre-
quency o) without any external excitation. This is precisely the
perfectly tuned eigenstate discussed in Section 5, corresponding
to the lasing threshold.
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Consider now, a time harmonic excitation with the incident
polarization determined by E,,,. In this case, the response of
the open-resonator diverges |p,| — oo, indicating that there is no
time-harmonic steady-state (quasi-laser resonance). This diver-
gence is caused by the fact that in the limit @, — 0~ the excitation
frequency matches a pole of the scattering matrix.

To gain a deeper insight into the consequences of the time-
harmonic response collapse, we conducted a numerical study of
the dynamic response of the open-resonator for an incident wave
with a Gaussian profile

E"(y=0,t) = Re{ Eg“Ce-iwo‘e‘(%O) } (38)

Here o is proportional to the full-width half-maximum (FWHM)
of the Gaussian pulse, t, is the time instant for which the in-
coming wave is peaked at y = 0, and EI™ is a vector in the xoz
plane that determines the polarization of the incident field. Us-
ing the formalism described in Appendix C, we determined the
time evolution of incident Gaussian pulses with different polar-
izations (Figure 9). To begin with, we consider a cavity with no
gain (e,, = 0) and an incident field polarized along the x direc-
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Figure 9. Time excitation of the open chiral-gain medium cavity with an incident Gaussian pulse [Equation (38)]. a) Time evolution of the electric field
envelope in the middle of the cavity (y = d/2) as a function of the normalized time for e, = 0, e; = 3 and with the field polarization along x. b) Similar to
(a) but for the perfectly tuned case. c) Similar to (b) but for an incident field polarized with the optimal polarization [see (d)]. For clarity, the amplitude of
the incident field was multiplied by a factor of 20. d) Polarization curves for the optimal incident field (blue solid line) and for the output (reflected) field
for both (b) and (c) (dashed red line). In all the plots, the incident pulse parameters are o = 3d/c ~ 15.74 X 27 /wy, t, = 10d/c and w, ~ 10.49427zc/d.

tion (Figure 9a). We examine the behavior of the electric field
envelope, calculated using Equation (C3), in the middle of the
cavity. We see that the incident field excites a wave that is ini-
tially polarized along x, but that after hitting the Kildal mirror
gains a component along z. Both components of the fields in-
side the cavity quickly decay after the end of the excitation, as
expected from the value of the imaginary part of the eigenfre-
quencies (@ =~ —0.664c/d) represented in Figure 7a.

The time evolution of the incident pulse for a perfectly tuned
cavity (with the parameters corresponding to the purple triangle
of Figure 7b) is shown in Figure 9b. The duration of the incident
pulse was chosen large enough (about eighty cycles of oscillation)
so that only the trapped state can be excited efficiently. Clearly,
even though a zero and pole of the reflection matrix coexist at the
same frequency, the incident wave is able to efficiently pump the
eigenmode of the open resonator. As before, the Kildal's mirror is
responsible for creating a field component along the z-direction.
Since €., # 0, the energy associated with the z-field component
can be subsequently converted back into a x component. Remark-
ably it is observed that after the incident pulse terminates, the
field inside the cavity does not decay with time, confirming that
the trapped mode can indeed be excited by the incoming wave.
The eigenstate does not relax despite the constant field leakage to-
ward the exterior (not shown; see also the discussion in the end
of Section 5). In fact, the leakage through the open wall is exactly
compensated by the material gain. Consistent with the principles
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of time-reversal symmetry, the polarization of the field radiated
by the cavity (the eigenstate) after the excitation terminates is co-
incident with E7; ;. As shown in Figure 9d (dashed red line) the
output polarization is elliptical and the major axis is slightly tilted
with respect to the x axis.

The magnitude of the field stored inside the resonator depends
strongly on the polarization of the incident field as seen by com-
paring Figure 9b,c. Indeed, our numerical study confirms that
the optimal polarization, i.e. the polarization that maximizes the
energy transferred to the trapped state, is determined by E,,
evaluated at the eigenstate frequency. As seen in Figure 9d, this
polarization is elliptical, rotating clockwise, with the ellipse major
axis making an angle of ~17° with respect to the z axis. For this
optimal case the field stored in the cavity is about 3 times larger
than for a linear polarization along the x axis (Figure 9b), but
only roughly 2% larger than a linear polarization parallel to the
major axis of the ellipse (not shown). Moreover, the polarization
of the output field (dashed red line in Figure 9d) is insensitive
to the polarization of the incoming wave. This confirms that the
orthogonal polarization described by E,, , is fully absorbed (anti-
lasing) by the cavity and hence plays no role in determining the
reflected wave.

The magnitude of the field stored in the resonator also depends
on the pulse duration. Remarkably, despite the relatively short du-
ration of the incoming pulse in the example of Figure 9 it is feasi-
ble to inject a substantial amount of energy into the open cavity.
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Figure 10. Time excitation of the open-cavity with a continuous wave pulse [Equation (39)] polarized along x. a) Envelope of the incident field for a pulse
with o &~ 10.49427¢/d, « = 60d/c and e; = 3. b) Time evolution of the envelope of the electric field in the middle of the perfectly tuned cavity (y = d/2)

as a function of the normalized time.

We verified that for a passive and reciprocal dielectric resonator
with the same quality factor, the field amplitude inside the cav-
ity would be near zero (not shown), for the same excitation. This
happens due to the reciprocity constraint discussed in refs. [44,
52] and appendix D, which imposes that the amount of energy
that can be pumped into a time-reversal symmetric and passive
resonator is proportional to the energy leakage toward the exte-
rior [see Equation (D12)]. Interestingly, our cavity, despite being
time-reversal invariant and thus seemingly subject to the same
limitations, behaves differently due to its non-passive nature. In-
deed, different from standard resonators, it is demonstrated in
appendix D that in our system the energy leakage toward the exte-
rior is not controlled by the decay rate of the eigenmode, because
the cavity is pumped by the material gain. Thereby, our system
is not constrained by the result of ref. [44]. In fact, the radiation
leakage remains strong when the quality factor of the eigenstate
approaches infinity due to the gain effect.

For instance, in the perfectly tuned scenario depicted in
Figure 7b, the leakage to the exterior is comparable to that in the
scenario with £, = 0 shown in Figure 7a, yet the quality factors in
these two cases are dramatically different. This discrepancy elu-
cidates the ability to channel a significant amount of energy into
the cavity within a limited number of oscillation cycles, thereby
surpassing the reciprocity constraint.

It is interesting to further investigate the time dynamics of
the chiral-gain open-resonator when it is subjected to a very long
monochromatic excitation. To this end, in the last example we
suppose that the incident pulse for ¢ > 0 is of the form

. . . g €
ElnC(Y7 t) — Re{ EBHCeL(T \@Y—wot) tanh <l |:t _ Y d:| > } (39)
a C

where a determines the rising time of the pulse (see Figure 10a).
In this case, one can see from Figure 10b that in the stationary
regime the magnitude of the field stored inside the resonator
grows linearly with time. This behavior is analogous to that of a
lossless LC circuit pumped at the resonance, i.e., a resonator with
infinite quality factor under a time-harmonic excitation. This di-
vergent behavior arises due to the pole of the reflection matrix in
the real-frequency axis (quasi-laser), and explains the collapse of
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the time-harmonic regime which predicts an infinite response.
Clearly, different from conventional resonators, the amount of
energy stored in the open-cavity depends solely on the duration
of the excitation, not on the amplitude of the incoming wave. In
practice, the maximum amount of energy that can be pumped
into the cavity will be limited by nonlinear effects.

In summary, we showed that a chiral-gain cavity can be op-
erated in a peculiar regime corresponding to the threshold of
lasing/anti-lasing, similar to a CPA-laser. For an excitation po-
larized as E,;, ; the incoming wave is completely absorbed by the
resonator (anti-lasing operation). On the other hand, for an exci-
tation polarized as E,,, the system exhibits a strongly resonant
response due to the excitation of the cavity mode (lasing thresh-
old). The cavity is capable of efficiently collecting and storing the
energy of the incoming wave within it, even for short-duration
pulses, without being limited by a reciprocity constraint on the ex-
ternal coupling strength. The field trapped inside the cavity does
not decay over time. The amount of energy stored in the cavity is
proportional to the duration of the excitation.

7. Conclusion

We investigated various applications facilitated by chiral-gain me-
dia, revealing their potential in the development of electrically
pumped chiral lasers, polarization-controlled non-Hermitian
mirrors, and light storage. In particular, we demonstrated that the
non-Hermitian properties of chiral-gain media lay the ground-
work for creating CPA-lasers using a single material that inte-
grates both gain and loss responses.

This capability sets our approach apart from traditional res-
onators, such as those supporting BICs, which typically suffer
from inefficient excitation due to pole-zero cancellation. By con-
trast, the unique analytical features of our system scattering ma-
trix allow a zero and a pole to coexist at the same frequency. Ad-
ditionally, we established that our system transcends the limita-
tions imposed by reciprocity. As a result, our CPA-laser can be
efficiently excited with signals of relatively short duration and
can retain the captured energy without significant decay. Thus,
chiral-gain materials emerge as a promising solution for advanc-
ing nanophotonic technologies.
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Appendix A: Reflection Matrix

In this Appendix, we derive the reflection matrix R for the configuration of
Figure 5.

We start by noting that the fields at the Kildal mirror (y = d) are neces-
sarily of the form:

f(d) = Acte + Aty (A1)
where A; and Ay are some unknown coefficients. Using the transfer matrix

[Equation (13)], the fields at y = 0 can be written as £ (0) = efdM . f(d), or
equivalently:

E, ;- e™ . 0y - e,

E, |0y - edM g, i, - e™ . f, <AE) (A2)
Hy iy - e . f iy -e™ g, \An

Hz)y=o i, - edM . f i, - e . j,

Next, we introduce an impedance matrix Z that relates the transverse com-
ponents of the electric field E, and magnetic field H, at the immediate
vicinity of the dielectric interface (y = 0%) asl433-331:

i'Et=z'Ht (A3)
where
j= (_"1 3,) (Ad)

In order to determine the impedance matrix, we use Equation (A2), to
obtain

for = (B ER G 0 ) (ae)
i, ™.t .M., An
B i ﬁ] . eidﬁ . fE ﬁ] . eidﬁ . iH
o, ™. i, - e .,
v = o\
(e weemn) o) o
ﬁ4 . eidM i ﬁ4 . e/'dM 'iH HZ y=0

Therefore, comparing with Equation (A3) we see that the impedance ma-
trix at y = 0 is given by:

- -
m

i, i, -e
= =\ -]
) ﬁ3~e’df-t5 ﬁ3~e’df-t,_, (A6)
i -e™ .t a,eM.

On the other hand, for a plane wave propagating in a dielectric with per-
mittivity £, the transverse electric and magnetic fields are related as:

+ &~ +
H =+—] E; (A7)
Mo

where the + sign determines whether the wave propagates toward the +y

or the —y direction and 1y = 1/ g/ € is the free-space impedance.
Hence, using Equations (32) and (A7) it follows that the total field at
the dielectric side of the boundary (y = 07) is related to the incident field
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as:

(szz + i) - Einc
f(0) = (A3)
LT (T - ) B

Mo

where 1,,, is the 2 x 2 identity matrix. At the other side of the interface
(y = 0%), the fields satisfy (A3). Matching the transverse components of
the electric and magnetic fields at the two sides of the boundary, it follows
that:

J (Tz><z +§) = \;/1—:72'T' (szz —§> (A9)

After some manipulations, it is readily found that the reflection coefficient
matrix is given by

-1
R=- <_£i.2-i+nxz> -<—ﬂii-i—im> (A10)

o

The derivation assumes that the inverse matrix in Equation (A5) is well
defined. When it is not the case, one can use the alternative formula that
uses the inverse of Z:

-1
Re (L1 70) (Yl T ) o)

Mo

The matrix Z is typically well defined at points where Z is not.
Appendix B: Derivation of Equation (37)

To characterize the analytical structure of the reflection matrix, first we note
that Equation (34) can be rewritten as:

R U(w) = U (o) - <a1((’w) ”2(()“’)> (B1)

The identity holds true in the real-frequency axis. Here, U is a matrix
whose columns are the normalized eigenvectors (Egig 1 and Eg ;) of the

reflectance matrix (R) and g; (w) = )pj) % Since Uisa unitary matrix and

varies little near the resonance, for a high-quality resonator it is possible
to write:

R(0) ~ U*(w}) - <a1(()w) ”2(()“’)) U (w)) (B2)

The resonance corresponds to the pole of a,, which thereby may be ap-
proximated by a, ~ A/ (@ — ), where A is some constant.

In order that our theory is applicable away from the real-frequency axis,
we enforce that the reflection matrix satisfies the time-reversal symmetry

condition: R () = [ﬁ_l (w*)] l. Itis easy to check that this is possible only
if ay (@) = 1/[a, (@*)]". These approximations for a; and a, yield Equa-
tion (37).

Appendix C: Time Domain Formalism

Here, we describe the formalism used to characterize the time domain
electric field E*t(y, t) in the resonator problem.

We rely on Fourier theory. The Fourier transform y (r, @) of a time signal
w(r, 1) is defined as w (r, @) = [ dty (r,t)e™. Then, it follows that the
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complex amplitude of the incident field [Equation (38)] in the frequency
domain is

olwo-wp] )2

Einc (v ) = O,\/;E'g]ceikdyei(w—wo)toe_< 7 (@)

where ky = y/ejw/c. Using Equations (13), (32), and (A7) it can be shown
that in the frequency domain the total field E'' is:

Etot (Y, CO)

E(y, w) + e k'R - E"°(0, w) y<0
- , (122 +R) - E™(0, )
®R@ U +2@1,) e M- .
,7_] : (12><2 - R) -E"(0, w)

0
(€2)

Note that the region y < 0 corresponds to the dielectric region and 0 <
y < d is the chiral-gain resonator. The field in the time domain is obtained
with an inverse Fourier transformation:

E°(y, 1) = Re{zl / dwE™ (y, w)e-fwt} (€3)
T J_

o

For systems with spectrum not confined to the lower-half frequency plane,
the Fourier transform is ill-defined and one should use instead

(S
Etot (y’ t) — Re{ lem”t / dletot (y’ @ + I'w//)e—im’t} (C4)
2z P
where @' is chosen above all the poles of EP(y, o’ + iw"’).

Appendix D: Constraint on the Coupling Strength
of Time-Reversal Symmetric and Non-Conservative
Resonators

We consider a single mode resonator coupled to n ports. The complex
amplitude a(t) of the resonator’s mode is governed byl#452:561:

%:—iwoa+K~s+ (D7)

where wy is the complexresonant frequency, s, = (s;1 $4 s+,,)T is
the vector describing the complex amplitude of the input waves and K the
vector describing the input coupling at each port. The complex amplitude
of the outgoing waves s_ is ruled by

s_=c-s, +da (D2)

where € is the direct scattering matrix and d the vector describing the out-
put coupling to the ports. The different amplitudes are normalized in such
away that the stored energy is |a|?, and the incoming and outgoing power
2 2 .
fluxes are controlled by |s,;| and |s_;|*, respectively.
For a natural mode (s, = 0):

d .
d—‘t’ = —iwya (D3)
s_=da (D4)

and it follows that the complex amplitude of a natural mode is given by
a(t) = age™* with ay a complex number. Under a time-reversal transfor-
mation 7, a(t) is transformed as

T Lk
Re[a(t)] — Re[a(—1)] = Re[age "“o‘] (D5)
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meaning that under a 7 transformation a(t)—T> a*(—t). If the system ex-
hibits time-reversal symmetry, then the time-reversed natural mode field
a*(—t) = age_'wgt is also solution of Equations (D3) and (D4) with the
incoming and outgoing waves time-reversed. Under a time-reversal the
incoming and outgoing waves are interchanged.3>37] Thus, there is no
outgoing wave and the input wave is the time-reversal of s_ (), given by
s* (—t). It follows that:

da* (1)
dt
= —iwya* (—t) + K - d*a* (—t) (D7)

= —iwya* (—t) + K- s (1) (D6)

where we used Equation (D4). This is equivalent to
i(wg —wj)a* =K-d*a* (D8)

So, we have proven that for systems invariant under time-reversal symme-
try:

20y =K-d* o9
From the definition of the radiative decay rate w:;d, vector d
satisfies:[4452:56]

"o «
—2w 4 =d-d o)

For one-port systems, the combination of Equations (D9) and (D10) im-
plies that the magnitude of the input coupling is:

—2(0”
K| = ——— (D17)

"
2wrad

For conservative systems, o = o'!
to the well-known result of Haus,[* ]d

K| = /20", (D12)

which constraints the strength of the input coupling. It can be shown that
the above result remains valid for arbitrary (possibly dissipative) reciprocal
systems (such systems are constrained by K = d).

In contrast, our (two-port) non-Hermitian system is only constrained
by Equations (D9) and (D10). Applying the first equation to the CPA-laser
of section 6 (wy — 0), it follows that:

, and the previous equation reduces

K-d*=0 (D13)
20", =d-d* (D14)

Since the radiative decay rate does not vanish (d # 0), it follows that K is

perpendicular to d. For the problem of section 6.3, d ~ E:ig 1» Which corre-

sponds to the field radiated by the natural mode of the cavity (time-reversal
of the mode that is fully absorbed). This means that K ~ E:igZ' as ex-
pected, so that the optimal incident wave to excite the cavity is s, ~ Ejg 5.
The amplitude of K is not directly constrained by time-reversal symmetry.
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