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This paper presents an analytical framework for the study of scattering and diffraction phenomena in
space-time-modulated metallic gratings. Using a Lorentz transformation, it is shown that a particular class
of space-time-modulated gratings behave effectively as moving media. We take advantage of this property
to derive a closed analytical solution for the wave scattering problem. In particular, using our formalism
it is possible to avoid space-time Floquet-Bloch expansions, as the solution of the problem in the original
laboratory frame (grating parameters are periodic in space and time) is directly linked to a comoving
frame where the metallic grating is time invariant (grating parameters are periodic only in space). In this
way, we identify a fundamental connection between moving metallic gratings and space-time-modulated
metamaterials, and exploit this link to study the nonreciprocal response of the structure. Some limitations
and difficulties of the alternative nonrelativistic Galilean approach are discussed and the benefits of the
Lorentz approach are highlighted. Finally, some analytical results are presented in order to validate the
formalism. The results include scenarios involving TM (p) and TE (s) normal and oblique incidence, even
beyond the onset of the diffraction regime. Furthermore, we show how the synthetic Fresnel drag can tailor
the Goos-Hénchen effect and create a specular point shifted towards the direction of the synthetic motion,

independent of the sign of the incidence angle.
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I. INTRODUCTION

Diffraction gratings enable peculiar and fascinating
optical behaviors, which were already observed in the
eighteenth century [1]. The scattering by a space grat-
ing is characterized by several resonant features, the
most remarkable of these being the so-called Wood’s
anomaly [2]. Nowadays, diffraction gratings are useful
in a wide range of electromagnetic systems [3], which
typically exploit their dispersive properties and frequency-
dependent response. Furthermore, the scattering of light by
space gratings is important in spectroscopy, and the devel-
opment of this field has benefited from the theoretical and
experimental progress in optical diffraction gratings during
the last and present centuries [4].

Historically, diffraction-grating research has mainly
focused on optics and the angular separation of polychro-
matic light into different monochromatic components. The
accumulated knowledge in this field stimulated the study
of applications in other parts of the electromagnetic spec-
trum [5—7], in acoustic systems [8], and others, for particle
detection and measurement [9].
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The effect of motion in the wave diffraction by a grat-
ing has also been the object study for several decades in
different contexts, for example in neutron-beam scattering
[10,11]. Moreover, moving gratings have been employed
for medical diagnosis of human vision [12] and studies of
the vision of animals [13]. Such systems exhibit space-time
properties, as the position of the grating elements changes
in time [14,15].

The grating motion can tailor in unique ways the scat-
tering and the diffraction of electromagnetic waves. For
example, the motion of the grating in the direction of prop-
agation of the incoming wave leads to Doppler shifts in the
frequency of the scattered waves [16]. Spatial nonreciproc-
ity is another interesting property provided by a transla-
tional motion [17]. The nonreciprocity manifests itself in
an asymmetry of the diffraction patterns originating from
the interaction between the grating and incident waves
arriving from complementary directions of space, linked
by Snell’s laws. Different from reciprocal systems, the gen-
erated diffraction patterns may depend on the direction of
arrival of the wave. A related effect was recently studied in
the context of space-temporal-modulated systems [18,19].

Moving gratings may be regarded as a particular
instance of time-variant systems. This is because the
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environment wherein the wave propagates changes in time
due to the physical motion. Preliminary studies on mov-
ing (dielectric) media and time-variant systems date back
to the last century [20]. In recent years, the interaction of
waves with more general time-variant systems, e.g., in sys-
tems with materials or components whose response is elec-
trically modulated in time, has been a topic of intense sci-
entific research [21-27]. In general, the physical response
of a space-time-modulated system is not equivalent to that
of a moving dielectric material, even for the simplest case
of a “traveling-wave” modulation of the material permit-
tivity such that e(x, ) = e(x — v ¢), with v the modulation
speed. In fact, the electromagnetic response provided by
a traveling-wave modulation differs in many ways from
the response of a moving dielectric material [20,26]. Curi-
ously, in the homogenization limit it is possible to precisely
link the response of some space-time crystals with the
response of an equivalent moving medium [28—30]. How-
ever, it is underlined that such equivalence is applicable
only in the effective medium limit and for nondispersive
isotropic crystals.

In this article, we study a class of time-variant plat-
forms that can be equivalently regarded as either “moving
systems” or “space-time-modulated systems.” Specifically,
we consider a space-time grating formed by thin perfect
electric conducting (PEC) plates. As is well known, the
PEC boundary condition is unaffected by a Lorentz boost
when the relative velocity is parallel to the PEC surface
(see Appendix A for further details). We take advantage of
this property to show that a space-time-modulated grating
formed by thin metallic plates is exactly equivalent to the
corresponding moving metallic grating. Using this prop-
erty and Lorentz transformations, it becomes possible to
connect the solution of a scattering problem in the original
frame where the grating is time varying with the solution
of an equivalent scattering problem in a comoving frame
where the grating is time invariant.

Our approach is particularly interesting due to the
scarcity of commercial full-wave solutions that are able
to model space-time systems. The few commercial time-
domain solutions that can include time modulations oper-
ate with important limitations, although some studies have
already been aided by their use [24,31]. Other specific
(not general) alternatives try to solve the scattering prob-
lem by using commercially available frequency-domain
solvers. For instance, the method developed in Ref. [32]
divides the time modulation into discrete time steps, which
are individually simulated and then synthesized to com-
pose the complete response. These alternatives, although
ingenious, are inefficient and typically restricted to some
particular regime of operation of the considered spatiotem-
poral system. As commercial solutions are not yet well
developed, the analysis of space-time metasurfaces is typ-
ically done in terms of cumbersome space-time Bloch
modal expansions [33—35]. Other numerical approaches

include the method of moments [36], circuital interpreta-
tions [37], and others [38,39]. In several cases, validations
of the models are done by comparison with the results pro-
vided by home-made finite difference in the time-domain
codes [33,40-44].

The characterization of the dynamical response and scat-
tering parameters (reflection and transmission coefficients)
in a space-time grating is a nontrivial task. Some recent
proposals exploit the space-time periodicity of the struc-
ture by means of (N + 1) Floquet-Bloch modal expan-
sions, with N the space dimension. Although these are
interesting approaches, their mathematical and computa-
tional complexity increases notably with N. Here, we
exploit an interesting alternative that relies on the use of
circuital models that have previously been introduced for
time-invariant (static) gratings [45—47]. In such a frame-
work, the grating is modeled by a homogenized impedance
determined by the grating geometry. The most sophisti-
cated circuit models can take into account the effect of
grating lobes [46,47].

Special relativity theory establishes the equivalence
between physical phenomena witnessed by observers mov-
ing at different speeds via Lorentz transformations [48].
Gratings moving with a constant velocity can always be
studied in a coordinate system where they are at rest
(comoving frame). Since the circuit model of a static grat-
ing is known, with the help of a Lorentz transformation,
it is possible to find the proper equivalent impedance
in another inertial frame. This work develops equivalent
circuits for moving gratings by combining Lorentz trans-
formation and circuit models derived in static scenarios.
Using our approach, we are able to study in a simple way
how the nonreciprocity provided by the time modulation
(or translational motion) can tailor the wave scattering,
the diffraction resonances, the Goos-Hénchen shift [49,50],
and other phenomena.

The manuscript is organized as follows. Section II
presents a brief overview of Lorentz transformations and
the analytical framework used in our study. The equiva-
lence between moving and space-time-modulated metallic
gratings is established. Using that result, we obtain an
equivalent circuit for the time-modulated grating. Section
I presents analytical and numerical results that illus-
trate the application of our theory. In particular, we use
our circuit model to characterize the wave diffraction by
space-time-modulated gratings under normal- and oblique-
incidence conditions. Furthermore, we show how the mod-
ulation speed can tailor the sign and strength of the
Goos-Hénchen shift. The main conclusions are drawn in
Sec. IV.

II. ANALYTICAL FRAMEWORK

The scenario under analysis is sketched in the left
panel of Fig. 1. A monochromatic plane wave of angular
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FIG. 1. Moving grating in the original space (laboratory
frame) and its static equivalent in the transformed space (comov-
ing frame). The wave scattering in the laboratory and comoving
frames is modeled using equivalent circuits. The parameters of
the equivalent circuits are related via Lorentz transformations.

frequency w impinges obliquely, with incident angle 6, on
a diffraction metallic (PEC) grating that “moves” uniformly
with velocity v along the x axis. The motion of the grating
may be either synthetic, i.e., created by an electric mod-
ulation, or actual physical motion. Below, we show that,
for thin PEC gratings, the two problems are equivalent.
The diffraction grating is formed by a periodic arrangement
(period p) of metallic strips separated by slits of width w.
The strips are infinitely extended along the z direction. The
metallic plates’ thickness is infinitesimal and they are sur-
rounded by air. Two different polarizations are considered
for the incident plane wave: transverse magnetic, TM (p),
and transverse electric, TE (s).

A. Equivalence between moving media and the
space-time modulation for metallic gratings

As discussed in the Introduction, the study of time-
varying diffraction gratings is a complex task. On the other
hand, the analysis of their one-dimensional (1D) [46,47,
51] and 2D [52—55] time-invariant (static) counterparts is
a well-established topic in microwave and photonics com-
munities. From a circuit standpoint, a static grating may
be modeled as an equivalent admittance or impedance (see
Appendix B for details) placed in between two transmis-
sion lines. The transmission lines describe the propagation
in input and output semi-infinite media [56].

The wealth of knowledge accumulated over decades of
research on static gratings provides a valuable foundation
for investigations into the properties of moving gratings.
The obvious idea is to switch to the so-called comoving
frame, where the observer moves with the same veloc-
ity as the grating; see the right-hand side panel in Fig. 1.
The grating response is independent of time (static) in the
comoving frame.

There is however a practical difficulty in using the
solution of the time-invariant canonical problem in the
comoving frame coordinates. It is related to the fact that
the constitutive relations of the material depend on the
inertial frame. For example, a standard isotropic dielec-
tric is seen in a generic inertial frame as a bianisotropic
material. Because of this, a space-time-modulated grat-
ing [e(x,f) = e(x — vf)] has an electromagnetic response
rather different from that of the corresponding moving grat-
ing [26,48,57]. Another difficulty is related to material
dispersion. In fact, under a Lorentz transformation, the fre-
quency and the wave vector are mixed through a Doppler
transformation, giving rise to both frequency and spatial
dispersion.

The previous discussion highlights that switching to
the comoving frame coordinates is not always beneficial
(particularly in the case of space-time-modulated sys-
tems), as it can generate both a bianisotropic coupling
and a complex spatially dispersive response, i.e., lead to
a material response very different from that of a static
grating.

Consider however a situation in which all the materials
of the system have a response that stays invariant under
the relevant Lorentz boost. For example, air (vacuum) is
described by the same constitutive relations in all iner-
tial reference frames, and thereby it provides a (trivial)
example of a material whose response is frame indepen-
dent. Less trivially, it can be shown that any nondispersive
material (e, ) with refractive index identical to n = 1 has
exactly the same property [57]. When the constitutive rela-
tions are frame independent, the structure of the dynamical
equations is unaffected by the Lorentz transformation,
apart from the coordinate transformation in the material
parameters. For such a class of systems, the space-time
modulation is indistinguishable from a translational physi-
cal motion, as switching to the comoving frame is formally
equivalent to setting the modulation speed v identical to
Zero.

An important example of a material (boundary) that is
Lorentz invariant is the PEC boundary condition. Provided
the velocity v that determines the Lorentz boost is parallel
to the relevant PEC boundary, then the response is frame
independent (see Appendix A). This means that the tan-
gential electrical field vanishes at the boundary interface,
independent of the considered frame. In contrast, when v is
perpendicular to the relevant boundary, the response may
change and the Lorentz invariance is lost.

As an application, consider a metallic grating formed by
PEC strips standing in air, with the relevant modulation
speed parallel to the interface (Fig. 1). Provided the strips
are infinitesimally thin, all the relevant PEC interfaces are
parallel to v and thus the constitutive relations that describe
the response of the entire structure (air and PEC strips)
are frame independent. Thus, this type of grating provides
an interesting example of a space-time-modulated system
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with a response that is indistinguishable from that of the
corresponding moving grating.

In the following subsections, we use a Lorentz trans-
formation to derive the equivalent circuit for the space-
time-modulated grating (in the original laboratory frame)
from the equivalent circuit in the comoving frame [48].
We establish a relation between the equivalent admit-
tances in the laboratory (Yeq) and comoving (Y;,) frames
via the original and transformed electromagnetic fields. It
will be shown that the circuit topologies in the laboratory
and comoving frames are identical, although the value of
equivalent admittance changes.

B. Lorentz transformations

As previously stated, Lorentz transformations may be
used to link the electrodynamics of the problem in the orig-
inal domain (laboratory frame) with the electrodynamics
in a transformed domain (comoving frame, prime nota-
tion) where the grating is static. Next, we present a brief
overview of the basic concepts associated with Lorentz
transformations.

1. Space-time coordinates

Assuming that the metallic grating “moves” with uni-
form speed v along the x direction, the space-time coor-
dinates in the comoving frame (x’,)’,z’, ¢; primed coordi-
nates) are related to the coordinates of the laboratory frame
(x,y,z,t; unprimed coordinates) through the expressions

[48]
/ / v
z =z, t =y(t—xc—2>,
(1)

X =yx—v), y =y,

where y = 1/4/1 — v?/c? is the Lorentz factor.

2. Spectral transformations

The phase of a wave is observer independent. Thereby,
the frequency and the wave vector of a wave in two refer-
ence frames must satisfy k- r — wt =K' - ¥ — o'f. Thus,
the frequency (w — ') and wave number (k, — k) trans-
formations (relativistic Doppler transformation) are of the
form [58—60]

Cl)/ = )/(a) - vkx)s (2’)

3. Field transformations

For the scenario depicted in Fig. 1, the fields in the
comoving frame are related to fields in the laboratory

frame as [48]

B = B,, 4
, v
B, =y(B +3E).

v
E. = y(E. +vB)), B. = y(BZ — c_zEy) (6)

As can be seen, the field components along the direction
of motion (x axis) are identical in the two frames, while
the field components orthogonal to the direction of motion
change under a Lorentz transformation. Additionally, as
already discussed in Sec. Il A, it can be readily inferred
from the field equations (4)—6) that the synthetic motion of
the grating may have important implications on the mate-
rial response (constitutive parameters) in the comoving
frame.

In fact, conventional dielectrics and isotropic media
in the (unprimed) laboratory frame transform into bian-
isotropic materials in the (primed) comoving frame [18,
57,61]. This can be understood by noting that an electric
dipole in a rest frame is seen as a superposition of elec-
tric and magnetic dipoles by a moving observer due to
the so-called Rontgen current, leading to a bianisotropic
magnetodielectric coupling [62].

Nonetheless, the vacuum (and thereby also air) and
perfect electric conductors are special media whose con-
stitutive parameters remain invariant under Lorentz trans-
formations; namely, these media have precisely the same
electromagnetic response in both laboratory and comov-
ing frames. For the vacuum case, this property is a trivial
consequence of the invariance of the free-space Maxwell
equations under Lorentz transformations. Strictly speak-
ing, the PEC response is frame independent only if the
direction of motion is parallel to the PEC walls. Thus,
we require that the thickness of the PEC plates is van-
ishingly thin, so that the response of the sidewalls can be
disregarded in the analysis. Thus, in this study we sup-
pose that the input and output regions in Fig. 1 are air,
while the metals are thin PEC plates. Under these circum-
stances, the analysis of the problem is greatly simplified as
bianisotropic material response is avoided in the comoving
frame.

It is important to note that, even though the response
of the metal plates is identical in the two frames, the
Lorentz transformation of coordinates leads to the so-
called Lorentz-FitzGerald contraction of all the lengths
along the direction of motion [58]. Specifically, the lat-
tice period and the air slit widths in the laboratory frame
are shorter than in the comoving frame: p = p’/y and
w = w'/y. Thus, from the point of view of the laboratory
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frame, the original geometry suffers a dilation along the x
direction after the coordinate transformation.

C. Circuit model

The problem shown in Fig. 1 can be analyzed with an
equivalent circuit model. The input (i = 1) and output (i =
2) air regions can be modeled as semi-infinite transmis-
sion lines with wave admittances Yf)l) = Y(()z) = Yy. In the
homogenization limit, the infinitesimally thin moving grat-
ing may be represented as a shunt equivalent admittance
Yeq or surface impedance of unknown value [27].

Once the equivalent admittance Y., that models the
moving grating has been determined (see the next sub-
sections), one can find the reflection R and transmission
T coefficients of the structure as

1) 2)

o
T e

T'=1+R

R (7)

)

In our case, the input and output (free-space) regions
are identical (Y(()l) = Yéz) = Yy), so that Eq. (7) can be
simplified to

~Yeq

R=—"S9 9
2Yp + Yeq ®

These equations are obtained from the equivalent circuit
model of the space-time grating (see Fig. 1). The value of
Yq is dependent on the considered excitation: TM or TE.
In the next subsections, we use a Lorentz transformation
to link the equivalent admittance of the time-independent
grating (Y, evaluated in the comoving frame) with the
equivalent admittance of the space-time grating Yeq.

1. TM incidence (H, = H, = E; = ()

Let us first consider that a TM-polarized plane wave
impinges on the space-time grating of Fig. 1. For TM inci-
dence, the magnetic field is oriented as H = H,z. The field
components parallel to the metallic interfaces are along the
x and z directions. Thus, the objective here is to relate the
x and z components of the fields, at the interface y = 0, in
the laboratory frame.

The primed equivalent admittance in the comoving
frame, Yéq, relates the tangential electric field with the dis-
continuous magnetic field according to i’ x [H'] = 4
The square brackets [-] stand for the jump discontinuity of
the field at the interface. Therefore, the equivalent admit-
tance in the comoving frame is defined in such a way

that

Y — Hz/|y:0+ - Hz/ly:O_
eq —
E;

(TM polarization).  (10)

Using Eqgs. (4)6) to relate the fields in the laboratory and
comoving frames, we find that

Yy — V[(Hz - USOEy)|y=O+ —(H; — v80Ey)|y=0—]

€q Ex
(1

Reorganizing the different terms, one obtains the following
boundary condition in the laboratory frame:
& . H. |y=0+ - H; |y=0*

Y E

E,|y—or — E)|y—o-
— V&g y|y_O+E rly=0 .
X
(12)

Besides the above constraint, one should also enforce that
E, is continuous at the two grating sides, which is a
consequence of E, = E.

In order to further simplify Eq. (12), next we write the
jump discontinuity of the normal component of the elec-
tric field, Ey|,—o+ — E)|y=o-, in terms of the tangential
magnetic field (H;). This can be done by using Maxwell’s
equations, specifically, V x H = j weoE, which yields

Ey |y:0+ - Ey |y:0_ = % ax(Hz|y:0+ - Hz|y:0_)a

(13)

where 9, refers to the partial derivative with respect to x.
For a dependence on x and ¢ of the type & “'e¢ /¥ one can
use dy = —jk,. Thus, it follows that

ky
we(

(14

Ey |y:0+ - Ey |y:()_ = (Hz |y=0+ - HZ |y=0_)'

Substituting the above equation into Eq. (12) leads to
E _ Hz|y:0+ - Hz|y=0_

. U_kazly:0+ - Hz |y=0_
14 Ex w )

E,

(15)

The equivalent admittance in the laboratory frame is defined
in the standard way as Yeq = (H:|y—o+ — H:|y=0-)/Ex.
Thus, the previous analysis shows that the admittances in
the laboratory and comoving frames are linked as

Yoo (@', K)

OB =i ke

(TM polarization). (16)

In Eq. (16), the transverse wave number £, is related to the
incident angle 0 as k, = ko sin 8 with ky = w/c. Therefore,
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Eq. (16) may be equivalently rewritten as

Y, (@, K)
y(1 —vsin@)/c)

Yeq(w,K) = (TM polarization).

)

Detailed information on how to calculate the equivalent
admittance in the comoving frame, Y;, for a static grating
of thin PEC plates, is given in Appendix B.

By examining Eq. (17), one can draw several conclu-
sions. The most important observation is that the equiv-
alent circuit in the laboratory frame has exactly the same
structure as that in the (static) comoving frame. The circuit
is formed by two semi-infinite transmission lines (related
to the input and output air regions) and by an equivalent
admittance Y., that models the moving grating. This is a
remarkable feature, which allows us to enormously sim-
plify the analysis of scattering phenomena in space-time
gratings. It is important to highlight that, due to synthetic
motion, the frequency and wave vector in the argument of
Yeq(@', K') are affected by a Doppler shift. As to the term
in the denominator of Eq. (17), one can infer that it is typi-
cally negligible at low modulation speeds under a paraxial
approximation. In fact, the term v sin(8)/c is precisely zero
for normal incidence (6 = 0).

2. TE incidence (E, = E, = H; = ()

For TE polarization, the electric field is oriented as
E = —F,z. In this case, the equivalent admittance in the
comoving frame is defined by

y il = il
eq
E;

(TE polarization).  (18)

By repeating the same steps as for the TM case, it can
be demonstrated that, for TE polarization, Y and stq are
related as

Yeg(0, k) =y (1 —Ysin 0) Y;q («',K) (TE polarization).
c
(19)

Note that in this case the term 1 — v sin(f)/c appears as
a multiplication factor, different from the TM polarization
where it appears as a dividing factor. It is also worth point-
ing out that the tangential field E, is continuous in the
laboratory frame.

D. Diffraction resonances

Similarly to static gratings, space-time gratings can
excite higher diffraction orders, which correspond to dif-
ferent diffraction beams. Heuristically, the onset of the dif-
ferent diffraction orders is expected to be Doppler shifted
as a consequence of the synthetic motion [63].

As is well known, for static gratings, the diffraction reso-
nances appear when the wave admittance of the considered
order diverges (vanishes) for TM (TE) polarization. Hence,
the onset of diffraction in the comoving frame is deter-
mined by Y, — oo (TM) and Y, — 0 (TE), with ), the
free-space wave admittance of the nth diffraction order. In
either case, the free-space longitudinal wave number must

vanish,
K, =\ki —k2=0, (20)
which leads to
' 2
@ :i<k;+i,">, 1)
c P

where p’ = yp is the dilated grid period in the comov-
ing frame. In order to find the corresponding diffraction
resonances in the laboratory frame, we use the relativistic
Doppler transformation formulas (2) and (3). Considering
normal incidence (k, = 0), the diffraction resonances will
be located at the (angular) frequencies

2mne
W= —F—7T—"-—.
y2r(1£v/c)

Without the synthetic motion (v = 0, y = 1), the above
equation reduces to the well-known expression for static
gratings (w. = £2mnc/p). The space-time modulation
(v > 0) of the metallic grating generates a Doppler shift
of the diffraction resonances, which is mostly relevant if
the modulation speed becomes a significant fraction of the
speed of light. In particular, the synthetic motion causes
the splitting of the original diffraction resonances into
two different resonances (see the 1 &£ v/c term). For small
modulation speeds, the two resonances are nearly equally
spaced with respect to the original static resonance.

(22)

E. Electromagnetic fields diffracted by the space-time
grating

In the following, we use the Lorentz transformation to
characterize some features of the exact fields (beyond the
homogenization limit) diffracted by the space-time grating.

1. Field profiles

It was shown in previous works that the excited tan-
gential electric field profile in a static metallic grating is
roughly proportional to [46,47]

2\ 2712
|:1 — (—) :| TM polarization,
w

2\ 27172
|:1 — (—) ] TE polarization,
w

over the air slit width (—w/2 < x < w/2) and zero else-
where, in a unit cell of spatial period p. We can take

Ji(x) (23)

014063-6



ANALYSIS OF METALLIC SPACE-TIME GRATINGS...

PHYS. REV. APPLIED 20, 014063 (2023)

advantage of the properties of the Dirac impulse train of
period p, D(x) =Y 2 . 8(x —kp), and of the convo-
lution operator (denoted by the * symbol) to extend the
electric field profile from a single unit cell to the entire
grid, as follows:

E(x) x D) *fi(x), —oco<x<oo. (24)

For a moving grating with uniform speed v, the electric
field profile E, suffers a translation by v along the direction
of motion as time advances. This can be mathematically
expressed as

E/(x,t) o« D(x — vt) * fi(x) (25)

with time period 7' = p /v. Therefore, to a first approxima-
tion, the moving grating may be replaced by an infinites-
imally thin screen whose field profile is described in Eq.
(25). This result can serve as a basis to analyze the moving
grating via Floquet-Bloch expansions (taking advantage of
the space-time periodicity) together with integral-equation
methods [42,64].

2. Floquet-Bloch expansions and spectral relations

The Lorentz transformation can be used to establish
a simple link between the Floquet-Bloch expansions of
the electromagnetic fields in the laboratory and comoving
frames. In the laboratory frame, the Floquet-Bloch expan-
sion of the transverse electric field can be represented as
[33]

n,meZ,

E, = Z ZEnme*j(kxmxfwnt)’

VYn Vm

(26)

where ky, =k, +2mm/p and w, = o+ 2nw/T deter-
mine the space and time dependencies of each harmonic.
In the comoving frame, since the grating is at “rest,” only
space harmonics are present in the field expansion:

. / / /
F= Y g,
A

q €Z, (27)

with &k, = k. +2mq/p’. Taking into account the invari-
ance of the transverse fields along the direction of motion,

it is straightforward to establish the following relations
between the harmonics in the laboratory and comoving

frames:
En=E, onlyif n=gq, (29)
E,, =0 otherwise. (30)
Thus, Eq. (26) can be rewritten as
E, = ZEne*j(kxnxfwnt)’ (31

Vn

where the notation £, (case m = n) for Floquet harmon-
ics has been simplified to E,. Thereby, the invariance of
the electric field component parallel to the direction of
motion (E, = E!) implies that the corresponding Floquet
harmonics have identical coefficients in the laboratory and
comoving frames, E,, = E,. In particular, the phase invari-
ance of the fields E,, E, implies the phase invariance of the
coefficients of the individual harmonics in different frames.

This result allows for a simple calculation of the cut-
off frequency associated with harmonics in the laboratory
frame. Defining the propagation constant (perpendicular to
the grating) of a given harmonic as

kyn = (a)n/c)z - k)%n,

the cutoff frequency (c¢) of each harmonic is obtained when
ky, = 0, leading to the condition

(32)

2nwe 1 Fv/c
p 1Fsin@®)

(33)

We =

For normal incidence, the former expression reduces to

2nme v 2nme 1
w, = 1——-)= , n>0,
p c p X1 +v/o)
(34)
—2nme v 2nmce 1
we = 1+4-) = 5 , n<0.
p c p v (I—-v/o)
(35)

These expressions agree with Eq. (22), giving consistency
to the equivalent circuit development and its implications.

III. NUMERICAL EXAMPLES

This section presents a numerical study intended to val-
idate and illustrate the application of the developed theory.
Specifically, we calculate the reflection and transmission
coefficients when the space-time grating is illuminated by
an incoming wave, considering both normal and oblique
incidences. Furthermore, we extend our theory to more
complex scenarios, showing that a moving grating backed
by a metallic plate can also be studied with similar analyt-
ical methods.
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FIG. 2. Magnitude of the reflection coefficient as a function of
the modulation speed v of the metallic grating. (a) TM normal
incidence. (b) TE normal incidence. For the static case (v = 0),
a comparison is provided with the commercial software CST.

A. Normal incidence

The inset of Fig. 2(a) illustrates the geometry of the
first example. A TM-polarized plane wave illuminates the
moving grating. The wave propagates along +y so that
the incidence is along the normal direction (6 = 0). The
period of the grating is p = 5 mm and the slit width is
w = 1 mm. The grating is periodic along the x axis, which
is also the direction of the synthetic motion. The reflec-
tion coefficient R is calculated using Eq. (7) for different
velocities v. For the static scenario (v = 0), the analyti-
cal results are compared with the commercial simulator
CST Microwave Studio, which serves as a benchmark for
accuracy. Excellent agreement is observed between the
analytical approach and CST, even far beyond the onset of
the diffraction regime (60 GHz).

When the space-time modulation is switched on, the
interactions between the wave and the grating are effec-
tively mediated by a Doppler-like (frequency-shift) effect.
Indeed, the diffraction resonance, originally located at 60
GHz in the static case, is split into two resonances shifted
upwards and downwards in frequency due to the synthetic

motion [see Fig. 2(a)]. The higher the considered modula-
tion speed, the farther the resonance moves away. Actually,
the diffraction resonance “splitting” can be explained qual-
itatively as follows. A normal incidence in the laboratory
frame (6 = 0) does not imply normal incidence in the
comoving frame (6’ # 0). In fact, using Eq. (3), it can
be easily demonstrated that the incidence angle 6 in the
comoving frame is

sinf —v/c )

0’ = arcsin | —m8M8M—
(1 —vsin(d)/c

. . v
A arcsin | sinf — — |,
v,0k1 C

(36)

which is evidently nonzero when 6 = 0. The diffraction
resonance splitting can be attributed to the nonzero 6’,
which leads to diffraction resonances of order n = £1 with
a different frequency.

As discussed previously, the frequency of the diffrac-
tion resonances can be calculated analytically using Eq.
(22). The theoretical values are f; = 60 GHz (v = 0),
fi=66 GHz (v=0.1¢), fi =78 GHz (v =0.3¢), and
f1 =90 GHz (v =0.5¢) for the » =1 harmonics. For
the diffraction order n» = —1, resonances appear at /| =
60 GHz (v =0), /-1 =54 GHz (v = 0.1¢), f_; =42 GHz
(v=20.3c), and -} =30 GHz (v = 0.5¢). These theo-
retical calculations are in excellent agreement with the
numerical results plotted in Fig. 2(a). In addition, there
are two diffraction resonances located at f, = 60 GHz
(v = 0.5¢, yellow curve) and f; = 84 GHz (v = 0.3¢, red
curve), which are to the second-order spatial harmonic
n = 2. Thus, the numerical analysis confirms that, for
normal incidence, the diffraction resonances are symmet-
rically shifted in frequency. It is worth underlining that
the currently available commercial solvers are unable to
analyze moving and time-modulated gratings. This under-
scores the significance of the approach introduced in our
work.

Figure 2(b) shows the magnitude of the reflection coef-
ficient when the space-time grating is illuminated by a
normal incident TE-polarized plane wave. In the case of
TE incidence, the diffraction resonances coincide with
those in the TM case. In the TE case, the space-time
grating shows a mainly reflective behavior, as opposed to
the mainly transmissive behavior of the TM case at low
frequencies.

Although not explicitly shown in the figure, we have
checked that the energy conservation condition (|R|*> +
|T)?> = 1 below the diffraction regime) is satisfied in the
homogenization limit. The energy conservation results
from the continuity of the Poynting vector through the
slit in the laboratory frame. The continuity is satisfied due
to the negligible thickness of the grating. Note also that,
due to the PEC boundary condition, the normal compo-
nent of the Poynting vector vanishes at the moving metallic
grating. For thick gratings, the continuity of the Poynting
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FIG. 3. Magnitude of the reflection coefficient as a function of

the modulation speed v of the metallic grating. (a) TM oblique
incidence (0 = £30°). (b) TE oblique incidence (6 = £20°).
For the static case (v = 0), a comparison is provided with the
commercial software CST Microwave Studio.

vector across the interface cannot be assumed, and in that
case the response may become active. Above the onset of
diffraction, the power transported by higher-order modes
needs to be taken into account in the energy balance, as
higher-order modes are no longer evanescent in that case.

B. Oblique incidence: nonreciprocity

Figure 3(a) considers the case where a TM-polarized
wave obliquely (6 = £30°) impinges on the moving
grating. The dimensions of the grating remain as in
the previous example (p =5 mm, w =1 mm). Simi-
lar to the previous case, for the static case (v = 0),
there is a good agreement between CST and our numer-
ical approach over a broad bandwidth, even beyond the
diffraction regime (40 GHz when 6 = 30°). Note that,
when v = 0, the system is reciprocal, and, consequently,
R(w,0) = R(w, —0). However, for a moving grating, the
electromagnetic reciprocity is broken, and thereby it is pos-
sible that R(w,0) # R(w,—0). This scattering asymmetry
is quite evident in the numerical simulations for the cases
0 = +30° (blue curve) and 8 = —30° (red curve) when
v = 0.3¢, which are no longer coincident.

Formally, the nonreciprocity of the system can
be explained through time-reversal symmetry breaking
caused by the synthetic motion [65,66]. In fact, under a
time reversal, the modulation speed of the grating changes
sign. Thus, the time modulation leads to a situation where
the effective response of the grating depends on the sign of
the direction of arrival +6 of the incoming wave.

Figure 3(b) considers the case where a TE-polarized
wave obliquely (§ = £20°) impinges on the moving grat-
ing. As before, there is good agreement with full-wave
simulations in the static case. Nonetheless, slight differ-
ences appear above the first grating-lobe cutoff. Moreover,
also in this case the nonreciprocal response is observed
when the space-time modulation is switched on. Evidently,
the reflection coefficient is expected to differ significantly
for the TM and TE polarization illuminations, as in the lat-
ter case the incident electric field is parallel to the metallic
strips, whereas in the former case it is not. Consistent with
this property, Fig. 3 shows that the grid scatters weakly
(strongly) for TM (TE) polarized incident waves, at low
frequencies, independent of the modulation speed.

C. Galilean versus Lorentz-Doppler transformations

Galilean transformations (see Appendix C for further
information) may also be used to switch to a comoving
frame where the material response becomes time indepen-
dent [26,60]. However, the free-space Maxwell equations
are not invariant under a Galilean transformation. In par-
ticular, under a Galilean transformation, the air regions
would be transformed into a material with a bianisotropic
response [26,60], which evidently greatly complicates the
electromagnetic analysis in the comoving frame. Thus, the
Galilean transformation leads to a cumbersome formalism
in the scenarios studied in this work, and hence will not be
considered here in detail.

It is however instructive to see the impact of the
Galilean-Doppler transformation (see Appendix C) in
Egs. (17) and (19) as opposed to the relativistic
Lorentz (Doppler) transformation considered thus far.
The Galilean-Doppler shift is based on the formulas
o =w— vk and k, = k,.

Figure 4 shows a numerical comparison between the
reflection coefficient calculated using either the Galilean-
or Lorentz-Doppler shifts in the grid equivalent admit-
tance. For the case of oblique TM incidence, it can be
seen in Fig. 4(a) that the Galilean results start to deviate
significantly from the rigorous Lorentz approach for veloc-
ities larger than 0.1c. A similar trend is observed for other
metallic gratings with different dimensions.

On the other hand, Fig. 4(b) shows that, for normal
TM incidence, the Galilean approximation fails to cap-
ture the splitting of the diffraction resonances around 60
GHz, different from the rigorous relativistic theory. This
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(solid lines). (a) TM oblique incidence (8 = 30°). (b) TM nor-
mal incidence (6 = 0°). In panel (b), all the dashed curves are
coincident. Grating parameters are p = 5 mm, w = 1 mm.

can be easily explained by noting that, under normal-
incidence conditions (k, = 0), the Galilean-Doppler trans-
formation erroneously predicts that o' = w and &, = k,.
Consequently, the results obtained with this approximation
are completely insensitive to the modulation speed for nor-
mal incidence, very different from the rigorous relativistic
treatment of the problem via the Lorentz transformations.

D. Space-time-modulated gratings backed by a
metallic plate

Next, we consider the scenario where a moving (space-
time-modulated) grating is backed by a metallic (PEC)
plate, as sketched in Fig. 5. Some space-modulated (time-
invariant) cases have already been treated in the literature
[51,67]. The distance between the grating and the metal
plate is d. Since the materials that form this system (air
and PEC thin plates) have a Lorentz-invariant response,
the response in the comoving frame is the same as in the
static case, apart from the length dilation discussed previ-
ously. In this problem, the system acts as a fully reflective
structure, since the metal loss is neglected.

It is straightforward to derive the equivalent circuit
model of this system. Evidently, the air semispace on the
left is associated with the input transmission line (anal-
ogous to the free-standing grating), the moving grid is
modeled by the admittance Y.q, whereas the metal plate
is modeled by a short circuit. It should be noted that, for
a small d, the back metallic plate may affect the value of
the equivalent admittance compared to the free-standing
case. This may happen due to the interaction of higher-
order evanescent diffraction modes with the back plate; in
contrast, when the separation d is electrically large, the
equivalent admittance remains unaltered as compared to
the free-standing case. See Appendix D for further details.

Laboratory Frame

7 p
R

™ 6/ M
. |
i i

Comoving Frame
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TE 9| \
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FIG. 5. Moving metal grating backed by a metallic plate. The
original (laboratory) and transformed (comoving) frames are
shown. Their parameters are related via a Lorentz transformation.

1. Goos-Hinchen shift

A light beam impinging on a material interface or on
a fully reflective metasurface is prone to suffer the so-
called Goos-Hianchen shift (GHS) [68]. The spatial Goos-
Hianchen (GH) shift refers to the transverse displacement
of a reflected beam along the interface (x axis) of a struc-
ture with respect to the point of reflection that would
be expected in a perfectly specular reflection. During the
last decades, this phenomenon has attracted the attention
of scientists and engineers in plasmonics, metamaterials,
and two-dimensional materials such as graphene and oth-
ers [49,69,70]. The inset of Fig. 6 illustrates a positive
GH shift. However, negative GH shifts are also possible
without violation of causality [71,72].

The Goos-Hianchen shift can be derived from the phase
¢ of the reflection coefficient, R = |R| e/¥, [73]

dp 1 dg

GHS = — = —— :
ok, ko 0sin@

(37)

Heuristically, one may expect that the GH shift created by
a space-time-modulated screen should be tailored by the
modulation speed, as the interaction of waves with “mov-
ing” structures typically leads to a (synthetic) Fresnel drag
of the radiation towards the direction of motion [28].

In order to investigate this effect, we characterize the
GH shift (Agp) in a system formed by the moving grating
backed by a metallic screen (Fig. 6). As previously men-
tioned, for this geometry, the amplitude of the reflection
coefficient is exactly one (JR| = 1). As seen in Fig. 6, when
oblique incidence is considered (6 # 0), the incident beam
is shifted parallel to the interface where the moving grating
is placed.

When the grating is static, the GH shift (black curve)
is perfectly symmetric for positive and negative incident
angles: Agu(f) = —Agu(—6). On the other hand, when
the space-time modulation is switched on (v # 0), the odd
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FIG. 6. Goos-Hénchen shift (in electrical units) suffered by a
wave illuminating a moving metallic grating backed by a metallic
plate, as a function of the modulation speed v for several inci-
dence angles 6. The grating and the metallic plate are separated
by a distance of (a) d = 0.1p and (b) d = 0.05p. TM incidence
is assumed. The operation frequency is 20 GHz.

symmetry of the GH shift is broken, evidencing the nonre-
ciprocal response of the system. In the time-variant case,
the symmetry Agy(0;v) = —Agu(—0; —v) is observed.
Thereby, negative velocities (the grating “moves” along
the —x axis) change the trend of the GH shift compared
to positive velocities.

Remarkably, even for normal incidence (6 = 0), the spa-
tial GH shift does not vanish when the grating is moving.
This can be understood by noting that a normal incidence
in the laboratory frame corresponds to an oblique incidence
in the comoving frame, as seen in Eq. (36) (see Sec. 111 A).
The normal-incidence GH shift has been discussed in
previous works on plasmonics and gradient metasurfaces
[74,75]. From a different point of view, the nontrivial GH
shift may be regarded as a consequence of the synthetic
Fresnel drag provided by the moving grid. In fact, as can
be seen in Figs. 6(a) and 6(b), positive values of v tend
to favor positive shifts Agy due to the synthetic motion
of the grating. For example, for v = 0.3¢c, one sees that
the GH shift is positive for incidence angles larger than
6 = —11.5° in Fig. 6(a).

Figure 6(b) illustrates the GH shift when the space-time
grating and the back metallic plate are a little closer than in
Fig. 6(a). When the separation d between the grating and

back plate is very small, the phase ¢ of the reflection coeffi-
cient approaches the constant value of 180°. Therefore, the
GH shift created by the space-time system progressively
diminishes as the value of d decreases. Note that in the
extreme case d = 0, full reflection and a constant phase
of 180° would be observed, since the back metallic plate
would overlap with the grating, leading to a null GH shift.

From a practical perspective, synthetic motion can be
added to the grid in the form of traveling-wave space-
time modulation schemes [15,76]. To this end, the metal
strips that form the grid can be loaded with reconfig-
urable lumped elements, such as time-modulated capaci-
tors or varactor diodes [30,35,77]. This would be an appro-
priate solution for radio-frequency designs. In the tera-
hertz regime, p-n junction diodes or transistor-compatible
devices may be utilized [78,79].

IV. CONCLUSION

In this paper, we presented an analytical framework
for the study of moving or space-time-modulated metal-
lic gratings. Lorentz transformations allow us to analyze
the system in a frame comoving with the material (or
with the space-time modulation), where the metallic grat-
ing has a staticlike response. In the comoving frame, the
system is time invariant and thereby it is possible to apply
well-established circuit-theory methods to characterize the
response of the static (modulated only in space) grating.
The effective response in the original laboratory frame
can then be determined using a Lorentz transformation.
Thus, our formalism provides a simple but rather powerful
tool to characterize the scattering parameters and dynami-
cal response of moving or space-time-modulated metallic
gratings.

We derived analytical expressions for the diffraction
resonances created by the moving grating. We numer-
ically observed the Doppler-like shift and the splitting
of the diffraction resonances generated by the synthetic
motion. Additionally, it was highlighted that the nonre-
ciprocity of the system leads to a strongly asymmetric
scattering response, such that the reflection levels for the
46 angles may differ dramatically. Subsequently, it was
shown that, for velocities larger than 0.1c, it is necessary
to fully take into account the relativistic corrections in the
Doppler effect, as a Galilean approximation leads to erro-
neous results. Finally, we analyzed the case of a moving
grating backed by a metal plate. This fully reflective mov-
ing system leads to a spatial Goos-Hénchen shift tailored
by the velocity of the grid. We showed that the reflected
beam tends to be dragged towards the direction of the
synthetic motion, leading to a Goos-Hénchen shift even
under normal-incidence conditions. Furthermore, the syn-
thetic motion can also enable negative GH shifts, such that
the sign of the GH shift is different from the sign of the
incident angle 6.
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We believe that our findings shed light on the properties
of moving and space-time-modulated metallic gratings and
are anticipated to contribute to a better understanding of
the physical phenomena underlying these complex struc-
tures. Additionally, mathematical tools developed herein
are expected to be of potential interest to the engineering
and physics communities.
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APPENDIX A: LORENTZ INVARIANCE OF PEC
MATERIAL

Let us consider an infinitesimally thin PEC plate lying
on the XOZ plane. Thus, the tangential electric fields
must vanish at the boundaries in the laboratory (unprimed)
frame, as well as the normal component of the magnetic
field:

E,=E, =0, B, =0. (A1)
Equation (4) directly dictates that the x component in the
comoving (primed) frame must vanish for the considered
PEC case:
E =E, =0. (A2)
Moreover, by applying Eq. (6) to the present case, with
E. =0and B, = 0, we find that £’ also vanishes:
E, =y(E.+vB,) =0. (A3)
Thus, the tangential electric fields vanish for a PEC plate
in both laboratory and comoving frames. Therefore, PEC
regions are frame-invariant materials. The same conclu-
sions would be obtained by operating in the reverse direc-
tion, that is, by fixing £, = E. = 0 and then retrieving the
fields E, = E, = 0 in the laboratory frame. Note that the
former rationale holds as long as the considered space-
time grating is infinitesimally thin (in practice, electrically
thin) along the y direction. PEC regions in thick space-
time gratings cannot be considered to be frame invariant.
In fact, when the normal to a PEC plate (fi) is along the

direction of motion, it can be shown that the PEC bound-
ary condition in the laboratory frame (i x E = 0) results
in a boundary condition of the type i x (E' —v x B) =0
in the comoving frame.

APPENDIX B: EQUIVALENT ADMITTANCE IN
THE COMOVING FRAME (Y,,)

Following the discussion presented in Sec. II, the mov-
ing metallic grating can be represented in the laboratory
frame as an equivalent admittance Y.q, which is deter-
mined by the equivalent admittance Y, in the comoving
frame (static grating). The theory to analyze static metal-
lic metagratings was developed for 1D periodic structures
in Refs. [46,47,51], for 2D structures in Refs. [52—55] and,
recently, for 3D structures [80]. According to Ref. [46], the
equivalent admittance of a 1D grating is given by

o0
Fum 3 KA 4T

(B1)
n=—00
n#0
where
w'gpe? L
I TM polarization,
LU= o (B2)
i TE polarization,
o' o

is the wave admittance of the input (i = 1) and output
(i = 2) media for the two incident polarizations (TM and
TE), represented here as semi-infinite transmission lines.
For the case of a free-standing grating, the input and out-
put regions are air. In such a case, ¥,V = ¥®, e® =1,
which allows for some simplification of Eq. (B1). It is
worth noting that expression (B1) is known to work well
even beyond the onset of the diffraction regime and for any
incident angle 6.

In Eq. (B2), k;(ni) is the propagation constant of the air
regions that can be computed as

b\ = /e ki — K2, (B3)
where
K, =K+, (B4)

is the transverse wave number associated with the nth
spatial harmonic; k., can be easily obtained from k, =
ko sin(@) by applying the relativistic Doppler transforma-
tion, while k), is given by k), = 27 n/p’ with p’ = yp being
the period of the static metallic grating.
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Term N, in Eq. (B1) is defined as

Jo(ky, W' /2)
N — Jo(kw'/2)
" NS, W2) K,
J1(kw 2) K,

TM polarization,
(B5)
TE polarization,

where Jy(-) and J;(-) are the Bessel functions of the first
kind of orders zero and one, respectively, and w' = yw is
the primed slit width. The circuit model is known to give
accurate results as long as w’' < 0.6p’. Term N, can be seen
as a transformer ratio associated with higher-order Floquet
harmonics that relates the spatial spectrum of the fields at
the slit region [46]. Note that, due to the translation invari-
ance of the problem along the direction of the metal strips
(z direction), TM or TE incident waves can only excite
TM or TE harmonics at the discontinuity plane (y = 0),
respectively.

APPENDIX C: GALILEAN-DOPPLER
TRANSFORMATION

Similarly to Lorentz transformations, it is possible to
use a Galilean transformation to analyze the moving grat-
ing depicted in Fig. 1. Assuming that the grating moves
with uniform velocity v along the x direction, the Galilean
transformation links the laboratory frame (unprimed) coor-
dinates to the comoving frame (primed) coordinates as
follows:

’
zZ =z,

X=x—vt, y =y, =t (C1)
The Galilean transformation assumes that time is absolute,
meaning that time intervals are the same for all observers,
independent of the relative motion. The Galilean spec-
tral transformations are expressed as (Galilean-Doppler
transformation)

o =w — vk, k' =k (C2)
Thus, &, = k; In particular, the wavelength and the direc-
tion of the wave vector are preserved by the Galilean
transformation.

As is well known, the free-space Maxwell equations are
not invariant under Galilean transformations. This property
undermines the usefulness of the Galilean transformation
in the context of our work, as it implies that air (vacuum) is
not transformed into itself under a Galilean transformation,

but rather into a bianisotropic material.

APPENDIX D: EQUIVALENT ADMITTANCE (Y;q)
AND REFLECTION COEFFICIENT (R) IN A
METAL-BACKED METALLIC GRID

Let us consider that the output region (i = 2) is backed
by a metal plate. Thus, the wave admittance ¥ in Eq.

(B1) should take into account the effect of the metal plate.
This can be easily accounted for by changing the value of
Y,® in Eq. (B1) by the term Y,®, defined as
/(2 / 2 /(2

Y% — ¥, ® = —jy,® cot(k,Pd), (D1)
where d is the separation between the moving grating and
the metallic plate. The rest of the terms in the definition
of Y, retain the same meaning as in the main text. Fur-
thermore, the » = 0 wave admittance of the metal-backed
output medium in the laboratory frame, Yéz), has to be sim-
ilarly updated in the reflection coefficient R formula [Eq.
(7)]. Note that these corrections already include the effect
of higher-order modes.
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