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Engineering nonreciprocal responses in traveling-wave spacetime crystals via
Clausius-Mossotti homogenization
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Here, we investigate the effective response of three-dimensional spacetime crystals formed by spher-
ical scatterers under a traveling-wave modulation. We develop an analytical formalism to homogenize
the spacetime crystals that extends the renowned Clausius-Mossotti formula to time-varying platforms.
Our formalism shows that traveling-wave spacetime crystals can be used to engineer a wide range of
classes of nonreciprocal bianisotropic couplings in the long-wavelength limit. In particular, our theory
reveals the possibility of realizing a purely isotropic Tellegen response in crystals formed by interlaced
sublattices of scatterers subjected to different modulation velocities. Furthermore, we introduce a class of
generalized Minkowskian crystals that display invariance under arbitrary Lorentz boosts aligned with a
fixed spatial direction. We prove that such systems are formed by pseudouniaxial materials with the prin-
cipal axis aligned parallel to the modulation velocity. The electromagnetic response of such generalized
Minkowskian crystals is indistinguishable from that of moving photonic crystals.
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I. INTRODUCTION

In recent years, the physics and applications of time-
varying systems have garnered significant interest [1-20].
Time modulations offer powerful knobs to control the
material response in unique ways, and can be useful to
design unidirectional guides and isolators [4—16], optical
amplifiers, and oscillators, and for frequency multiplica-
tion [2—19].

In “traveling-wave” spacetime-modulated systems the
variations in space and time of a system are locked in
such a way that the material response is only a function
of r — vt where r = (x,y,z) is the observation point, ¢
is time, and v is the modulation speed [20—22]. Several
previous works have analyzed the effective response of
one-dimensional-type (laminate) spacetime crystals in the
long-wavelength limit [21-26]. Most notably, the laminate
systems may exhibit an effective nonreciprocal magneto-
electric coupling [20-22,27]. When the spacetime crystal
is formed by isotropic materials the effective magneto-
electric tensor is antisymmetric, consistent with a moving-
medium type response [20—22]. Magnetoelectric tensors
with more general structures can be engineered by con-
sidering anisotropic inclusions [22,27]. In particular, it
has been shown that by controlling the main axes of
the permittivity and permeability tensors it is feasible
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to design systems with an effective anisotropic Tellegen
response [22].

Here, we go one step beyond these previous studies,
and characterize the effective response of fully three-
dimensional (3D) traveling-wave spacetime crystals. For
simplicity, we restrict our attention to the case where the
spacetime crystal is formed by a cubical array of spherical-
type inclusions subjected to a traveling-wave modulation.
Using a quasistatic formalism, we derive the exact polar-
izability of a generic spherical particle in the Lorentz
comoving frame coordinates. Then, by combining this
result with well-known (Lorentz-Lorenz) local field for-
mulas, we derive a generalized Clausius-Mossotti formula
for the effective response of the spacetime crystal. The
classical Clausius-Mossotti approach relates the effective
permittivity of a composite with the electric polarizabil-
ity of its constituent elements [28—30]. It is widely used in
the literature for the modeling of metamaterials and other
composites [29-35].

Using the developed theory, we investigate the most
general class of electromagnetic responses that can be
engineered with traveling-wave spacetime crystals, sup-
posing that the inclusions in the laboratory frame are
described by arbitrary symmetric permittivity and perme-
ability tensors. Furthermore, we extend our homogeniza-
tion theory to time-varying crystals formed by interlaced
lattices of scatterers subjected to different modulation
velocities. We prove that by combining three different
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sublattices formed by elements modulated along directions
parallel to the three coordinate axes it is possible to engi-
neer an ideal isotropic magnetoelectric Tellegen (axion)
response [36,37]. The axion coupling has received great
attention in recent years due to its connections to dark mat-
ter and to the topological magnetoelectric effect [38—42].
Practically, it may lead to the development of nonrecip-
rocal devices that operate without an external magnetic
bias [43—45]. Axion-type responses can emerge sponta-
neously in nature in some antiferromagnetic materials [46]
and in electronic topological insulators [40—42]. Some
recent proposals to realize the axion coupling are based
on arrays of gyrotropic particles [18,47—50], and space-
time crystals [22]. The Tellegen coupling could be useful
for engineering nontrivial topological photonic phases and
topologically protected surface states [51-53].

It is well known that the response of a spacetime crystal
can be rendered time-invariant through a suitable (Galilean
or Lorentz) coordinate transformation [12,21,22]. Gener-
ally, the material matrix structure in the transformed coor-
dinate system (comoving frame) differs from that in the
original coordinate system (laboratory frame). Specifically,
the material response in the comoving frame is typically
characterized by magnetoelectric bianisotropic coupling,
complicating the study of wave propagation. Recently,
we introduced a particular subclass of spacetime crystals
whose material response remains unchanged under any
Lorentz boost [54]. These systems, termed Minkowskian
spacetime crystals, are composed of isotropic isorefrac-
tive materials. It was shown in Ref. [54] that the dis-
persion of Minkowskian spacetime crystals can be char-
acterized straightforwardly using a relativistic Doppler
transformation.

In this work, we extend the analysis of Ref. [54] to a
broader class of spacetime crystals. Instead of requiring the
invariance of the material response for arbitrary Lorentz

FIG. 1.

boosts, we only require response invariance for Lorentz
boosts aligned with the modulation speed direction. This
relaxed condition ensures that the wave propagation in the
laboratory frame can be derived from the wave propagation
of a conventional photonic crystal (without magnetoelec-
tric coupling) using a relativistic Doppler transformation.
We show that a general class of dielectric reciprocal media
invariant under Lorentz boosts along a specific spatial
direction is comprised of “pseudouniaxial” media. In these
systems, the tensor fi~' - & exhibits a uniaxial structure
(with two degenerate eigenvalues), with the optical axis
aligned along the Lorentz boost direction.

The article is organized as follows. In Sec. 11, we extend
the Clausius-Mossotti homogenization to 3D spacetime
crystals with a traveling-wave modulation. In particular,
we present a solution to implement an isotropic Tellegen-
type response with 3D spacetime crystals. In Sec. III, we
introduce a general class of dielectric materials whose
electromagnetic response is insensitive to Lorentz boosts
along a fixed spatial direction. We numerically character-
ize the exact band structure of 3D Minkowskian spacetime
crystals and demonstrate that our homogenization theory
accurately describes the wave dispersion in the long-
wavelength limit. Finally, Sec. IV summarizes the main
findings.

II. HOMOGENIZATION OF SPACETIME
CRYSTALS FORMED BY SPHERICAL
PARTICLES

A. Spacetime crystal of spherical particles

We consider the problem of wave propagation in a 3D
spacetime crystal formed by a periodic array of spheroid
particles embedded in a uniform dielectric [Fig. 1]. In the

(b) Ax

Geometry of a spacetime crystal formed by spheroid type inclusions. (a) Geometry of the crystal in the Lorentz comoving

frame coordinates. The inclusions are spherical with radius R and are arranged in a cubic array with period a. (b) Unit cell as seen in
the laboratory frame coordinates. Owing to the Lorentz-Fitzgerald contraction, the inclusions are slightly ellipsoidal and the unit cell
is slightly contracted along the z direction. The horizontal line shaded in orange represents the path traversed by the inclusion.
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laboratory frame, the constitutive relations are of the type

D@x,y,z,0)\ _ E(x,y,z,1)
(B(x,y,z, z)) =M (H(x,y,z, n) D
Here, E is the electric field, H is the magnetic field, D

is the electric displacement vector, and B is the magnetic
induction field, and M is the material matrix defined by

_ (&oe(x,y,z—vt) O
M@.y,2,0 = (o Hot(,y,z — vt) )

)

This matrix comprises the permittivity and permeability
tensors, which exhibit variations in both space and time.
These variations are synchronized by a constant modula-
tion speed v oriented along the z axis. Consequently, the
material response is subject to a traveling-wave modula-
tion.

To simplify the analysis, it is convenient to switch
to a new coordinate system where the material parame-
ters become time-invariant. It is advantageous to adopt a
coordinate transformation that ensures the host region’s
response is unaffected by the transformation. This can be
achieved with a suitable generalized Lorentz transforma-
tion [54]. For simplicity, we assume here that the host
region is air, which is invariant under the standard Lorentz
transformation.

In the new frame (comoving frame), the spheroid inclu-
sions have a bianisotropic response described by a time-
independent material matrix of the form [22]

1-
/ 805/ _gl
M - 1_/ ¢ _, . (3)
=¢° Hop
C

Here, &', i/ are the transformed permittivity and perme-
ability tensors in the comoving frame, and &’ = [¢']" are
the magnetoelectric tensors. The superscript T represents
the matrix transpose operation. As already mentioned, the
response of the host region is unaffected by the Lorentz
transformation. The primed material matrix is derived
from the material matrix of the inclusions in the laboratory
frame M (see Appendix A of Ref. [22]),

Here, A and V are 6 x 6 matrices written in terms of the
modulation velocity (v = vz) and of the Lorentz factor
y=(1—-v/)7?,

_ (vt e, 0
A‘( 0 v +igoa ) O

0
V= <—yv x 1353 0

where 1| = 15,3 — ﬁ\l ® lAlH, 1343 is the identity matrix,
and ® represents the tensor product of two vectors. The
symbols || and L refer to the field components parallel and
perpendicular to the velocity, so that o, = Z.

Importantly, because of the Lorentz-Fitzgerald length
contraction [28,54], the geometry of the photonic crystal
in the laboratory and comoving frames differs by a scaling
factor determined by the Lorentz factor . Specifically, the
dimension of the spheroid inclusions along the z’ direction
is enlarged by y in the comoving frame [Fig. 1]. Similarly,
the lattice spacing along the z’ direction is also increased.
For simplicity, in this study, we fix the crystal geome-
try in the comoving frame. Specifically, we assume that
in the comoving coordinates, the geometry of the inclu-
sions is spherical with a radius R and that the inclusions
are arranged in a cubic lattice with a period a. Thus, in
the lab frame coordinates, the inclusions appear slightly
ellipsoidal and are arranged in an orthorhombic lattice.
Figure 1(b) illustrates the details of the unit-cell geom-
etry as observed in the lab frame coordinates. The path
traversed by the inclusion over time is represented with
a horizontal line shaded in orange. Unlike other config-
urations studied in the literature [21-26], the region of
the unit cell subjected to spacetime modulation is local-
ized near this line segment. Consequently, this geometry
may offer practical advantages for implementation com-
pared with geometries where the material parameters need
to be modulated throughout the entire space.

B. Generalized Clausius-Mossotti homogenization

Next, we generalize the standard Clausius-Mossotti
approach [28-30] to spacetime crystals. The key idea is to
model a generic spherical particle in the comoving frame
as a superposition of an electric dipole (p’) and a magnetic
dipole (m’). The electric dipole moment and the magnetic
dipole moment are related to the local electric and mag-
netic fields through a generalized polarizability tensor e,

as follows:
p’/80> _ ( ioc)
Sl =a- . . 6
< m Hloc ( )

The local fields (E|,,H],) are evaluated at the parti-
cle position with the self-field excluded. The generalized
polarizability tensor has units of volume and accounts for
the bianisotropic response of the inclusions in the comov-
ing frame coordinates. Using a quasistatic approximation,
we show in Appendix A that the polarizability can be

written in terms of the spherical inclusion parameters as
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follows [Eq. (AS5)]:
o = ap(M' +2Mp) " - (M’ — M), (7

801 3%3 0 .

0 M013x3) is the
material matrix of the vacuum with gy and g the permit-
tivity and permeability of vacuum.

The effective response in the comoving frame can now
be determined by relating the local fields E| ., H . with the
averaged (macroscopic) fields (E’) , (H’). From the Lorentz-
Lorenz formalism, it is known that in the quasistatic limit

[28,32]

with ag = 47 R?. Here, M =

/

p
Ejoe = () + Cini - —, Hige = (H) + Ci- m'. (8)
0
Here, C; is an interaction tensor that accounts for the field
created by all the particles in the crystal at the position of
a generic particle. For a cubic lattice, the interaction ten-
sor reduces to a scalar Ciy = 13,3/(3a) [28,32]. Hence,

it follows that

!/ E/ 1 / e
() =)+ 5 (). o
loc (H ) 3(1 m
By combining this formula with Eq. (6) it becomes pos-

sible to express the dipole moments in terms of the
macroscopic fields, as follows:

() = oo 52) o )

The macroscopic fields (D’) , (B’) are determined by (D’) =
o (E’) + (1/a*)p’ and (B’) = g (H/> + (o/a’)m’. Thus,
we conclude that the effective material matrix in the
comoving frame is

(10)

M. =M, |1 1 @\ @
of = My - 6x6+<6x6_§) "B

1 -1
= MO . [16><6 + <a3(¥1 — §I6X6) i| . (11)

The second identity assumes that e has an inverse. The
previous analysis mirrors the standard Clausius-Mossotti
homogenization, here extended to bianisotropic particles.
Finally, the effective response in the lab frame can be
found with an inverse Lorentz transformation [compare
with Eq. (4)],

1=
EoEef _gef
C

M =

—
—Cef  JOMef
C

1
= [—C—2V+A : Mgf} JA-V-ML (12)

In summary, the quasistatic response in the lab frame is
given by Eq. (12) with M; determined by the comoving
frame polarizability o = o (M’ + 2M0)_1 . (M’ - Mo)
through Eq. (11), and M’ is provided by Eq. (4). Note
that M is a 6 X 6 real-valued matrix in the quasistatic
limit. In general, the effective response in the lab frame
is bianisotropic so that the magnetoelectric tensors &, Cef
are nontrivial.

C. Taylor series approximation of the effective
material parameters

Next, to gain some intuition on the effective response of
the spacetime crystal, we perform a Taylor series expan-
sion of M¢. To achieve this, we express the relative per-
mittivity and relative permeability of the spheroid inclu-
sions as a small perturbation relative to the background
material: £ = 1543 + 6¢ and 1t = 13,3 + ;. A first-order
Taylor series of M in the small parameter v/c [terms on
the order of (v/c)? are discarded], followed by a second-
order Taylor series with respect to the small parameters §e,
3, yields the approximate formulas:

1 _
Eor ~ 13,3 + fyde —M&: -8e, (13a)
o fir(1=f;
ot ~ l3ys +fV5u——V( 3 V)au-au, (13b)
= _ Sl =/ v
Er=1la ~ —@& - (— x 13x3) s, (13¢)
C

where f; = 4mR3 /34’ is the volume fraction of the inclu-
sions in the comoving frame. The derivation is omitted
for conciseness. As seen, the effective permittivity and the
effective permeability are insensitive to the time modu-
lation when the terms on the order (v/c)? are discarded.
In contrast, the magnetoelectric tensors scale proportion-
ally to the modulation speed. Furthermore, analogous to
Refs. [21,22], a nontrivial bianisotropic response can occur
only when both the permittivity and permeability ten-
sors are simultaneously modulated in space and in time.
This property remains valid even for strong modulations
of the material parameters and large v/c. The classifica-
tion of general bi-isotropic and bianisotropic nonreciprocal
material responses can be found in Refs. [36,55].

For an isotropic perturbation of the permittivity and per-
meability (5 = 8,1343 and 6 = 5, 13,3) it is evident that
the nonreciprocal coupling is consistent with a moving-
medium coupling [20,21,25]. Specifically, the effective
material parameters take the form g¢f = eerl3x3, et =

-— T .
/’Lef13><3? and ef = Ler = _Sef(g X 13x3) Wlth Eef 1+
Srde =67, per 2 1+ s — P52(3,)%, and
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FIG. 2. Components (a) &, tef, and (b) &¢ of the effective material response as a function of the modulation speed for §, = §,, = 0.1.
The solid lines represent the full homogenization result [Eq. (12)], whereas the dashed lines represent the effective parameters obtained
with the approximate analytical formulas for a weak modulation [Eq. (13)]. The radius of the spheroid inclusions is R = 0.35a and the

modulation speed is v = v Z.

Ser = M‘Ss 8,.. To illustrate the range of validity of the
Taylor expansion, we plot in Fig. 2 the effective param-
eters as a function of modulation speed v for §, = 4§, =
0.1. The solid lines represent the exact homogenization
result [Eq. (12)] and the dashed lines represent the Tay-
lor approximation for a weak modulation [Eq. (13)]. As
can be seen, the Taylor approximation captures very well
the effective response even for fairly large modulation
velocities.

It is possible to engineer a wide range of nonreciprocal
responses by controlling d& and du, and most notably the
anisotropic response of material tensors. This will be dis-
cussed in detail in the following subsection. However, it
should be noted & has a vanishing determinant because
det (% X 13X3) = 0. Thus, the most general class of nonre-
ciprocal responses that can be engineered using spacetime-
modulated crystals is limited by the constraint det(£.;) =
0. Numerical simulations (not shown here) indicate that
the constraint holds true even for strong modulations of
the material response and large v/c.

D. Moving-Tellegen response

In order to illustrate how the anisotropy of the spheroid
inclusions tailors the effective response of the spacetime
crystal, next we consider permittivity and permeability
tensors with the following structure:

E=¢c€ Q€& +6608+6VOV,

14

A=l @0y + (ol @ Uy + VR V. (14
Here, €, €, and 1, i, are the principal axes of the per-
mittivity and permeability in the xoy plane, respectively,
and v = 7 is the unity vector that gives the direction of
the modulation speed v = vv. It is assumed that €, x €, =
u; X u; = V. In general, the permittivity and permeabil-
ity tensors do not share the same principal axes in the
xoy plane [see Fig. 3(a)]. The angular offset between the
permeability and permittivity principal axes is denoted

by 6. The parameters ¢, &3,¢, and wi, U2, 4, determine
the eigenvalues of the permittivity and permeability ten-
sors. The considered structure of the material response is
inspired by our previous work [22].

Next, we present a Taylor series approximation for the
analytical expressions of the constitutive parameters as a
function of the modulation speed. Different from Eq. (13),
here we do not make any assumptions about the strength
of v/c, and only suppose that the perturbations §e and
i with respect to the background material are weak.
Furthermore, for simplicity we assume that

81=1+8£5 82=1_885 “’1=1+8M3
/’L2:1_5/La SU:/’LUZI' (15)

The second-order Taylor series approximation of Eq. (12)
with respect to the small parameters &,, §,, yields:

Eer=1+/10:(6 ®& —&® &)+ A, (1-V®V),
fret =1+ /8, (01 @1 — 1 @) + A, (1-V®V),
Eo=Ca =E[(1—9®7)sin20) — ¥ x 1cos(26)],

(16a)
with
82 1 —2p?
Ay = _?fV(l —fv) Top
82 —2p2
M= =Ll —fy)%, (16b)
8,0
§= —MTfV(l —fV)l_ngz,

and B = v/c. When the terms involving 8% are dropped,
the above formulas reduce to Eq. (13).

The effective magnetoelectric tensor is proportional
to the product of the modulation strengths §,, &,
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0 50

(a) Optical axes of the permittivity and permeability tensors, £(z) and ji(z), respectively, in the lab frame coordinates.

The offset angle is denoted by 0. (b)~(d) Components of the tensors e, flef, £ef, as a function of the angle 6, for a modulation with
8. = 8, = 0.1. The solid lines represent the full homogenization result [Eq. (12)], whereas the dashed lines rely on the weak modulation
approximation [Egs. (B1)+B3)]. The modulation speed is v = 0.2¢, and the radius of the spheroid inclusions is R = 0.354. The indices
i,j label the elements of each tensor. (b) Components of the effective permittivity tensor. (c) Components of the effective permeability

tensor. (d) Components of the magnetoelectric tensor.

and depends on the offset 6. The nonreciprocal cou-
pling in Eq. (16) is known as a “moving-Tellegen”
response [22], and is qualitatively similar to the one
reported for layered crystals in Ref. [55]. In particu-
lar, for aligned principal axes [0 =nn/2, n=0,1,...],
the spacetime crystal exhibits a moving-medium coupling
response described by an antisymmetric tensor of the type
&5~V x 1, whereas for an axis offset such that 6 =
w/4+nr/2, (n=0,1,...), the crystal exhibits a Telle-
gen response described by a symmetric tensor of the type
&5~ 1—V® V. The effective permittivity and permeabil-
ity tensors do not depend explicitly on the relative angle 6
as they do not include a contribution that simultaneously
involves the electric and magnetic responses.

It is useful to write the tensors in Eq. (16) with
respect to a fixed Cartesian coordinate basis. For simplic-
ity, we suppose that the principal axes of the permeability
are aligned with the x and y directions, 4, =X, 0, =
y, and we take 03 = Z. Then, we may write the rele-

.....

elements are given in Appendix B.

The components of the effective tensors are depicted
in Figs. 3(b)-3(d) as a function of 6 for §, =4, = 0.1
and modulation speed v = 0.2¢. The solid lines represent
the exact homogenization result [Eq. (12)], whereas the

dashed lines are obtained using the approximate analytical
formulas for a weak modulation [Eq. (16) or equiva-
lently Eqs. (B1){(B3)]. As seen, for §, =8, = 0.1, the
approximate analytical formulas match very well the full
homogenization formulas. Note that in this example du is
kept fixed, whereas the principal axes of 5& depend on the
angle 6. This justifies why the elements of the effective
permeability tensor are practically independent of 6. The
tensor [ier is diagonal because the principal axes of §u are
aligned with the coordinate axes. Interestingly, Fig. 3(d)
reveals that by controlling the alignment of the principal
axes of 5 and Se it is possible to continuously transform
a moving-medium type response (6 = 0°,90°, 180°, where
Eer11 = &erpo = 0 and &ep 12 = —&crp1) into a Tellegen-type
response (0 = 45°,135°, where &1 = &er22 and &Eer1p =
sef,Zl = O)'

Next, we focus on the case 8 = 45°, corresponding to a
transverse Tellegen response described by the symmetric
real-valued tensor &q¢lp_ssc = K (1 -V Qf), with

3ube B
Ms fV(1 _fV)l——,Bz

K =—

the Tellegen parameter. Figures 4(a)—4(c) show the rele-
vant components of the effective permittivity, permeabil-
ity, and magnetoelectric coupling as a function of the
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(a)(d) Components of the tensors &r, jLer, §ef for a spacetime crystal with an effective Tellegen coupling (f = 45°), as a

function of the modulation speed v. The structural parameters are R = 0.35a and §, = §,, = 0.1 (weak modulation). (d) Similar to (c)
but for a strong modulation §, = §,, = 0.5. In all plots, the solid lines are calculated with the full homogenization result [Eq. (12)], and
the dashed lines with the Taylor approximation [Eqs. (B1)+(B3) with 6 = 45°].

modulation speed for the same structural parameters as in
Fig. 3 (weak modulation, §; = §, = 0.1). As can be seen,
the effective permittivity and permeability are weakly sen-
sitive to variations in v. In contrast, the Tellegen parameter
varies linearly with v for small velocities and even more
strongly for large velocities. It is relevant to note that the
Taylor approximation works very well even for relativistic
modulation speeds. For v = 0.8c¢, the Tellegen parameter
can be as large as k = —0.0011.

It is possible to obtain larger values of the magnitude
of the Tellegen parameter by increasing the modulation
strength or the volume fraction of the inclusions. For
instance, with a strong modulation (8, =, = 0.5), the
Tellegen parameter for v = 0.8¢ becomes roughly 25 times
larger (k = —0.027), as seen in Fig. 4(d). This plot also
shows that the Taylor approximation becomes less accurate
for a strong modulation, necessitating the use of exact for-
mulas [Eq. (16)]. Furthermore, under strong modulation,
some structural anisotropy emerges in the magnetoelectric
tensor (§ef,11 7# ef22)-

It is important to note that while the analysis in this
section focuses on subluminal modulations, where the
modulation speed is less than the speed of light in the
materials involved, all the derived formulas remain valid
without modification in the superluminal regime as well.

E. Isotropic magnetoelectric coupling

An ideal Tellegen material is characterized by an
isotropic nonreciprocal response, where both &.fand et

are scalars and identical [36]. This means that an electric
excitation of the material induces both electric and mag-
netic dipoles, each aligned with the applied electric field.
Similarly, a magnetic excitation induces both electric and
magnetic dipoles aligned with the applied magnetic field.
Tellegen envisioned that such a material response could be
realized by randomly mixing nanoparticles with permanent
and parallel electric and magnetic dipoles, with the orien-
tation of the nanoparticles being sensitive to the applied
external fields.

As E.r and ¢ are identical, the Tellegen medium has a
broken time-reversal symmetry. Unlike other established
solutions to break reciprocity, which inherently provide
anisotropic responses due to the presence of some bias, the
Tellegen proposal offers an isotropic magnetoelectric cou-
pling. This counterintuitive property has been the subject
of criticism and dispute [56—58].

Evidently, due to the constraint det(&.¢) = 0, our system
based on traveling-wave modulations cannot provide an
isotropic Tellegen coupling. In fact, the modulation veloc-
ity v determines a special direction in space, resulting in
a structure for & that is incompatible with an isotropic
response. Therefore, to achieve an isotropic response, we
need a form of spacetime modulation that does not single
out any particular direction in space.

We propose to implement an isotropic Tellegen cou-
pling based on the modulation sketched in Fig. 5. The unit
cell contains three spheroid inclusions, each subjected to a
modulation velocity along one of the coordinate axes, v =
vX, vV = vy, or v = vz. The trajectories of the inclusions
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FIG. 5. Geometry of the unit cell of a spacetime crystal that
provides an isotropic magnetoelectric coupling. The unit cell is
formed by three spheroid inclusions, each subject to a modula-
tion velocity v/ (i =x,y,z) with |v/| = v = const. The figure also
shows the pr1nc1pa1 axes of the permeablhty tensor of each inclu-
sion U} and 1, W1th u1 X u2 = V'. The principal axes of the
permittivity tensor el and &, are rotated by 45° with respect to
the axes of the permeability tensor (not shown).

are designed to maintain maximal distance from each other
to minimize electromagnetic coupling, as follows:

px=<vt3—a 3_a> pv=<3—a vt f) and
’4’4 s 1) 4’ 34 5

a a
Pz = Q4”O

Assuming weak coupling between different inclusions,
the effective response of the crystal with three particles
in the unit cell (Mcf) can be found from the effective
responses of crystals with a single particle per cell (Mé’f),
i=x,y,z), as follows:

Me=M+ Y (MY - (17)

i=x,y,z

This result relies on the assumption that the electromag-
netic fields generated by the ith subarray of particles
vary slowly across the positions of the elements in the
other subarrays [59]. Since the homogenization describes
the system’s response to macroscopic (slowly varying in
space) fields, it follows that, under these conditions, the
response of each subarray is independent of the others.
As a result, the global response is obtained by the addi-
tive combination of the individual subarray responses [59].
This argument applies equally to both time-independent
and time-dependent systems. The assumption is expected
to hold more accurately for small particle radii and when

the particles in the unit cell are placed as far apart as pos-
sible. A detailed numerical study is required to fully verify
the accuracy of this hypothesis in our system, which is
beyond the scope of this paper.

The tensors M(f can be calculated using Eq. (16). We
assume that the ith subset of inclusions is described by

ED =gé @& + 88,08 +V oV, s
A0 = i) @ 0 + poll, @ ) + V' @ V.

Here, &1, &2, 1, 7 are defined as in Eq. (15) and are inde-
pendent of the inclusion subset (i =x,y,z). The radius R
is also independent of the inclusion subset. The orien-
tation of the principal axes (@}, #i;) of the permeability
tensor 2V is shown in Fig. 5, ensuring that @) x @, =
V. Furthermore, the orientation of the principal axes of
the permlttwlty is governed by €| = cos 6a) + sin 9u2
and & = — sin 0@, + cos A, with § = 45°, to guaran-
tee that the contribution of each sublattice to the effective
magnetoelectric coupling tensor is a diagonal matrix.

Formula (17) can be expanded in terms of the per-
mittivity, permeability, and magnetoelectric responses as
follows:

2133,
2133, (19)

Eof = Eop + é:f + & —
llef = [Lﬁf + ﬁzf + ﬁzf -
éef = ggf + éé}f + géf-

It is straightforward to check that, for the described
geometry and for a weak modulation, one has S(l)

Kk (I353 — ¥ ®V), similar to the result described in the
Sec. II D. Thereby, it follows that under the described
assumptions the magnetoelectric tensor reduces to a scalar:

ef = Kerlzx3,

2
with kep = 2k = —§3M35f1/( fV) (20)

ﬂz
Hence, the proposed modulation can indeed provide an
isotropic magnetoelectric nonreciprocal response, analo-
gous to the solution envisioned by Bernard Tellegen. It
is straightforward to check that the effective medium is
also characterized by an isotropic magnetic response e =
(1 4+2A,)13,3. On the other hand, &, does not reduce
to a scalar, and thereby the electric response exhibits
some anisotropy (not shown). This residual anisotropy in
the electric response could be compensated by adding an
anisotropic static dielectric particle to the unit cell. The
asymmetry between the effective electric and magnetic
responses—anisotropic and isotropic, respectively—stems
from the fact that the principal axes of the permeability
tensors of the inclusions are aligned with the directions of
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“motion” (the coordinate axes), whereas the principal axes
of the permittivity tensors are offset by 45° from the coor-
dinate axes. The amplitude of the Tellegen parameter .y is
2 times larger than the amplitude of the Tellegen parameter
for a crystal with a single particle per cell.

III. GENERALIZED MINKOWSKIAN SPACETIME
CRYSTALS

In general, a spacetime-modulated crystal exhibits an
electromagnetic response that is significantly different
from that of the corresponding moving photonic crystal
[54]. Specifically, spacetime crystals typically exhibit a
magnetoelectric (bianisotropic) response in the comoving
frame, where the material parameters are time-independent
[see Egs. (3) and (4)]. In contrast, standard photonic
crystals do not exhibit bianisotropy in the comoving
frame. Interestingly, in Ref. [54], we identified a spe-
cific subclass of spacetime-modulated crystals that are
indistinguishable from moving crystals, referred to as
Minkowskian isotropic spacetime crystals. Minkowskian
spacetime crystals are described by constitutive relations
that are observer-independent. In the following, we extend
this concept and prove that the most general class of mate-
rial invariant under a Lorentz boost along a fixed spatial
direction is formed by pseudouniaxial crystals. We eluci-
date how to take advantage of the unique properties of
such time-variant systems to characterize in an expedi-
tious manner their band structure. Furthermore, we use
the developed formalism to validate our Clausius-Mossotti
homogenization theory.

A. Media invariant under Lorentz boosts with a fixed
direction

Our previous works [54,60] exploit the fact that media
with e = n? = 1 are invariant under an arbitrary Lorentz
transformation [61]. This invariance allows one to con-
nect the response of an isorefractive spacetime crystal with
that of the corresponding static crystal (deformed accord-
ing to the Lorentz-Fitzgerald contraction) without altering
the constitutive relations. However, requiring the materi-
als to be invariant under arbitrary transformations is overly
restrictive. Practically, the same connection can be estab-
lished as long as the constitutive relations of the materials
remain unchanged under the specific Lorentz boost that
renders the system time-invariant. In other words, it suf-
fices to ensure that the comoving frame material matrix M,
given by Eq. (4), coincides with the lab material matrix
M for a Lorentz boost directed along the modulation
velocity v.

In Appendix C, we demonstrate that a general class of
dielectric media invariant under Lorentz boosts aligned
with the z direction (v = vZ) has electric and magnetic

responses of the type

- (&L 0y

&= (01x2 Ezz ) ’

_ A A A= A1—1
=02 RZ+ [13X3 —Zx (8 —1343) X z] . (21
In the above, ¢.,,0u,, are arbitrary scalars and €, is an
arbitrary 2 x 2 matrix. For reciprocal dielectrics (¢, is a
real symmetric matrix), one can always pick a coordinate
system such that the permittivity tensor is diagonal. In such
a case, Eq. (21) reduces to (with p,; = 1 + §uz,)

ew 0 0 /ey, 0 0
i=|0 &, O, m=| 0 1/ex O
0 0 e 0 0

(22)

The electromagnetic response of such media is invariant
under any Lorentz boost directed along the z direction
(M’ = M). This analysis extends Minkowskian isotropic
materials to systems with lower symmetry, potentially
leading to more practical designs.

It is interesting to characterize the plane-wave disper-
sion in media with the constitutive relations (22). There
are two independent polarizations with dispersions,

2
Sy v = (2. (23a)
8ZZ 8ZZ c
1 1 2
2+ k§+k§=(9) . (23b)
Eyy Uzz ExxMzz c

Here k = kX + k,y + k:Z is the wave vector associated
with a propagation factor of the type . The polarization
decomposition is a consequence of the fact that i~ - £ has
the same structure as in a uniaxial material; specifically, it
has two degenerate eigenvalues [62]. For this reason, we
refer to this class of materials as “pseudouniaxial” media.

From Eq. (23) it is readily seen that for propagation
along z, the dispersion reduces to k, = w/c for both polar-
izations, analogous to the case of Minkowskian isotropic
media (MIM) with n =1 [54,61]. However, for oblique
propagation directions, the refractive index seen by the
wave can be rather different from n = 1. To illustrate this,
we depict in Fig. 6(b) the isofrequency surfaces of a mate-
rial with e, =1/, =8, &, = 1/ = 16, and e, =
Wz = 1. They consist of two different ellipsoids that touch
along the z axis at the points k, = (w/c), consistent with
Eq. (23).

For comparison, we show in Fig. 6(a) the dispersion of
a MIM with the material parameters ¢ = 8, u = 1/8. As
can be seen, in this case the isofrequency surfaces of the
MIM are spherical and degenerate. They coincide with the
vacuum dispersion (kK = w/c). We note in passing that the
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Isofrequency surfaces in k space for (a) a Minkowskian isotropic material invariant under arbitrary Lorentz boosts, with

material parameters ¢ = 8 and u = 1/8; (b) a generalized (pseudouniaxial) Minkowskian medium invariant under Lorentz boosts
along the z direction, with material parameters &y, = 1/, =8, &, = 1/yy = 16, and &.. = p.. = 1. (c) Similar to (b) but for a
generalized (pseudoisotropic) Minkowskian medium with the parameters ., = 1/u,, =8, &, = 1/ = 16, and .. = &y, U-: =
. The insets depict the isofrequency contours in the xoz plane (shaded in blue) and in the xoy plane (shaded in pink). The dashed
green lines (pol. 1) represent the dispersion calculated using Eq. (23a), and the solid blue lines (pol. 2) represent the dispersion

calculated using Eq. (23b).

MIM concept can be extended to other isorefractive mate-
rials with » = const. > 1 through the use of generalized
Lorentz transformations [54]. For simplicity, in this article
we only discuss systems invariant under a standard Lorentz
boost.

It is simple to explain why the refractive index along
the direction of the boost must satisfy » = 1. In fact,
a nondispersive medium response can remain invariant
under a boost directed along z only if k./w = k. /" for
waves propagating along z. Using a relativistic Doppler
transformation [28], we find that

! 24)
o

o  yl@—kv) cl-

Ky —vs)

with n/c = k,/w. The above equation is compatible with
k;/w = kl/o' only whenn = 1.

In the final example, we consider media such that
EyyExx = €zz/Mz-. From Eq. (23), one can see that the two
dispersion equations become identical, analogous to the
isotropic case, although the isofrequency contours are in
general ellipsoids. We refer to such systems as “pseu-
doisotropic” (! - € is a scalar). The dispersion of a pseu-
doisotropic medium with the parameters &, = 1/p,, =8,

&y = 1/l = 16, and €. = &y, [z = [y s Tepresented
in Fig. 6(c). In this example, the isofrequency contours in
the xoz plane are circles [see the inset of Fig. 6(c) shaded
in blue] because &y, /e, = 1.

B. Band structure of generalized Minkowskian crystals

Next, we consider a spacetime-modulated crystal
formed by generalized Minkowskian materials invariant
under boosts aligned with the z direction. For the same rea-
sons as given in Ref. [54], such time-variant systems have
an electromagnetic response indistinguishable from that of
a moving photonic crystal. Owing to the absence of mag-
netoelectric coupling in the comoving frame, the photonic
band structure @’ vs K’ in this frame can be found using
standard electromagnetic solvers. Then, the dispersion of
the Bloch waves in the lab frame (w vs K) can be found
using the relativistic Doppler transformation [28,54],

kx:k)/m ky=k’,kz=y<liz+v%>,and
C

o=y +kv). (25)
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Here, k = (ky, ky,k.) and k' = (kx’,k;,k;) are the wave
vectors in the laboratory and comoving frames, respec-
tively.

To illustrate these ideas, first we consider a traveling-
wave crystal formed by MIM spheroid inclusions with
permittivity and permeability given by ¢ =8 and u =
1/8. The inclusions are subjected to a modulation veloc-
ity v = 0.2¢ along the z direction. In the comoving frame,
the inclusions have a spherical shape with radius R =
0.35a and the same electromagnetic response as in the
lab frame (¢’ = 8, u’ = 1/8). The exact comoving frame
band diagram of the 3D crystal [Fig. 7(a)(i)] was numeri-
cally computed using the electromagnetic simulator CST
Studio Suite [63]. For simplicity, we restrict our analy-
sis to the case of Bloch modes that propagate along the
z direction, i.e., parallel to the modulation velocity. As
expected, the comoving frame dispersion exhibits spectral
symmetry ' (—k.) = o'(k.), due to the absence of a bian-
isotropic response in the comoving frame. Figure 7(a)(ii)
shows the corresponding dispersion diagram in the lab
frame obtained using the relativistic Doppler transforma-
tion [Eq. (25)]. Now, the spectral symmetry is broken
a)(kz) # a)(—kz), resulting in a synthetic Fresnel drag
effect [20,21,54]. Specifically, the wave velocities in the
laboratory frame v*=w/k* can be determined from the
wave velocities v'*=w'/k/* in the comoving frame using
a relativistic addition of velocities [28,54] as follows:

‘U/:t‘i_v
vi=e————. (26)
1 +v*v/c?
Note that in the comoving frame v, = —v’ = v’ due

to the previously discussed spectral symmetry. The wave
velocities coincide with the slopes of the photonic disper-
sion, represented with dashed lines in panels (i) and (ii) of
Fig. 7(a). Owing to the synthetic Fresnel drag effect, the
wave velocities in the lab frame satisfy [v™| < v/ < |vT].

This means that the waves that propagate in the direction
of the crystal modulation travel faster than the waves that
propagate in the opposite direction. Figure 7(b) shows a
detailed study of the variation of v* with the modulation
speed. As can be seen, for a sufficiently large v the two
velocities can have the same sign so that the propagation
becomes effectively unidirectional [23].

C. Validation of the Clausius-Mossotti homogenization

In order to validate our Clausius-Mossotti homogeniza-
tion, we compare the refractive indices obtained from the
slopes of the exact lab frame dispersion diagram n* =
c|kzi|/a) with the refractive indices calculated using the
homogenization theory (nfff). The latter are found numeri-
cally using the equation

ck
03,3 X 133
det(N—cMe) =0, N=| .
+Z x 1353 03,3

27

with k = £,z and M¢ defined as in Eq. (12).

In the first example, we consider a Minkowskian crys-
tal with the same parameters as in Fig. 7(a) (ii), but
with varying inclusion radius. Figure 8(a) shows the lab
frame refractive indices computed with the help of CST
Studio Suite simulations and the Doppler transformation
[Eq. (26)], and the corresponding homogenization results
for propagation along +z and —z directions. There is an
excellent agreement between the two calculation methods.
Note that in this example the two waves that propagate
along +z are degenerate. Similarly, the two waves that
propagate along —z are also degenerate.

In the second example, we characterize the effective
response of a pseudouniaxial generalized Minkowskian
crystal. The material parameters of the inclusions are the

@b @ b)
: 1.0f:
al; - 5t V'
4/\ 4l ] . 0.5F vi—>+z
o'a © wa 21 £ v 4z
=3 - —3 1 2 00}
¢ ot ki ¢ 2\ i
1t S s , 1t S —0.5¢
0L ‘ . v . . - 0 . . . —1.0E ‘ . . . i
-3 -2 -1 O 1 2 3 -2 -1 0 1 2 3 4 00 02 04 06 038 1.0
kla k.a v/e

FIG. 7.

Exact dispersion diagram of a MIM 3D spacetime crystal (Fig. 1) for e = ¢’ =8, u = u’ = 1/8 for a modulation speed

v = 0.2¢ calculated in the (a)(i) comoving frame, using the electromagnetic simulator CST Studio Suite, and (a)(ii) laboratory frame,
using a Doppler transformation [Eq. (25)]. (b) Long-wavelength-limit wave velocities in the laboratory frame v*, v~ as a function of

the modulation speed v/c. The horizontal green line represents the wave velocity in the comoving frame |v'| = |v

/i|.
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Exact lab-frame effective refractive indices calculated using CST Studio Suite [63] (black points) and refractive indices

predicted by the homogenization theory (green and dark orange points) [Eq. (27)] for different values of the radius R. The points
associated with propagation along +z are represented by green circles, whereas the points corresponding to propagation along —z
are represented by orange circles. The modulation speed is v = 0.2¢. (a) Minkowskian spacetime crystal formed by MIM inclusions,
with ¢ = 8 and . = 1/8. (b) Generalized Minkowskian spacetime crystal formed by anisotropic inclusions, with &, = 1/u,, = 8,

&y = 1/1x = 16, and &.. = .. = 1, for the two polarizations.

same as in Fig. 6(b). As seen in Fig. 8(b), the homogeniza-
tion result matches well the exact refractive indices. In this
example, the effective medium has two different refractive
indices per propagation direction due to the anisotropy of
the inclusion material. Thus, the synthetic Fresnel drag is
sensitive to the wave polarization.

Note that in the first example, the effective response
is characterized by a moving-medium bianisotropic cou-
pling. On the other hand, in the second example, the
bianisotropic response is more complex (&ef1] = &ef2o = 0
and 112 # —&.r21) due to the anisotropy of the inclusions.

IV. CONCLUSION

In this work, we have developed a comprehensive
analytical formalism to characterize the effective electro-
magnetic response of 3D spacetime crystals formed by
spherical scatterers under a traveling-wave modulation. By
extending the Clausius-Mossotti formula to time-varying
platforms, we have shown that these spacetime crystals
can be engineered to exhibit a wide range of nonreciprocal
bianisotropic couplings in the long-wavelength limit.

Importantly, we demonstrated the possibility of achiev-
ing a purely isotropic Tellegen response in spacetime
crystals formed by interlaced sublattices of scatterers sub-
jected to different modulation velocities, introducing a
mechanism to engineer isotropic nonreciprocal responses.

In addition, we have introduced a class of materials
that display invariance under Lorentz boosts along a fixed
spatial direction. These pseudouniaxial spacetime crystals
have an electromagnetic response indistinguishable from
that of a moving photonic crystal, which simplifies the
analysis of wave propagation and broadens the under-
standing of spacetime crystal behavior under relativistic
transformations. Finally, our theoretical predictions were
supported by numerical simulations, demonstrating that

the homogenization theory accurately describes the wave
dispersion in 3D Minkowskian spacetime crystals.

Unfortunately, there is currently no robust solution to
modulate a material’s permeability over time. Despite
this limitation, we believe the findings of this study offer
valuable insights into the underlying physics of general
spacetime crystals and open alternative pathways for engi-
neering advanced nonreciprocal materials and devices with
tailored electromagnetic responses. Additionally, space-
time crystals are much easier to realize in acoustics, and
some of the concepts introduced by us can be readily
adapted to such systems.
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APPENDIX A: POLARIZABILITY OF A
BIANISOTROPIC PARTICLE

The polarizability of the spherical bianisotropic parti-
cle in the comoving frame can be found with a quasistatic
approximation. In the quasistatic limit, the electric and
magnetic fields are effectively decoupled and can be writ-
ten in terms of electric and magnetic potentials as follows:
E = —V¢. and H= —V¢y,. It is implicit that the fields
are evaluated in the comoving frame coordinates (for nota-
tional simplicity we omit the primes in the fields in this
appendix).

In the quasistatic limit, it is necessary that V-D =0 =
V - B. In the air region, it is evident that these two equa-
tions reduce to the Laplace equation for the potentials:
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V2¢. = 0 = V2¢,,. Furthermore, we look for a solution
such that E = E; = const. and H = H; = const. inside the
bianisotropic particle. The equations V-D=0=V-B
are then automatically satisfied inside a uniform parti-
cle described by a material matrix M independent of the
spatial coordinates.

Based on these considerations, we consider the follow-
ing ansatz for the electric and magnetic potentials (see also
Refs. [64,65]):

. p -
_Emc r+ , R
¢ = dmeg?’ | (Ala)
—E;r, r<R
inc m- ¢
pn=1 W T+ 5 1>k (Alb)
—H;r, r<R

Here, E™, H™ represent the incident fields created by
some external excitation and p, m are the (unknown) elec-
tric and magnetic dipoles induced on the bianisotropic par-
ticle. In order to find p, m and E;, H, we enforce boundary
conditions at the interface of the spherical particle.

The continuity of the potentials ¢, ¢, leads to

A _P
Er\ E"\ | 47meR?
H1 - HmC m

47 R3

(A2)

On the other hand, the continuity of the normal com-
ponents of the electric displacement (D) and magnetic

induction (B) vectors requires that
=M ! (A3)
H; '

Here, M, stands for the material matrix of the vacuum
and M’ is the material matrix of the bianisotropic particle,
defined as in the main text. Combining Egs. (A2) and (A3),

one gets
Einc 1 P/EO
B , Einc 1 , P/80
e () - e (P,

Solving the above equation with respect to the dipole
moments, one finally finds that

P/So _ . Einc )
( m ) =« (Hmc) , with

A 2p
E™ 4 eoR3

47 R3

(A4)

@ =ag(M +2Mg) " - (M —M,)  (AS5)

and oy = 47 R3.

APPENDIX B: TENSOR COMPONENTS FOR A
MOVING-TELLEGEN EFFECTIVE RESPONSE

Here, we present explicit formulas for the elements of
the tensors in Eq. (16). It is assumed that the principal axes
of the permeability are aligned with the x and y directions,
ﬁl = ﬁ, ﬁ2 = y, and that ﬁ3 = i

Using the relations, €, = cos(6)u; + sin(@), and €, =
—sin(@)u; + cos(@)u, [Fig. 3(a)], it is straightforward to
show that the effective permittivity is given by

1+ A, + cos(20)8.f; sin(20)8.fy 0

Eef = | SIn(20)3,fy 1+ A — cos(20)8.fy 0],
0 0 1

(B1)

whereas the effective permeability satisfies

1+A,+68,/r O 0
fer= 10 1+A,=8,/r O (B2)
0 0 1
Finally, the magnetoelectric tensor is given by:
B & sin260 Ecos20 0
= | —&cos20 &sin20 0 (B3)
0 0 0

APPENDIX C: MINKOWSKIAN SYSTEMS

Under a Lorentz transformation, the material matrix is
transformed as M — M, with M’ given by Eq. (4) of
the main text. In this appendix, we characterize the “fixed
points” of this transformation for a given boost direction.

For simplicity, we solve the problem perturbatively
assuming that M = My + §M with My the material matrix
of the vacuum and §M a small perturbation. By substitut-
ing M = My + §M in Eq. (4), we find that the transformed
matrix, to leading order in the small parameter M, is
given by
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1
M’%A-SM-[A-l—V-Mo]_l+|:—2V+A~M0:|~[A+V~M0+V-8M]‘1
C

1
%A-5M~[A+V~Mo]1+|:—2V+A~M0:|~[1—(A+V-Mo)1-V-8M][A+V-M0]‘
C

~My+A-SM-[A+V -My] ' =My-V-SM-[A+V-My] "

In the second identity, we used [1+B]~! ~1—B for
small B, and in the third identity we took into account
that vacuum is invariant under any Lorentz boost, My =
[(1/c*)V+A-My]-[A+V-M,]~!. Equation (C1) shows
that M’ ~ My + M’ with

SM ~[A—Mo-V]-SM-[A+V-M]"". (C2)

It can be checked that [A —V-My] =[A+ V- -My]~\.
Thus, a perturbation with respect to the vacuum M =
M + 8M in a certain frame leads to a perturbation in
another frame M’ ~ M, + §M’, such that

SM ~[A—Mp-V] - SM-[A—V-M] (C3)

Retaining only terms that are linear in the velocity, we
obtain

SM' ~SM—M,-V-SM—5M-V.-M,, (C4)
s 0 vxl
with V = Cvx1 0o J So, the perturbed system

can be invariant under the Lorentz boost only if
M;-V-8M+8M-V-M,; = 0. (C5)

Here, we suppose that M models a nonbianisotropic
material, so that

gode 03,3
SM = . C6
<03><3 M05IL> (€6)
In this case, Eq. (C5) reduces to
VX +de-[vxl13,3]=0,
Sp-[v X 1343]+v xde=0. (C7

The above equations can be regarded as a linear system
in §&,5p. Imposing that these equations are satisfied for
boosts directed along the z direction, it is found that, to

(CI)
[
leading order,
Oy bey, O
de = | S¢ X d¢& VY 0 .
0 0 ey
=8¢, &) 0
o=\ ey —ben 0 (C8)
0 0 du

The above conditions guarantee Minkowskian invariance
for small de,5u, and v/c <« 1 with the boost velocity
directed along z.

The equations can be generalized to arbitrary values of
v/c and for arbitrarily large values of §&,5pu as shown in
Eq. (21). The condition M’ = M can be verified by direc-
tion substitution of Eq. (21) into Eq. (4) and holds true
even when d¢&, u are not Hermitian. The details are omit-
ted for conciseness. Note that for small 6e,5u Eq. (21) is
consistent with the perturbations shown in Eq. (C8).
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