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Abstract

Based on an effective medium approach, we investigate the problem of radiation of a short vertical electric dipole embedded in a
metal-backed dielectric rod array. We obtain the radiated electromagnetic field in the form of a Sommerfeld integral, and calculate
the near and far electric fields for both lossless and lossy rod arrays. The characteristic equation for the guided modes is derived
and solved. The guided modes are found to be slow waves and their propagation constants and modal distributions are extracted.
All theoretical results are compared with full-wave simulations.
© 2014 Elsevier B.V. All rights reserved.
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1. Introduction

A dielectric rod array – understood as a 2-D periodic structure formed by either infinite-length or finite-length
cylindrical dielectric rods – has long been of interest because of its unique electromagnetic characteristics. It was
used as a dielectric waveguide element in a phased array [1], as well as a photonic bandgap (PBG) structure [2].
More recently, arrays of negative permittivity rods have also received great attention due to their unusual potentials
in manipulating the near-field in the nanoscale [3–8], in enhancing light-matter interactions [9–17], and in controlling
the radiative heat transfer [18].

In a different research direction, a dielectric rod array may be used to represent a simple scaled forest model.
For example, the dielectric constant of water at microwave frequencies (77-j10 at 2.5 GHz) is close to that of typical
pine trees at HF/VHF frequencies (50-j15 at 50 MHz [19]). Based on this observation, a periodic array consisting of
water-filled straws was introduced to represent a 1:50 scaled forest model in both measurements [20] and full-wave
numerical simulations [21]. While modeling vegetation media as a periodic dielectric array is evidently a very rough

approximation in areas where the vegetation is dominated by grass, this approach can provide relevant physical insights
in other scenarios (e.g. areas with tall tree trunks), and we expect that for some kinds of aligned forest it can capture
the main physical mechanisms of the electromagnetic wave propagation, in particular for long wavelengths.
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Fig. 1. A dielectric rod array setup.

Motivated by this application and with the aim to unveil the radiation and propagation mechanisms in a forest, here
e investigate the radiation of an elementary short vertical dipole embedded within a metal-backed rod array from a

heoretical viewpoint. The ground is supposed to model the electromagnetic response of the soil, and for simplicity
ere it is assumed to be a perfect electrical conductor (PEC). Our analysis is based on the effective medium model of
etallic wire media developed in [22]. Analytical continuation arguments suggest that the same model may apply to

-positive rod array as well. Using these ideas and techniques previously developed for metal wire arrays, we prove that
he radiation fields can be expressed in the form of a Sommerfeld integral. Related problems were previously solved
or perfectly conducting metal wire arrays [23,24]. Here we concentrate on dielectric rod arrays, aiming to understand
he guided modes that are excited and the radiation mechanisms in this unique structure.

The article is organized as follows. In Section 2, the radiated fields are derived and written in the form of a Sommerfeld
ntegral. In Section 3, the integral is evaluated numerically to generate near and far electric field data for both lossless
nd lossy dielectric rod arrays. The guided wave in the array is extracted and its propagation properties are highlighted.
he results are compared with full-wave simulations. Section 4 summarizes our findings.

. Theoretical model

Fig. 1 shows the geometry of the problem: a square array of dielectric rods is placed over a PEC ground plane. The
od height, rod radius, and the spacing between rods are h, r, and a, respectively. The source embedded inside the array
s a vertical Hertzian dipole described by the current density �J (�J = jωpeδ(x, y, z)ẑ, where pe represents the electric
ipole moment), and is placed at the height hs above the PEC, and at a distance ha below the air–slab interface. The
ermittivity of the rod and host medium are εm and εh, respectively, and the upper region is air.

Similar to the analysis of [23], first we define an intermediate normalized potential function Φ (which simply relates
o the well-known magnetic vector potential Az as Az = jωμopeΦ), such that the electric field �E in all space can be
xpressed as:

�E

pe

= ω2μoΦẑ + ∇
(

1

εh (z)

∂Φ

∂z

)
(1)

The potential function Φ can be computed from its spectral domain counterpart Φ̃. In [24], Φ̃ for an unbounded
ielectric rod array medium (formed by infinitely long dielectric wires) was found to be,

Φ̃ = 1

2γqT

CqT e−γqT |z| + 1

2γTM

CTMe−γTM |z| (2)

here:

CqT = γ2
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p

γ2
qT − γ2

TM

(3.a)
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(4.b)

γqT and γTM are propagation constants for the quasi-TEM mode and TM mode in the dielectric rod array, respectively,

kp is the plasma wave number defined as kp =
√

(2π/a2)/ ln[a2/4r(a − r)], kh = ω
√

μoεh, k|| =
√

k2
x + k2

y , γh =√
k2
|| − k2

h and β2
c = − k2

p

fv

1
εm/εh−1 .

Next we derive Φ̃ for the dielectric rod array slab problem of Fig. 1 by making the following observations: (i) By the
method of images, the PEC ground plane can be removed and a second vertical dipole can be placed z = −2hs without
affecting the radiated fields above the ground plane; (ii) Φ̃ must be an even function of z̄ (z̄ = z + hs) because of the
symmetry of the problem; this property ensures that the tangential electric field is zero at the ground plane. Combining
these observations with Eq. (2), we propose the following Φ̃ for the dielectric rod array, which is an even function of z̄:

Φ̃ = 1

2γqT

CqT

[
e−γqT |z| + e−γqT |z+2hs|

]
+ 1

2γTM

CTM

[
e−γTM |z| + e−γTM |z+2hs|

]
+

+AqT cosh γqT (z + hs) + ATM cosh γTM (z + hs)

− hs < z < ha (5.a)

Φ̃ = Te−γ0(z−ha) z > ha (5.b)

where γ0 =
√

k2
|| − k2

0, and AqT, ATM and T are unknown coefficients which can be determined by imposing the

following boundary conditions at the slab-air interface z = ha:

(i) The continuity of the tangential components of the magnetic field at the interface requires that Φ̃ is continuous.
Hence,

1

γTM

QTM + 1

γqT

QqT + AqT cosh (γqT h) + ATM cosh (γTMh) = T (6.a)

where QTM = 1
2CTM(e−γTMha + e−γTM |ha+2hs|) and QqT = 1

2CqT (e−γqT ha + e−γqT |ha+2hs|).
(ii) The continuity of the tangential components of the electric field at the interface requires that 1⁄εh(z)∂Φ⁄∂z is continuous.

Therefore,

QTM + QqT − AqT γqT sin h(γqT h) − ATMγTM sin h(γTMh) = εh

ε0
γ0T (6.b)

(iii) Finally, for thin rods the microscopic polarization current at the ends of the rods should be negligible. Hence,
similar to the wire medium case [25], one needs to use the additional boundary condition (ABC) that imposes

that k2
hΦ + ∂2Φ

∂z2 is continuous at the interface, such that:

γTMQTM + γqT QqT + AqT γ2
qT cosh(γqT h) + ATMγ2

TM cos h(γTMh) = (γ2
0 + k2

0 − k2
h)T (6.c)

By solving the linear system Eq. (6.a)–(6.c) we found that the unknown coefficients are:
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This enables us to write Φ̃ in a closed-analytical form. The normalized potential function Φ is computed by the
aking the inverse Fourier transform (see [23,24]):

Φ = 1

2π

∫ +∞

0
Φ̃J0

(
k||ρ

)
k||dk|| (8)

here ρ =
√

x2 + y2 and J0 is the first kind Bessel function. By numerically calculating this Sommerfeld-type integral
t is possible to characterize both the near and far radiated fields.

. Near and far fields

In the first example, we study the dipole emission in a lossless dielectric rod array. Each rod of the array has
ermittivity εm = 81ε0 (ε0 is the free space permittivity), radius r = 3.8 mm, and height h = 20.5 cm. The spacing a
etween rods is 6 cm. The array size at 1 GHz is approximately equal to a 1:50 scaling of forest at 20 MHz. The
ipole is placed at the ground plane level (hs = 0). For each frequency, the radiated near electric fields are computed
t different distances x and different height z away from the source. To avoid singularities in the Sommerfeld integral,
he integration path is detoured in the upper half of the complex k(||) plane.

Fig. 2(a) and (b) depicts the near electric fields at 1 GHz calculated with the analytical model. The horizontal
istance x ranges from 0 to 1.8 m and the height z extends from 0 to 0.6 m. The color represents the normalized
z and Ex field strength on a dB scale. It is seen that both components are very intense inside the rod array, and
ecay slowly along the x axis due to the absence of loss. For comparison, Fig. 2(c) and (d) shows the same fields
alculated with a full-wave simulation. The array size is finite (6 × 36) in the full-wave simulations, and this leads
o strong reflections from the end of array and to an interference pattern. To make a more quantitative compari-
on between theory and simulation, the normalized Ez and Ey at height z = 9 cm are plotted against x in Fig. 2(e)
nd (f). We can see that the theory and simulation results are qualitatively similar to each other. The differences
an be attributed to the array size (infinite in theory vs. finite in simulation) and to the reflections from the array
oundaries.

To better understand the radiation mechanisms, we characterized the guided modes of the rod array sub-
trate. The characteristic equation of for the guided modes corresponds to the pole of the Sommerfeld integrand,
hat is: {

γTM(γ2
h − γ2

qT ) tanh(γTMh) +
[
εh

ε0
γ0(γ2

TM − γ2
qT ) + γqT (γ2

TM − γ2
h) tanh(γqT h)

]}
×

{
γqT (γ2

h − γ2
TM) tanh(γqT h) +

[
εh

ε
γo(γ2

qT − γ2
TM) + γTM(γ2

qT − γ2
h) tanh(γTMh)

]}
= 0

(9)
0

By solving this characteristic equation it is found that there is a propagating guided mode that is a slow wave below
.3 GHz. Fig. 3 shows the normalized propagation constants of this guided mode versus frequency. The modal field
istribution of this guided mode at 1 GHz is plotted in Fig. 4 against the height z. For comparison, the mode propagation
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Fig. 2. Near electric fields in the dielectric rod array (εm = 81 εo) at 1 GHz: (a) Ez theory (infinite array), (b) Ex theory (infinite array), (c) Ez full
wave simulation (truncated array), (d) Ex full wave simulation (truncated array), (e) amplitude of Ez at z = 9 cm, (f) amplitude of Ex at z = 9 cm.
constant and field distribution are also extracted from the full-wave simulation data using the ESPRIT algorithm [26].
The simulation results (k|| simulation = 1.491 ko at 1 GHz and the simulated field height profile in Fig. 4) show excellent
agreement with the theory predictions. The excitation of this mode explains why the radiated field decays relatively
slowly along the x-direction.
We also investigated the dipole radiation in a lossy dielectric rod array. The array geometrical parameters are the
same as in the previous example, but the permittivity of rods is altered to εm = (81-j20)εo. Fig. 5 (a) and (b) shows the
normalized Ez and Ex in the lossy array at 1 GHz. Full wave simulation results are shown in Fig. 5 (c) and (d). Compared
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o the lossless case [Fig. 2], the field strengths in the lossy array are much weaker and decay faster. Fig. 5 (e) and (f)
epict the Ez and Ex field strengths at z = 9 cm in the lossy array. They show reasonable agreement. The Ez component
s more affected by the material absorption since it experiences stronger scatterings from the vertically-oriented rods,
nd thus its strength is more dependent upon the number of rods in the array.

The propagation constant of the guided wave in the lossy array is found to be (1.482-j0.157)ko from theory and
1.481-j0.155)ko from simulation at 1 GHz. Fig. 6 (a) and (b) exhibits the modal field distribution from both theory and
imulation. Good agreement is obtained and the modal profiles are analogous to those of the lossless array [Fig. 4].

We also computed the propagation characteristics of the guided mode versus rod spacing in the lossy rod array at
GHz. In Fig. 7(a), it can be seen that the propagation constants of the guided mode increase as the spacing between

ods decreases (i.e., as the rod density increases and the periodic array becomes more and more similar to a continuous
ielectric slab), implying that a higher effective dielectric constant is reached for a denser array. A similar trend can
e observed in Fig. 7(b) for the attenuation constant, implying higher propagation loss in a dense, lossy dielectric rod
rray.

To separate the guided mode (surface wave) and the space wave contributions, we have computed the guided wave
esidue at its pole at 1 GHz for both the lossless and lossy dielectric rod arrays, and compared the result with the

adiation field obtained with the deformed path integration. The residue calculation results are shown in the Fig. 8
elow. It is seen that the guided wave pole contribution (Fig. 8 (a)) shows good agreement with the deformed path
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Fig. 4. Extracted height profiles of the guided mode at 1 GHz in the rod array (εm = 81 εo): (a) Ez, (b) Ex.
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Fig. 5. Near electric fields in the lossy dielectric rod array at 1 GHz (εm = (81-j20)εo): (a) Ez theory (infinite array), (b) Ex theory (infinite array),

(c) Ez full wave simulation (truncated array), (d) Ex full wave simulation (truncated array), (e) amplitude of Ez at z = 9 cm, (f) amplitude of Ex at
z = 9 cm.

integration result (Fig. 2 (a)) inside the lossless dielectric rod array. The differences for the lossy dielectric rod array
can be attributed to the space wave contribution (Fig. 8 (b) vs. Fig. 5 (a)).

Finally, we compute the dipole radiated far fields for both lossless and lossy dielectric rod arrays. Fig. 9(a) and
(b) depicts the normalized far field patterns in the elevation plane (φ = 90◦) at 0.75 GHz, 1 GHz and 1.25 GHz. We
also compute the radiation patterns in the infinite size array using full-wave simulation tool FEKO and the reciprocity
theorem [27]. The simulation results agree well with the theory predictions, and both indicate main beam directions of
θ = 62.75◦ for εm = 81εo array and θ = 67.5◦ for εm = (81-j20) εo array at 1 GHz. It is well-known that the main beam
angle is equal to θ = 90◦ for the dipole radiation in the free space. Hence, as compared to the free-space situation, the
main beam shifts away from the end-fire direction. We also verified (not shown here) that the radiation pattern is not

significantly disturbed with changes in the period a. This finding may provide insights for study of antenna radiation
in a forest environment.
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Fig. 6. Extracted height profiles of the guided mode in the lossy rod array (εm = (81-j20)εo): (a) Ez, (b) Ex.
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Fig. 8. Computed residue contributions at the guided mode poles at 1 GHz: (a) lossless rod array (b) Lossy rod array.
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Fig. 9. Far field patterns in the elevation plane (on dB scale) at 0.75 GHz, 1 GHz and 1.25 GHz (a) εm = 81εo array, (b) εm = (81-j20)εo array.

4. Conclusions

In this paper, we obtained the field radiated by a short dipole embedded in a metal-backed rod array based on an
analytical effective medium model that reduces the problem to the calculation of a Sommerfeld-type integral. Using
this theory we computed the near and far fields of lossless and lossy arrays. It was found that both space and surface
(guided) waves can be excited. The modal fields and propagation constants of the guided modes were found to compare
very well with full-wave simulations. On the other hand, the far-field exhibits a radiation intensity maximum away
from the end-fire direction.

It should be pointed out the proposed effective medium model only applies to a rod array with rod radius much smaller
than both the height and the wavelength. This “thin-wire” assumption is required since the transverse polarization of
the rod has been neglected in the derivation [24]. Moreover, the spacing between rods should be considerably smaller
than a wavelength as well, so that the rod array can be homogenized as an effective medium.

For future study, we are currently exploring the possibility of randomizing the dielectric rod array, and substituting
the PEC ground plane by a more realistic lossy dielectric ground, such that the new structure can serve as a better
model for forest propagation study.
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