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Abstract
The electric drift-current bias was recently introduced as a new paradigm to break the Lorentz reciprocity in graphene. Here, we
study the impact of the nonreciprocal response in the energy extracted from a beam of swift charges traveling in the vicinity of a
graphene sheet with drifting electrons. It is demonstrated that the drift bias leads to an asymmetric electron-energy-loss spectrum
that depends on the sign of the charge velocity. It is found that when the drift and electron beam velocities have comparable
values but opposite signs, the energy loss is boosted resulting in a noncontact friction-type effect. In contrast, when the drift and
electron beam velocities have the same sign, the energy loss is negligible. Furthermore, it is shown that different theoretical
models of the drift-biased graphene conductivity yield distinct peaks for the energy-loss spectrum, and thereby electron beam
spectroscopy can be used to test the validity of the different theories.
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Introduction

Nonreciprocal photonic platforms have been extensively in-
vestigated in the literature and offer unique opportunities to
control electromagnetic wave propagation [1–9]. In particular,
gyrotropic material structures can enable one-way light flows
due to the nonreciprocal response of the involved materials
[1–8]. Such solutions require an external magnetic bias to
break the Lorentz reciprocity, which is often impractical [10,
11]. Systems relying on nonlinear effects [12, 13], opto-
mechanical interactions [14–16], transistor-loaded metamate-
rials [17, 18], or spacetime modulations [19–22] offer alterna-
tive solutions to produce strong nonreciprocal responses with-
out static magnetic fields.

The nonreciprocity of gyrotropic media is rooted in the
magnetic field bias that forces the electrons to undergo cyclo-
tron orbits in the bulk region. The circular motion of the
charged particles creates a drag-type effect when the electrons
interact with a time-varying field, which is at the origin of the

Faraday rotation in bulk gyrotropic media. A simple way to
picture the wave propagation in a magnetically biasedmaterial
is to imagine that the wave goes through a centrifuge, e.g.,
rotating drum, and is dragged by the rotation of the walls. The
static magnetic field endows the material with an angular
momentum.

A different paradigm for a magnetic-free nonreciprocal re-
sponse was recently studied by different authors [6], [23–29],
and relies on a graphene sheet with drifting electrons. In this
case, a static voltage generator biases the electrons with a
“linear momentum,” which is manifested in the form of DC
current; thus, a drift-current biased graphene may behave sim-
ilarly to a moving medium [6, 27–30]. In particular, the
drifting electrons may drag the graphene plasmons along the
direction of motion, analogous to the Fizeau effect [31]. For
large drift velocities comparable with the Fermi velocity vF,
the drag effect can be so strong that the plasmon propagation
becomes unidirectional and is largely insensitive to the back-
scattering from obstacles or imperfections [6]. Furthermore, a
drift-current biased graphene sheet is an active system because
the electrons can give away their kinetic energy in the form of
electromagnetic radiation [27, 29].

The electrons in graphene are described by a massless
Dirac equation and behave like relativistic Dirac Fermions
with a linear dispersion [32]. The peculiar electronic proper-
ties of graphene lead to rather unique features of the optical
response, e.g., to a strongly spatially dispersive conductivity
with a square-root singularity in the momentum space [32]. A
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particularly attractive feature of graphene is the ultra-
subwavelength nature of plasmon excitations with relatively
large propagation lengths. Graphene plasmonics is expected
to play an important role in the development of THz photonics
[33], and may have important applications in waveguiding,
biological sensing, spectroscopy, and others.

Electronic energy-loss spectroscopy (EELS) is a powerful
method to characterize electronic band structures, plasmons,
and the response of structured materials [34–37]. It relies on
the analysis of either the electron energy losses or the emitted
radiation when a beam of swift electrons travels close by (or
through) some target. In particular, low-energy electron mi-
croscopy uses electrons with 1–100 eV, and enables a sub-eV
energy resolution (on the order of 20 meV or less using
monochromated electron beams [40]) which is fine enough
to characterize low-energy excitations, such as acoustic plas-
mons and excitons in the infrared range [36–40]. The amount
of energy loss measured via EELS depends on phonon exci-
tations, plasmon excitations, and Cherenkov radiation [41].
Recently, the Cherenkov effect was investigated in plasmonic
platforms and in metamaterials with a plasmonic-type hyper-
bolic response [42–49]. In particular, in ref. [49], we found out
that in topological nonreciprocal plasmonic systems, the spec-
trum of the emitted Cherenkov radiation can be strongly de-
pendent on the direction of motion of the electron beam.

Motivated by these developments, here we investigate how
the drift-current bias of graphene may influence the power
extracted from a beam of swift electrons that travel parallel
to the graphene sheet. We find that the energy loss is typically
boosted when the electron beam moves in the direction
opposite to the drifting electrons. In contrast, the energy loss
is negligible when the electron beam and the drifting electrons
move along the same direction with similar velocities. Thus,
the drift current creates a strongly asymmetric noncontact fric-
tion effect. Furthermore, we compare the energy loss predict-
ed by different conductivity models of the drift-current biased
graphene. Our calculations suggest that EELS measurements
can be useful to test the validity of the available theoretical
models and to characterize the dispersion of short-wavelength
plasmons.

Radiation Mechanisms

In our theoretical analysis, the electron beam is modeled as a
pencil beam (Fig. 1) described by the current density

j x; z; tð Þ ¼ −enyv0δ z−z0ð Þδ x−v0tð Þx̂ . Here, v0 is the velocity
of moving charges, −e is the electron charge, ny is the number
of charges per unit of length along the y direction, and z0 ≡ d is
the height of the beam relative to the graphene sheet. For
simplicity, the beamwidth, measured along the z direction, is
taken infinitesimally small. The problem is effectively two-

dimensional because j is independent of y. It is assumed that
the graphene sheet lies on the top of material substrate (e.g.,
SiO2) with a dielectric constant εs = 4 and is biased with
drifting electrons with a velocity vdrift. The drift current is
induced by a DC voltage generator (not shown in Fig. 1).

Following ref. [49], the instantaneous magnetic field excit-

ed by the electron beam is of the form H x; z; tð Þ ¼ Hyŷ with

Hy x; z; tð Þ ¼ 1

2
nye sgn v0ð ÞωF hy x; z; tð Þ

hy x; z; tð Þ ¼ 1

2π
∫

þ∞

−∞
hy x; z;ωð Þe−iωt dω

ωF

ð1Þ

where ωF is a normalization constant with units of frequency so
that hy(x, z, t) is dimensionless. The normalization constant is
taken identical to ωF =μc/ħ, where μc is the chemical potential
of the graphene sheet and ħ is the reduced Planck constant. The
fields have a traveling wave-type variation in spacetime, such
that Hy(x, z, t) =Hy(x − v0t, z, t = 0). The function hy(x, z,ω) de-
termines the spectrum of the emitted magnetic field. In the
vacuum region (z > 0), it can be written as

hy x; z;ωð Þ ¼ sgn −zþ z0ð Þe−γ0jz−z0j þ Re−γ0 zþz0ð Þ
h i

eikxx;

kx ¼ ω=v0:

ð2Þ

Here, γ0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x−ω2=c2

q
is the z-propagation constant in

free-space and R = R(ω, kx) is the (magnetic field) reflection
coefficient of the graphene sheet for plane wave incidence. In
the previous formulas, the wave number kx must satisfy the
selection rule kx = ω/v0, and thereby is indirectly determined
by the energy of the swift electrons. The electric field in the air
region is such that ∂tE ¼ ε−10 ∇�H− jð Þ.

By enforcing the continuity of the tangential component of
the electric field Exjz¼0þ−Ezjz¼0− ¼ 0 and the impedance

boundary condition Hy
��
z¼0þ−Hy

��
z¼0−

¼ −σg;driftEx, it can be

x
z y

s

d

Fig. 1 A pencil beam of electrons with velocity v0 moves nearby a
graphene sheet biased with drifting electrons with a velocity vdrift. The
graphene sheet stands on the top of a dielectric (SiO2) substrate
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shown that [27]

R ω; kxð Þ ¼ iωε0 εsγ0−γsð Þ−σg;driftγsγ0
iωε0 εsγ0 þ γsð Þ−σg;driftγsγ0

; ð3Þ

where γs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x−εsω2=c2

q
is the z-propagation constant in the

substrate and σg,drift is the graphene conductivity with the
drifting electrons.

One can find in the literature different theoretical models
for the conductivity of graphene with a drift-current bias
[23–29]. In refs. [27, 29], it was shown using distinct ap-
proaches that when the electron scattering is mainly
determined by electron-electron interactions, the effect of
the electric bias is ruled by a Galilean Doppler shift

(ω→eω ¼ ω−kxvdrift and kx→ekx ¼ kx ), such that the conduc-
tivity is given by:

σg;dri f t ω; kxð Þ ¼ ω
ω∼
σg ω

∼
; kx

� �
; ω

∼ ¼ ω−kxvdri f t ð4Þ

In the above, σg(ω) is the bare graphene conductivity (with
no drift), vdrift is the drift velocity, eω is the Doppler-shifted
frequency, ω is the oscillation frequency, and kx is the propa-
gation constant along the x direction. The time variation e−iωt

is implicit. Alternative models for the graphene conductivity
were developed by other authors [23–26] relying on a shifted
Fermi distribution. With a single band approximation (with
the interband transitions discarded), the conductivity obtained
with the shifted Fermi distribution is ruled by a relativistic-
type Doppler shift in the zero temperature limit [23, 29]:

σR
g;drift ω; kxð Þ ¼ ω

ω∼
σg ω∼ ; kex� �

; ω∼ ¼ γg ω−kxvdri f tð Þ;kex
¼ γg kx−ωvdri f t=v2F

� � ð5Þ

where γg ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−v2drift=v2F

q
is the graphene Lorentz factor

and vF is the Fermi velocity.
As discussed in ref. [29], the shifted Fermi distribution

determines a distribution of the electronic kinetic momen-
tum, whereas the relevant distribution for the computation
of the graphene conductivity with the Lindhard formula is
a distribution of canonical (Bloch wave vector) momen-
tum, which is unaffected by the drift current. Thus, in our
understanding, Eq. (4) should model better the effect of the
drift-current bias than Eq. (5). Intuitively, when the
electron-electron collisions predominate, the electron gas
is forced to move as a whole (with the drift velocity) sim-
ilar to a moving medium, and thereby its conductivity is
expected to be described by a standard Galilean Doppler
shift transformation [27, 29]. We demonstrate later in the
article that the energy-loss spectrum predicted by Eqs. (4)
and (5) may differ substantially, and thereby that EELS
measurements may be useful to experimentally test the
validity of the theoretical models.

The bare (no drift) graphene conductivity σg(ω, kx) is cal-
culated analytically using [50, 51]
σg ω; kxð Þ ¼ −iωχΓ ω; qð Þ; ð6aÞ

χΓ ω; qð Þ ¼ 1þ iΓ
ω

� �
χ ωþ iΓ; qð Þ

1þ iΓ
ω

χ ωþ iΓ; qð Þ
χ 0; qð Þ

; ð6bÞ

χ ω; qð Þ ¼ e2

4πℏ
8k F

q2vF
þ G Δ−ð Þ−G Δþð Þ þ iπ

sq ω−vFqð Þsq ωþ vFqð Þ
� 	

; ð6cÞ

where Γ is the scattering rate, kF = μc/(ħ vF) is the Fermi wave
number, μc is the chemical potential, Δ± = (ℏω ± 2μc)/(ħ vF
q) and q ¼

ffiffiffiffiffi
k2x

q
. We rewrote the formula of refs. [50, 51] in

such a way that it is an analytical function of kx ¼ k
0
x þ ik″x

when kx is near the real axis and ω is real-valued. The func-
tions G(z) and sq(z) in Eq. (6c) are defined in the Appendix.
The formalism assumes that kBT << μc. Throughout the arti-
cle, we use μc = 0.1 eV and a scattering rate equal to Γ = 1/
(0.35 ps).

To begin with, we calculate the dispersion of the graphene
plasmons for different drift velocities. The dispersion equation
is determined by the poles of the reflection coefficient:
iωε0(εsγ0 + γs) − σg,driftγsγ0 = 0 [see Eq. (3)]. For simplicity,
we use a quasi-static approximation (γ0 ≈ γs ≈ q), which yields
iωε0
σg;drift

εs þ 1ð Þ−q ¼ 0. The dispersion diagram is found by

solving this equation with respect to kx ¼ k
0
x þ ik″x as a func-

tion of a real-valued ω. The dispersion for the Galilean
Doppler-shift model of the conductivity is shown in Fig. 2a
for drift velocities vdrift on the order of vF = c/300 [52, 53]. As
seen, the drift bias creates an asymmetry between the +x and
−x directions such that the dispersion diagram bends upwards
(downwards) for waves that co-propagate (counter-propagate)
with the drifting electrons, creating conditions for regimes of
unidirectional propagation. Figure 2c shows the ratio of the

imaginary parts (k″þ and k″− ) of the complex propagation con-
stant for counter-propagating plasmons and vdrift = vF/4. Note
that k″þ and k″− are the attenuation constants associated with
waves propagating along the +x and –x directions, respective-
ly. As seen, the waves propagating in the direction opposite to

the drifting electrons (associated with k″− ) are much more
attenuated than the waves propagating along the drift direc-
tion. Thus, a drift-biased graphene sheet can effectively be-
have as a one-atom thick optical isolator [6, 28]. For compar-
ison, we show in Fig. 2b the dispersion diagram obtained with
the relativistic Doppler-shift model. The results are qualita-
tively similar to those depicted in Fig. 2a, but the effect of
the drift on the dispersion of the graphene plasmons is dramat-
ically weaker in a relativistic model. In the rest of article,
except if explicitly mentioned otherwise, all the calculations
are done with the Galilean Doppler-shift model of graphene
Eq. (4).
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Let us now suppose that an electron beam interacts with the
drift-current biased graphene. The moving electrons interact
resonantly with the graphene plasmons that satisfy the selec-
tion rule kx = ω/v0 [36, 50] (it is underlined that R in Eq. (2) is
evaluated with kx = ω/v0). Thus, the plasmons that can be ex-
cited by moving charges with ±v0 velocity can be found by
intersecting the lines kx = ω/v0 and kx = ω/ (−v0) with the plas-
mon dispersion diagram, respectively. This is illustrated in
Fig. 3a for the case of vdrift = vF/4 and an electron beam with
velocity ±v0 = ± 2vF; this velocity corresponds to an electron
energy on the order of 11 eV. As seen, the propagation con-
stant and oscillation frequency of the excited plasmons are
strongly dependent on the sign of the velocity of moving
charges v0 due to the asymmetry of the dispersion diagram.
Consistent with this property, the absolute value of the reflec-
tion coefficient R ω; kxð Þjkx¼ω=v0 is peaked at a frequency that

depends on the sign of v0 (Fig. 3b). For example, for v0 = ±

2vF, |R| is peaked near 13.5 THz and 37.1 THz, respectively,
which are the frequencies determined by the intersection of
kx = ± ω/v0 with the plasmon dispersion diagram.

Figures 3c and 3d depict a density plot of the spectrum of
the radiated magnetic field (hy(x, z, ω)) evaluated at ω/2π =
13.5 THz for v0 = ∓ 2vF, respectively. Consistent with Fig.
3a, for v0 = − 2vF, the emitted field is strongly attached to
the graphene sheet (z = 0), which is a clear fingerprint of plas-
mon excitation at 13.5 THz. On the other hand, for v0 = + 2vF,
the emitted field at 13.5 THz is mostly concentrated near the
electron beam (z = d).

We also calculated the instantaneous field with an inverse
Fourier transform [Eq. (1)] for negative and positive values of
v0 (see Fig. 4a and b, respectively). The results reveal that
when the electron beam moves in the direction opposite to
the drifting electrons (Fig. 4a), the interaction with the plas-
mons is stronger due to the longer wavelengths of the excited
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surface mode (see Fig. 3a). When the beam and moving elec-
trons move along the same direction (Fig. 4b), the launched
plasmons have a very short wavelength and die out quickly.
This means that the resonance of |R| associated with a positive
v0 (see Fig. 3b) is much more difficult to excite than the res-
onance of |R| associated with a negative v0. Thereby, the plas-
mons can be efficiently launched in the graphene only when
the electron beam travels in the direction opposite to the
drifting electrons. Due to this reason, the emitted radiation
field depends strongly on the sign of v0.

Electron Energy Loss

The amount of energy extracted from the electron beam can be
characterized through the stopping power [29, 44, 49] Pext = −
∫ Eloc · j dV, where Eloc represents the local electric field that
acts on the electron beam and j (x, z, t) is the electric current
density. Straightforward calculations show that

Pext

Ly
¼ P0

zN
∫

þ∞

−∞
G ωð Þ dω

ωF
; ð7Þ

where P0 ¼ n2y e
2

4πε0
c is a normalization factor (with units of

power), Ly represents the width of the current pencil along
the y direction, zN is a reference distance (which we
take zN = 10 nm) and

G ωð Þ ¼ Re −i
jv0j
c

γ0zN
ωF

ω
Re−2γ0z0


 �
ð8Þ

is the (bilateral) dimensionless power spectral density of
emitted radiation. The total energy loss after the electron
beam travels a distance Lx over the graphene sheet is
ΔE = PextLx/|v0|. It can be written as [36]:

ΔE ¼ ∫
þ∞

0
ħωΓEELS ωð Þdω; ð9Þ

where ΓEELS is the spectrum of the electron beam loss energy

(E ¼ ħω ). It has the explicit formula ΓEELS ¼ A0
ω F
ΓL where A0

¼ n2y e
2

2πε0
1

ħω F

LxLy
zN

is a dimensionless parameter and ΓL ωð Þ ¼
Re −iγ0zN

ω F
ω

� �2R e−2γ0z0
n o

is a normalized (dimensionless)

spectral distribution of the energy loss.
Figure 5a depicts the power spectral density G for the elec-

tron beam velocities v0 = ± 2vF. Clearly, the spectrum is
strongly asymmetric and is peaked near the frequencies that
satisfy the selection rule kx = ω/v0, analogous to Fig. 3.

The normalized spectrum of the energy loss is represented
in Fig. 5b as a function of the electron energy (E ¼ ħω ). The
black curves are computed using the conductivity obtained
with the Galilean transformation Eq. (4), whereas the blue
curves are calculated using the conductivity obtained with
the relativistic Lorentz transformation Eq. (5). The electron
energy loss is negligible when the drifting electrons and the
electron beammove along the same direction (dotted curves in
Fig. 5b). In contrast, when the velocities v0 and vdrift have
different signs (solid curves in Fig. 5b), the energy-loss spec-
trum exhibits a resonant peak. As seen in Fig. 5b, the peaks of
ΓL predicted by the two conductivity theoretical models do
not match and can be shifted by as much as 22 meV. The
reason is the relatively weak sensitivity of the graphene plas-
mons calculated with the relativistic conductivity model to the
effect of the drift-current bias (see Fig. 2). In principle, low-
energy electron microscopy may be able to distinguish such
shifts, and thus EELS measurements may be instrumental to
test the validity of the available theoretical models for the
conductivity of graphene with a drift-current bias.

Figure 5c shows the stopping power for an electron beam
with a velocity v0 on the order of vdrift. Similar to ΓL, the
stopping power is negligible when v0 has the same sign as
vdrift. This result can be explained noting that when the elec-
tron beam moves at the same speed as the drifting electrons,
their interaction is static-like and hence does not lead to any
emission of radiation. In contrast, when the velocities have
opposite signs, the electron beam can exchange energy with
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the drifting electrons in an irreversible manner due to the rel-
ative motion, leading to a strong emission of (Cherenkov-
type) radiation. This loss mechanism is reminiscent of
(quantum) noncontact electromagnetic friction [30, 54–57].
Note that for the example of Fig. 5c, |v0| = 4vdrift; for this case,
the stopping power for a negative beam velocity is much larg-
er (about 34 times) than the stopping power for a positive
beam velocity. Hence, the drift-current biased graphene can
behave similar to a “diode” from the point of view of the
electron energy loss. For values of v0 much larger than vdrift,
other radiation channels (different from the graphene plas-
mons) can predominate, and in general, the stopping power
is larger when the electron beam and the drifting electrons
move along the same direction (see Fig. 5d).

Finally, we study the impact of the nonlocal effects of the
bare graphene conductivity on the energy-loss spectrum.
Figure 6a compares the spectrum of the energy loss ΓL calcu-
lated using Eq. (4) with the bare graphene conductivity σg(ω,
kx) given by Eq. (6) (nonlocal model) with the result obtained
by neglecting the spatial dispersion in the bare graphene

conductivity σg→ σg(ω, q = 0+) (local model). As before, the
energy loss is insignificant when v0 and vdrift have the same
sign. In contrast, when v0 and vdrift have opposite signs, the
peak value of ΓL is notoriously sensitive to the nonlocal re-
sponse of the bare graphene response.

It is difficult to determine how a finite temperature affects
ΓL using the nonlocal model of σg(ω, q) as its numerical eval-
uation is rather intricate. To circumvent this problem and have
some qualitative understanding on how ΓL may change with
the temperature, we calculated the energy loss using the local
model with σg(ω) evaluated with the standard local (Kubo)
formula [32]. As seen in Fig. 6b, a finite temperature weakens
somewhat the light-matter interactions, but affects little the
position of the peak of ΓL.

Summary

In summary, it was shown that a graphene sheet biased with a
drift electric current enables strongly asymmetric light matter
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. The structural parameters

are the same as in panel a. c
Stopping power Pext (in arbitrary
units) for an electron beamwith v0
on the order of vdrift and d = 25
nm. d Expanded representation of
the stopping power Pext as a
function of the electron beam ve-
locity v0 for the values of d indi-
cated in the insets
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interactions that lead to an electron-energy-loss spectrum
strongly dependent on the sign of the electron beam velocity.
In particular, the proposed platform may behave as some sort
of “Cherenkov-diode,” such that the energy loss is strongly
suppressed when the drift and electron beam velocities have
the same sign and comparable values. When the drift and
electron beam velocities have opposite signs, the light-matter
interactions are boosted and result in a massive energy loss
and in a noncontact friction-type effect. The role of unidirec-
tional graphene plasmons in these effects was highlighted. It
was suggested that EELS measurements may be helpful to
clarify the validity of the available theoretical conductivity
models of graphene with a drift-current bias, as the peaks of
energy loss predicted by the different models can be shifted by
as much as 20 meV.
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Appendix

The function G(z) in Eq. (6c) is given by:

G zð Þ ¼ z sq z−1ð Þsq zþ 1ð Þ

− ln zþ sq z−1ð Þsq zþ 1ð Þð Þeiθ0� �
−iθ0

� 

ð10Þ

where ln represents the standard logarithm function with a
branch cut in the negative real axis and θ0 = − π/4. The func-
tion sq(ω) with ω = ω' + iω'' is determined by

sq ωð Þ ¼ −
ffiffiffi
ω

p
; i f ω

0
< 0 andω

00
< 0ffiffiffi

ω
p

; otherwise



ð11Þ

where √ is the standard square root function with a branch cut
in the negative real axis.
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