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Abstract We investigate the potentials of open plasmonic resonators (meta-atoms) with different shapes
in the context of light trapping. Consistent with the theory of Silveirinha (2014), it is found that in some
conditions complex-shaped dielectric cavities may support discrete light states screened by volume
plasmons that in the limit of vanishing material loss have an infinite lifetime. The embedded eigenstates can
be efficiently pumped with a plane wave excitation when the meta-atom core has a nonlinear response, such
that the trapped light energy is precisely quantized.

1. Introduction

The natural modes of oscillation of a physical system can be usually split into two categories: the bound
modes—which form the discrete spectrum—and the extended modes—which form the continuous spec-
trum. Usually, the discrete and the continuous spectra do not overlap. For example, in the hydrogen atom
the allowed electron energy levels are split into two disjoint subsets: the discrete negative energies (bound
states) and the continuous positive energies (free-electron states). The discrete spectrum is invariably asso-
ciated with spatially localized states that are square integrable and hence normalizable. On the other hand,
the continuous spectrum is associated with delocalized (extended) states that are not square-integrable. The
emergence of a spatially localized state in a regime wherein the natural modes are inherently delocalized is
contrary to common sense and may seem a priori impossible because of the markedly different nature of
these states. For example, in electronic systems it is counterintuitive to have a bound state at the same
energy level for which the system supports free-electron states. Surprisingly, it was shown by von
Neumann and Wigner in 1929 that bound states embedded in the continuum (embedded eigenstates) are
really allowed within the framework of the usual wave theories (Stillinger & Herrick, 1975; Von Neumann &
Wigner, 1929), and the concept of an electronic state with “positive energy”was even experimentally verified
in the context of semiconductor heterostructures (Capasso et al., 1992).

Notably, in recent years there has been a considerable interest in the emergence of embedded eigenstates in
photonic platforms (Hsu et al., 2013, 2016; Lee et al., 2012; Marinica et al., 2008; Molina et al., 2012; Plotnik
et al., 2011). In particular, it has been shown that open material structures (e.g., standing in free space) with
tailored geometries may support spatially localized stationary light oscillations with a square integrable elec-
tromagnetic field distribution, notwithstanding that at the same oscillation frequency the system also sup-
ports infinitely many spatially extended modes (belonging to the continuous spectrum) (Hsu et al., 2013;
Lee et al., 2012; Marinica et al., 2008; Molina et al., 2012; Plotnik et al., 2011). Here we note that in photonic
platforms formed by material inclusions standing in free space, a localized photonic state is always
embedded in the radiation continuum and hence is an “embedded eigenstate.” Moreover, it is highlighted
that the emergence of embedded eigenstates in open (optically transparent) material structures is rather
surprising because usually light escapes from any open region due to the radiation leakage. Until recently,
all the known configurations to localize light in the radiation continuum with transparent materials required
unbounded (infinitely extended) material structures (Hsu et al., 2013; Lee et al., 2012; Marinica et al., 2008;
Molina et al., 2012; Plotnik et al., 2011), which in practice has limited interest. Any deviation from the ideal
situation leads to a perturbed localized eigenstate with a finite lifetime.

In a recent series of works (Hrebikova et al., 2015; Lannebère & Silveirinha, 2015; Silveirinha, 2014), we devel-
oped a different paradigm to implement open material structures with a discrete light spectrum. It was
shown that volume plasmons, that is, charge density oscillations in an electron gas, give the opportunity
to confine light in a spatially bounded open optical cavity in such a manner that in ideal conditions the oscilla-
tion lifetime can be infinitely large (Hrebikova et al., 2015; Lannebère & Silveirinha, 2015; Liberal & Engheta,
2016a; Monticone & Alù, 2014; Silveirinha, 2014). Moreover, in Lannebère and Silveirinha (2015), we devised a
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mechanism to pump the oscillations of the embedded eigenstate in a core-shell cavity and ensure at the
same time that the trapped light energy has a precise value. In other words, the energy of the trapped light
state is precisely quantized. Because of this property and due to the obvious analogies with electronic sys-
tems, the core-shell resonator is designated as “optical meta-atom.” The key idea of the “meta-atom”

concept is to exploit nonlinear effects to squeeze the wavelength of the incoming light into the core region
until it reaches a very precise value for which the plasmonic shell blocks the trapped radiation from exiting
the meta-atom (Lannebère & Silveirinha, 2015).

The objective of the present work is to explore alternative two-dimensional (2-D) meta-atom configurations
and demonstrate that optical cavities with arbitrary complex shapes can support embedded eigenstates
similar to those studied in Hrebikova et al. (2015), Lannebère and Silveirinha (2015), Monticone and Alù
(2014), and Silveirinha (2014) for spherical core-shell geometries. Moreover, we investigate in detail realistic
relaxationmechanisms of the meta-atom in the trapped regime, such as the leakage due to the conversion of
light into higher-order harmonics.

This article is organized as follows. In section 2, we outline different possible cross-sectional geometries for
the meta-atom and derive the conditions under which the meta-atom supports embedded eigenstates. In
section 3, we analyze the electromagnetic response of the meta-atom in the linear regime. In section 4,
the nonlinear response of the meta-atom and the quantization of the trapped light energy are investigated.
The conclusions are drawn in section 5.

2. Embedded Eigenstates in Two-Dimensional Cavities

We consider a generic 2-D core-shell nanostructure of arbitrary shape (Figure 1) with a dielectric core with rela-
tive permittivity ε1 and a shell with a plasma-type response in the frequency regime of interest. Specifically,

it is assumed that the permittivity of the shell has a Drude-type dispersion ε2 ωð Þ ¼ 1� ω2
p= ω ωþ iωcð Þ½ �,

where ωp is the plasma frequency and ωc is the collision frequency. The materials are nonmagnetic
(μ = μ0), and the meta-atom stands in free space. Figure 1 depicts a generic geometry of the structure, being
implicit that the core-shell structure is invariant to translations along the z direction. It is also assumed that
the fields are polarized in such a manner that H ¼ Hz ẑ and E ¼ Ex x̂þ Ey ŷ (transverse magnetic (TM)
polarization) and that the wave propagation is in the xoy plane with ∂/∂z = 0. For now, it is supposed that
the response of the involved materials is linear, but later we will allow the core to be characterized by a
Kerr-type nonlinearity.

The embedded eigenstates may emerge in the regime wherein the shell supports volume plasmon oscil-
lations, that is, when the permittivity of the shell vanishes, ε2(ωp) = 0 (Silveirinha, 2014). Volume
plasmons are nonradiative natural oscillations of an electron gas, which in some circumstances may
hybridize with the radiation fields and in this manner perfectly screen the radiation in the core region
(Silveirinha, 2014). From a purely electromagnetic point of view, this effect can be explained by the fact
that a material with ε = 0 can behave as perfect magnetic conductor (PMC) for TM-polarized waves,
which corresponds to an opaque boundary (Alù et al., 2007). Specifically, for TM-polarized waves, an
ε = 0 material mimics precisely a PMC, except for incident waves that impinge on the material along
the normal direction (Alù et al., 2007). For normal incidence, it is possible to have an energy flow
through an ε-near-zero material (ENZ) due to an evanescent-type near-field tunneling effect (Engheta,
2013; Silveirinha & Engheta, 2006, 2009). Thus, the embedded eigenstates can occur at the frequency
ω = ωp in the limit of vanishing material loss (ωc → 0 with ε1 real-valued).

Having a shell with ε2 = 0 is a necessary but not a sufficient condition to trap light in the core-shell resonator.
Indeed, there is an additional requirement: the geometry and the material parameters of the core region

need to be such that ω = ωp is coincident with one of the natural oscillation frequencies ωPMC
m (m = 1, 2,

…) of the equivalent PMC cavity (Silveirinha, 2014):

ωp ¼ ωPMC
m (1)

for some m. In the system under study, the modes of the equivalent PMC cavity are solutions of a Dirichlet
boundary value problem:
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∇� 1
ε
∇Hz

� �
þ ω2

c2
Hz ¼ 0; in the core region; (2a)

Hz ¼ 0; at the core boundary: (2b)

Furthermore, in order that the field in the shell can have a purely electro-
static nature (volume plasmon mode), only the cavity modes with

∮
core boundary

E�dl ¼ 0 are allowed. Equivalently, because of Faraday’s law, it

is necessary that

∬
core

Hzdxdy ¼ 0: (2c)

In the following subsections, we illustrate the outlined ideas for different
geometries of the meta-atom. We would like to highlight that a few recent

works have explored similar concepts to demonstrate that zero-index materials can be used to realize
geometry-invariant cavities (Liberal & Engheta, 2016a, 2016b; Liberal, Mahmoud, & Engheta, 2016).

2.1. Circular Cross-Section Geometry

In the first example, the meta-atom has a circular cross section such that the core has radius R1 and the shell
has radius R2. In this case, the eigenmodes of the equivalent PMC cavity (with a PMC wall placed at ρ = R1) are
the solutions of equation (2a):

Hz ¼ H0e
inφ J nj j

ω
c

ffiffiffiffi
ε1

p
ρ

� �
; ρ < R1

0; otherwise

(
; (3)

where H0 is a normalization constant and Jn is the Bessel function of the first kind and order n. Imposing the
boundary condition (2b), it is found that Hz must vanish at ρ = R1, which implies that for ω = ωp,

J nj j
ωp

c
ffiffiffiffi
ε1

p
R1

� �
¼ 0: (4)

This condition is satisfied only for well-defined values of the inner radius R1 and of the core permittivity ε1.
Importantly, the embedded eigenmodes only occur for a nonzero azimuthal quantumnumber n≠ 0 (∂/∂φ≠ 0),
so that condition (2c) can be satisfied. From a different perspective, for n = 0 the electromagnetic fields are
constant over the ENZ shell boundary (∂/∂φ = 0). Hence, waves with n = 0 impinge along the normal direction
on the ENZ material interface so that the shell is penetrable by these waves. Thus, the ENZ shell behaves as a
PMC wall only for TM-polarized waves with ∂/∂φ ≠ 0. As an example, for waves associated with the lowest-

order positive mode n = 1 (dipole mode), the first zero of J1(u) occurs for
u ≈ 3.83, and this gives the opportunity to have an embedded eigenmode
with infinite lifetime for R1 ¼ R1;0≡3:83 cffiffiffi

ε1
p

ωp
at ω = ωp.

The electric field of a trapped mode in the core is calculated with the usual
formulas Eρ ¼ 1

�iωε1
1
ρ ∂φHz and Eφ ¼ 1

iωε1
∂ρHz , with Hz satisfying equation (3).

On the other hand, the electric field in the shell must be a solution of the
Laplace equation and thereby is of the form E = � ∇ϕ with ϕ = (A1ρ

|n|

+ A2ρ
�|n|)einφ. Taking into account that the tangential (azimuthal) electric field

vanishes at the shell-air boundary and is continuous at the shell-core bound-
ary, it is simple to prove that the electric potential satisfies

ϕ ¼ η1H0J
0
nj j k1R1ð ÞR1 1n

ρ=R2ð Þ nj j � ρ=R2ð Þ� nj j

R1=R2ð Þ nj j � R1=R2ð Þ� nj j e
inφ; R1 < ρ < R2: (5)

Thus, the electromagnetic fields in the shell remain finite in the limiting

case ε2 ¼ ε
0
2 þ iε″2→0, and there are no singularities in this limit.

Figure 1. Generic geometry of the 2-D core-shell meta-atom (top view).

Figure 2. Quality factor as a function of R1/R1,0 for different values of the
material loss in the cylindrical meta-atom shell and for the n = 1 mode.
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In general, if the material loss is nonzero or if the core radius is detuned, the decay time becomes finite, and
the corresponding oscillation frequency has an imaginary part: ωr = ω0 + iω″ with ω″ < 0. This complex reso-
nant frequency can be found by considering solutions of the wave equation of the form

Hz ¼ H0e
inφ

anJ nj j k1ρð Þ; ρ < R1

bnJ nj j k2ρð Þ þ cnY nj j k2ρð Þ; R1 < ρ < R2

dnH
1ð Þ
nj j k0ρð Þ; ρ > R2

8>><
>>: ; (6)

where k0 = ω/c, k1 ¼ k0
ffiffiffiffi
ε1

p
, k2 ¼ k0

ffiffiffiffi
ε2

p
, Yn is the Bessel function of the second kind and order n, and H 1ð Þ

n is
the Hankel function of the first kind and order n. The coefficients an, bn, cn, and dn must be such that Hz and
1
ε
∂Hz
∂ρ are continuous functions of ρ at ρ = R1 and ρ = R2. This yields the following homogeneous linear system:

J nj j k1R1ð Þ � J nj j k2R1ð Þ � Y nj j k2R1ð Þ 0

0 � J nj j k2R2ð Þ � Y nj j k2R2ð Þ H 1ð Þ
nj j k0R2ð Þ

k1
ε1
J

0
nj j k1R1ð Þ � k2

ε2
J

0
nj j k2R1ð Þ � k2

ε2
Y

0
nj j k2R1ð Þ 0

0 � k2
ε2
J

0
nj j k2R2ð Þ � k2

ε2
Y

0
nj j k2R2ð Þ k0H

1ð Þ
∣n∣

0 k0R2ð Þ

2
6666666664

3
7777777775

an

bn

cn

dn

2
6664

3
7775 ¼

0

0

0

0

2
6664

3
7775; (7)

which has a nontrivial solution only when ω is such that the determinant of the matrix vanishes. The quality
factor of the natural mode of oscillation is given by Q =ω0/(�2ω″) and corresponds roughly to the ratio of the
lifetime (τph) and the period of oscillation (T): Q/2π = τph/T (Silveirinha, 2014).

To illustrate the discussion, we consider the case wherein R2 = 1.1R1 and the meta-atom core is filled with air
(ε1 = 1). Figure 2 shows the calculated quality factor of the meta-atom as a function of the core radius R1/R1,0
and for different values of the shell material loss (i.e., different values of the normalized collision frequency
ωc/ωp). As seen in Figure 2, in the ideal case wherein the collision frequency vanishes and the core radius
is tuned so that R1/R1,0 = 1, the quality factor diverges to infinity Q = ∞, which corresponds to an embedded
eigenvalue with infinite lifetime. When the effect of material loss is considered or the core radius is detuned
(R1 ≠ R1,0), the quality factor and the oscillation lifetime become finite. Different from conventional dielectric
resonators (e.g., whispering gallery cavities), the quality factor can be rather large even for subwavelength
meta-atoms. In practice, the maximum quality factor is determined by the ENZ material loss. Similar to the
theory of Silveirinha (2014) for a spherical cavity, it can be checked that when R1/R1,0 = 1, the quality factor
is Q ≈ ωp/ωc and hence is determined by the lifetime of the volume plasmons in the ENZ shell. It was shown
in Silveirinha (2014) that possible spatial dispersion effects in the ENZ material response do not affect the
peak value of Q, leading only to a slight reduction of the optimal value of the core radius.

In the shell region the magnetic field is of the form Hz = einφfn(k2ρ), and hence, it is possible to introduce a
transverse impedance given by

Eφ
Hz

≡ZTM
n ¼ k2

iωε0ε2

f
0
n k2ρð Þ
f n k2ρð Þ ¼ �iη2

f
0
n k2ρð Þ
f n k2ρð Þ ; (8)

where η2 ¼ η0=
ffiffiffiffi
ε2

p
is the impedance of the shell and fn is some linear combination of Bessel functions of

order n. It can be checked that in the limit k2ρ → 0 and for n ≥ 1, f
0
n k2ρð Þ
f n k2ρð Þ ∼

1
k2ρ
. Thus, the transverse impedance

diverges, ZTM
n →∞, in the limit wherein ε2 → 0. This confirms that the ENZ shell really behaves as a PMC for

TM-polarized modes with ∂/∂φ ≠ 0. Quite differently, for modes with n = 0 the transverse impedance is finite
in the ENZ limit. For example, if f0 = J0(k2ρ), it can be verified that when ε2 → 0, the impedance satisfies

ZTM
0 ¼ iη2k2ρ=2 ¼ iη0k0ρ=2 and is therefore finite. Thus, the ENZ shell is generally penetrable by waves with

∂/∂φ = 0 consistent with the discussion in the beginning of the subsection. It can also be verified that the
transverse impedance of transverse electric (TE) waves (with electric field along the z direction and magnetic
field in the xoy plane) is finite in the ENZ limit. Thus, the ENZ shell mimics the PMC response only for a specific
wave polarization and when ∂/∂φ ≠ 0, and hence, the meta-atom is generally open to electromagnetic waves.
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2.2. Other Geometries: Square-Shaped and Kite-Shaped Cross Sections

To demonstrate that the embedded eigenstates with infinite lifetime are not specific of meta-atoms with
circular cross section, we studied the natural modes of open cavities with more complex shapes, such as a
square- or a kite-shaped cross-section geometry (see Figure 3).

For a square-shaped cross-section geometry (Figure 3a), equation (2) has an analytical solution, Hz ¼ H0

sin n π
l x

� �
sin m π

l y
� �

, where n, m = 1, 2, … are integer numbers and l is the side of the square (it is supposed

that the boundaries are x = 0, l and y = 0, l). The associated eigenfrequencies areωS;mn ¼ cffiffiffi
ε1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mπ
l

� �2 þ nπ
l

� �2q
.

Similar to the cylindrical case, the mode of interest cannot have a monopole-type symmetry. Indeed, the
monopole mode m = n = 1 does not satisfy condition (2c) and hence must be excluded. For a dipolar-type

symmetry, there are two options, (m, n) = (1, 2) or (m, n) = (2, 1), which correspond to ωS;12 ¼ cffiffiffi
ε1

p π
l

ffiffiffi
5

p
. The

profile of the relevant dipolar mode is depicted in Figure 3a. In order to have an embedded dipolar state,
it is required that the plasma frequency of the ENZ material satisfies ωp = ωS,12 or equivalently the side of

the square is equal to l ¼ cffiffiffi
ε1

p π
ωp

ffiffiffi
5

p
.

Evidently, for a completely generic geometry, for example, for a kite-shaped cross section (see Figure 3b),
equation (2) does not have an analytical solution. In this case, the allowed oscillation frequencies of the
embedded eigenstates need to be numerically determined. We used a commercial electromagnetic simula-
tor (CST, 2016) to calculate the resonant frequencies of the equivalent cavity with PMC walls. The profile of
lowest frequency dipolar mode (the dipolar modes are nondegenerate for this geometry) is represented in
Figure 3b. From the numerical simulation, it is found that the resonant frequency is related to the diameter
of the object Dx (along the x direction) as ωK ¼ 6:41c

Dx
ffiffiffi
ε1

p , so that the light trapping condition is Dx ¼ 6:41c
ωp

ffiffiffi
ε1

p . In

summary, the geometrical conditions required to have infinite-lifetime oscillations with a dipolar mode in
each of the meta-atom geometries are as follows:

R1;0 ¼ 3:83c
ωp

ffiffiffiffi
ε1

p ; circular-shaped

l0 ¼
ffiffiffi
5

p
πc

ωp
ffiffiffiffi
ε1

p ; square-shaped

Dx;0 ¼ 6:41c
ωp

ffiffiffiffi
ε1

p ; kite-shaped

: (9)

Note that in the ideal case wherein the ENZ shell is lossless, the light trapping condition is totally independent
of the geometry of the shell (Liberal, Mahmoud, & Engheta, 2016; Liberal & Engheta, 2016a, 2016b;
Silveirinha, 2014).

3. Meta-atom Excitation in the Linear Regime

Up to now, the discussion was focused on the physical nature and properties of the embedded eigenstates.
Next, we analyze the electromagnetic response of a meta-atom under external excitation.

Figure 3. Snapshot in time of the magnetic field (Hz) associated with the dipolar trapped state (in arbitrary units) in a meta-atom with (a) a square-shaped and (b) a
kite-shaped cross section, respectively. The corresponding electric field is on average directed along the x direction.
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Themeta-atom is illuminated by a linearly polarized plane wave with magnetic field along the z direction and
electric field along the x direction. Figure 4 depicts the ratio between the electric field in the meta-atom core
center (Ex0) and the incident electric field amplitude (Einc) as a function of the frequency for the three geome-
tries introduced in section 2. The results of Figure 4 were obtained using CST Microwave Studio (CST, 2016).
Note that Ex0/Einc may be regarded as the transfer function of the meta-atom. For the circular cross-section
case, Ex0/Einc can be determined as well using Mie theory (for cylindrical waves), (Silveirinha, 2014) and is

given by the Mie coefficient aTM1 of the inner core.

For each cross-sectional shape, we consider three different resonators with linear dimensions scaled by a
factor of (i) 1.02, (ii) 0.98, and (iii) 1.00 relative to the ideal geometry (equation (9)) for which the meta-atom
supports an embedded dipolar-type state with infinite lifetime. As seen in Figure 4, independently of the
cross section, all the meta-atoms exhibit a similar response to the plane-wave excitation. In particular, when
the meta-atom dimensions are slightly detuned from the optimum value in equation (9) (curves (i) and (ii)),
the scattering coefficients display resonances with Fano-type lineshapes (Luk’yanchuk et al., 2010), similar
to the spherical geometry case (Silveirinha, 2014). The fractional bandwidth of the resonance is inversely pro-
portional to the quality factor, and hence for a perfectly tuned meta-atom (curves (iii)), the transfer function
does not have resonant features and |Ex0/Einc| ≈ 1 (Silveirinha, 2014). Hence, counterintuitively, in the tuned
case the meta-atom is penetrable by the incoming radiation, which further highlights that the considered
cavity is open to external excitations.

To shed some light on this intriguing property, the time dynamics of the electric field inside the meta-atom
with circular cross section was studied with CST Microwave Studio (CST, 2016). The nanostructure is illumi-
nated by a linearly polarized plane wave with finite duration in time (Gaussian-shaped pulse). The wave pro-
pagates along the positive y direction, and the Gaussian pulse is centered at tpeak = 177 ps with a full-width
half maximum equal to Δτ = 78 ps. The plasma frequency of the ENZ material is ωp/(2π) = 1 THz, and the
meta-atom radius is tuned according to equation (9).

Figure 4. Normalized electric field in the meta-atom geometrical center as a function of the frequency for the (a) circular geometry, (b) square geometry, and (c) kite
geometry. The curves (iii) correspond to meta-atoms that support embedded dipolar-type eigenstates with infinite lifetime, that is, for which condition (9) is satisfied.
The curves (i) and (ii) correspond to objects with linear dimensions scaled by a factor of (i) 1.02 and (ii) 0.98 as compared to the tuned geometry (curve (iii)). The
effect of ENZ loss is neglected in the simulation (ωc/ωp ≈ 0). The inner core has permittivity ε1 = 1 for the circular-geometry and ε1 = 2 for the square and kite
geometries.

Figure 5. Time evolution of the electric field envelope at the center of the meta-atom for an incident pulse with a peak amplitude E0inc
		 		 for (a) R1 = R1,0 and

(b) R1 = 0.98R1,0. The effect of ENZ loss is neglected in the simulation (ωc/ωp ≈ 0); the inner core has relative permittivity ε1 = 1 and R2 = 1.1R1.
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Figure 5a shows the normalized amplitude of the electric field at the
center of the meta-atom as a function of time for a tuned cavity
(R1 = R1,0). As seen, the electric field in the core is virtually coincident
with the incoming field. This property is consistent with the fact that
|Ex0/Einc| ≈ 1 (Figure 4a, iii); that is, a perfectly tuned meta-atom is
nearly transparent to the incoming radiation. Crucially, this property
implies that the external excitation is unable to pump the embedded
eigenstate with infinite lifetime when R1 = R1,0. Thus, consistent with
the Lorentz reciprocity theorem, in the same way as the light trapped
in the embedded state cannot escape from the meta-atom, an exter-
nal source is also unable to excite the embedded light state with infi-
nite lifetime (Lannebère & Silveirinha, 2015; Silveirinha, 2014). In
contrast, Figure 5b shows that when the structure is slightly detuned
(R1 = 0.98R1,0), a significant part of the energy of the incoming field
can remain trapped in the meta-atom and relax slowly with a decay
rate ω″ = 4.12 × 108 rad/s, long after the incident pulse overtakes the -
meta-atom.

4. Meta-atom Excitation in the Nonlinear Regime: Trapping a Light “Bit”

In Lannebère and Silveirinha (2015), it was shown that the limitations imposed by the Lorentz reciprocity the-
orem can be surpassed with the help of a nonlinear response. The key idea is to use a nonlinear material in
the core region and choose the core dimensions slightly below the optimum. The slight detuning of the inner
core allows the relevant eigenstate to be externally pumped (Figure 5b), whereas the nonlinear material

enables the resonator self-tuning and the trapping of a quantized
amount of light energy (Lannebère & Silveirinha, 2015). Here we will
explore the samemechanism but for complex-shaped 2Dmeta-atoms.

To begin with, we consider a meta-atom with a circular cross section
and set the inner radius equal to R1 = 0.98R1,0. Assuming that the core
has a Kerr-type nonlinear response, the condition to obtain a perfect

trapping at the frequency ωp can be estimated as kNL1 R1 ¼ k1R1;0

(Lannebère & Silveirinha, 2015), where kNL1 ¼
ffiffiffiffiffiffi
εNL

p ωp

c is the

wavenumber inside the nonlinear medium and εNL is the relative
nonlinear permittivity. This condition is equivalent to (Lannebère &
Silveirinha, 2015)

χ 3ð Þ 3
4
Ecj j2 ¼ ε1

R1;0
R1

� �2

� 1

" #
; (10)

where χ(3) is the third-order susceptibility of the nonlinear material
(Boyd, 2008) and Ec is the electrical field complex amplitude at the
core center in the stationary state. A similar condition holds for the
other cross-section geometries considered in this article with R1,0/R
replaced by l0/l for the square-shaped meta-atom and by Dx,0/Dx for
the kite-shaped meta-atom. Importantly, equation (10) reveals that
Ec, and thereby also the field energy trapped in the meta-atom, are
precisely quantized and only depend on the geometrical parameters
of the resonator and on the considered materials.

To demonstrate these ideas, we studied the time dynamics of the
electric field in the open resonator when it is excited by a pulse with
the same Gaussian profile as in the previous section. As discussed in
Lannebère and Silveirinha (2015), the effect of loss in the ENZmaterial
is strongly detrimental to the light trapping in the core (see Figure 2),
and in practice, the ENZ material loss needs to be compensated by

Figure 6. Time variation of the normalized electric field Ecj j= Ethc
		 		 in the core for an

excitation pulse with (i) E0inc
		 		 ¼ 1 Ethc

		 		, (ii) E0inc
		 		 ¼ 2 Ethc

		 		, (iii) E0inc
		 		 ¼ 3 Ethc

		 		, and (iv)

E0inc
		 		 ¼ 4 Ethc

		 		, with the parameter χ(3) fixed.

Figure 7. Bistable characteristic of the meta-atom for the fixed frequency
ω = ωp + Δω with (a) Δω = 10�4ωp and (b) Δω = 10�6ωp. The arrow indicates
the discontinuous transition between different branches.
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some active material with optical gain. Thus, in what follows, it is assumed that the ENZ shell is
lossless (ωc/ωp ≈ 0).

Figure 6 depicts the peak amplitude of the electric field in the core (i.e., the field envelope) as a function of

time for different values of the peak amplitude of the incident field E0inc
		 		 . For the sake of generality, we

use normalized units so that the electric field is normalized to Ethc
		 		 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ε1
3χ 3ð Þ

R1;0
R1

� �2
� 1


 �s
, that is, the theore-

tical value of the field in steady-state regime (equation (10)). For example, if the third-order nonlinear suscept-

ibility of the core is χ(3) = 10�18 m�2 V�2 and ε1 = 1, one has Ethc
		 		 ¼ 2:3�108 V=m.

The results of Figure 6 confirm that in the stationary regime Ec always saturates at the same value (curves (iii)

and (iv)), and hence, the trapped light energy is indeed quantized. In our example, the saturation value is Ecj j
¼ 1:16 Ethc

		 		 , showing that theoretical formula (10) underestimates the field in the core. The difference is

expected because equation (10) is derived under the assumption that the electric field is uniform in the core.
Thus, in steady state the required nonlinearity strength is χ(3)|Ec|

2 = 0.07. The nonlinearity strength can be
made as small as one wishes with a design with R1/R1,0 closer to the unity. Moreover, one can see from

Figure 6 that there is a threshold value for E0inc
		 		 and the light trapping

only occurs for incident pulses with amplitude larger than the thresh-

old. In the example of Figure 6, the threshold is roughly E0inc
		 		 ¼ 3 Ethc

		 		
(curve (iii)).

To further understand the nonlinear mechanisms that enable the light
trapping, we show in Figure 7 the normalized field in the core (in the
horizontal axis) as a function of the normalized incident field (in the
vertical axis) in the nonlinear regime and for two fixed frequencies

near ωp. This plot was obtained using Eincj j ¼ 1
aTM1j j Ecj j, with aTM1 the

Mie coefficient in the core. The Mie coefficient is a function of the core

permittivity εNL ¼ ε1 þ 3
4 χ

3ð Þ Ecj j2 and thereby of the core electric field.

Remarkably, the characteristic |Ec| versus |Einc| is multivalued, and
hence, the meta-atom has a bistable response.

The light trapping occurs at the point Ecj j ¼ Ethc
		 		 and |Einc| = 0 when

ω = ωp. To reach this point, the amplitude of the incoming wave must
exceed a threshold value, so that the transition between the two

Figure 8. Time snapshots of the x component of the electric field in the xoy plane showing the excitation of the meta-atom by the incoming pulse that propagates
along the +y direction, and the trapping of a light “bit” in the core after the incoming pulse overtakes the meta-atom.

Figure 9. Plot of the Fourier transform of the x component of the electric field nor-
malized to the peak value of the Fourier transform of the incident wave: (i) at the
center of the meta-atom and (ii) outside the meta-atom, at (x, y, z) = (0, 1.5R2, 0).
The duration of the simulation is 114Δτ, and the simulation parameters are as in
Figure 6 (iii).
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branches (indicated by the arrow) may take place. This threshold
value depends strongly on the frequency detuning Δω with respect

to ω = ωp. The threshold value is roughly 3 Ethc
		 		 for curve (a) and

350 Ethc
		 		 for curve (b) and approaches infinity in the limit Δω → 0. In

practice, the meta-atom is excited by a finite duration pulse with a
spectrum sufficiently wide to excite a continuum range of Δω. Thus,
the threshold value that enables the transition from the first to the
second branch is determined by the global frequency response of
the meta-atom.

To illustrate the dynamics of the light trapping, we show in Figure 8
several time snapshots of the x component of the electric field for
the simulation of Figure 6 (iii). Figure 8 clearly shows that a quantized
amount of the energy of the excitation pulse stays trapped in the
open resonator and that there is no energy leaked to the exterior after
the core permittivity is self-tuned.

As a result of the nonlinear response of the dielectric core, there is a
frequency conversion so that a third-order harmonic is generated in

the core (see Figure 9). The third-order harmonic generation may affect the mode lifetime and may contri-
bute to the relaxation of the trapped light (Lannebère & Silveirinha, 2015), but the process appears to be
rather slow.

In order to investigate the impact of changing the cross-section geometry, we also analyzed the temporal
dynamics of the fields in a kite-type resonator (see Figure 3b). Figure 10 shows the normalized electric field
peak amplitude at the center of the kite-shapedmeta-atom for different amplitudes of the incident pulse. The
diameter of the kite-shaped object is Dx = 0.98Dx,0 (curves (i–iv)), and the core permittivity in the linear
regime is ε1 = 2. The excitation pulse and the ENZ material are the same as in the previous examples. The
results of Figure 10 are somewhat analogous to those of the circular cross-section case in Figure 6. In parti-
cular, in the trapping regime the field in the core has a nearly constant amplitude. However, the kite geome-
try appears to be much more sensitive to realistic decay mechanisms (e.g., third harmonic conversion or
absorption effects), because after the time instant t = 2000 ps the light bit escapes from the core at the same
rate as in the linear regime. This increased sensitivity to relaxation mechanisms as compared to the meta-
atom with circular cross section is in part due to the lower quality factor of the kite resonator (see Figure 4).
In fact, for a kite resonator with a larger quality factor (Dx = 0.99Dx,0; curve (v) of Figure 10), the light bit is with-
held in the core for a considerably longer period of time. However, it is evident that the circular cross-section
geometry enables a more robust performance.

5. Conclusion

It was demonstrated that the light trapping mechanism introduced in Lannebère and Silveirinha (2015) and
Silveirinha (2014) may be generalized to open core-shell plasmonic particles with arbitrary shape. When some
particular geometrical conditions are satisfied, complex-shaped cavities can support embedded eigenstates
that in the lossless limit have an infinite lifetime. Moreover, it was shown that a fundamental restriction
imposed by the Lorentz reciprocity theorem, which forbids the direct external excitation of the embedded
eigenstates, can be circumvented with a nonlinear dielectric response, similar to what was done in
Lannebère and Silveirinha (2015) for a spherical core-shell geometry. The amount of energy retained
within the meta-atom is precisely quantized and depends only on the core-shell geometry. The numerical
simulations suggest that the meta-atom geometry has a considerable influence on the sensitivity to
relaxation mechanisms.
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