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Abstract. We present an overview of the role of time-reversal symmetry in
electromagnetism and highlight how it affects the wave propagation and wave
phenomena. It is shown that by combining the time-reversal symmetry with ad-
ditional symmetries related to parity and duality it is possible to suppress the
back-scattering in a generic bi-directional photonic platform. Furthermore, we
discuss how by biasing a system with either a linear or an angular momentum
one can break the time-reversal symmetry and achieve unidirectional propaga-
tion. It is discussed that the time reversal symmetry breaking is often associated
with phase transitions characterized by topological invariants that determine a
bulk-edge correspondence. Finally, it is highlighted that systems with continu-
ous translation symmetry have an ill-defined topology, and that this property
can be exploited to stop a wave and create energy sinks wherein the electro-
magnetic field is massively enhanced.
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1 Introduction

Time-reversal is the transformation that flips the arrow of time # — — . Notably, the
laws that rule the microscopic dynamics of most physical systems are unchanged
under a time-reversal. In other words, the time-reversed system state satisfies the
same dynamical laws as the original state. This means that under suitable initial con-
ditions, the time reversed dynamics may be generated and observed in a real physical
scenario, analogous to a movie played backwards. In last instance, the time-reversal
invariance implies that at a microscopic level the physical phenomena are reversible
[1-3].

An important consequence of time-reversal invariance is that the propagation of
light in typical guides is inherently bi-directional, even if the system does not have
any particular spatial symmetry. For example, if some electromagnetic wave can go
through a metallic pipe with no back-reflections, then the time-reversed wave also
can, but propagating in the opposite direction independent of the geometry of the
guide [1-3].



In this article, we present an overview of the role of time-reversal symmetry in
electromagnetism and explain how it affects wave phenomena and the scattering ma-
trix. We give a few modern examples of systems with of a broken time-reversal sym-
metry. Finally, we highlight the topological nature of some systems with a broken
time reversal symmetry.

2 Time reversal

Consider the propagation of an electromagnetic wave in some lossless, dispersion-
free, dielectric system described by the Maxwell equations:

cH

VXE:—/UOE,

VxH=j+elE, (1)
or

with ¢ = g(r). The time-reversal operation 7 transforms the electromagnetic fields

E,H and the current density j as E—2—>E™, H—-5H™  and j—Z ™ with:
E™ (r,t)=E(r,—t), H™(r,/)=-H(r,—1), i) =-i(r,-1). (@)

The transformed fields satisfy the same equations as the original fields. The sign of
the magnetic field and of the current density is flipped under a time-reversal, and thus
they are said to be odd under a time-reversal. In contrast, the electric field is un-
changed and hence is even under the action of 7 . Consequently, the Poynting vector
S=ExH also flips sign under a time-reversal, so that the wave dynamics and the
direction of propagation are effectively reversed. The time reversal concept is rather
general and applies to fields with arbitrary time dynamics.

Consider now time-harmonic solutions of the Maxwell equations, with the elec-

tromagnetic fields and the current density given by: E(r,t)= Re{Ew (r)e""‘”} ,
H(r,r)= Re{Hw (r)e'”‘”} . d(r,t)= Re{jw (r)e"""’} , with @ the real-valued oscilla-
tion frequency. Under a time-reversal the electric field is transformed as
E(r,t) —)Re{Ew(r)e”“”} =Re{E;(r)e'i”’} , where the symbol “*” stands for com-

plex conjugation. Hence, the complex amplitudes of the fields are transformed as:
E,(r)—/—>E,(r), H,(r)—T>-H,(r), j,(r)—>-i,(r). )

Thus, in the frequency-domain the time-reversal operation implies a phase conjuga-
tion. Similarly, voltages and currents are transformed as:

v, 1>V, I,—1>-I,. 4
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3 Scattering matrix symmetry

The time-reversal symmetry imposes several restrictions on the wave propagation and
wave scattering. In what follows, it is shown that the time-reversal invariance is strict-
ly linked to the concept of electromagnetic reciprocity. Furthermore, it is highlighted
that the constraints on the scattering matrix are different for electromagnetic and con-
densed-matter systems.

3.1 Electromagnetic reciprocity

Consider a N-port microwave network such that the complex-amplitudes of the volt-
ages and currents at a generic port i are of the form: V =V  +V, and

1 :(Va:f_V(;,-)/ZO, i=1,...,N. Here, V' ’ ’

,1 @,

represents an incoming (incident) wave
and V,_, an outgoing (scattered) wave. The characteristic impedance of the ports is
Z, . The incident and scattered waves are related as V- =S-V*, where V* = [V 51}

are column vectors and S = [S,-,-] is the scattering matrix.

The time reversal operation exchanges the roles of the incident and scattered
waves, such that V™* = V¥" . Therefore, if the system is time-reversal invariant

V*" =8.V~". Thus, the scattering matrix must satisfy S=S""". On the other hand,
for a lossless system the incident power must be identical to the scattered power:
V™ -V =V*.V*"  In order to satisfy this additional constraint the scattering matrix

must be unitary S-S" =1. Combining S=S""" with the unitary property, one finds
that the scattering matrix must be symmetric:

S=S". (5)

Thus, any time-reversal invariant linear lossless system is necessarily reciprocal (
S; =S,). Electromagnetic reciprocity implies that the transmission strength from
port i to port j is identical to the transmission strength from port j to port i. Thus, time-
reversal invariant platforms are forcibly bi-directional.

In the previous derivation it was assumed that the system under study is lossless.
This is not a limitation of the derivation, as lossy reciprocal systems have a hidden
time-reversal symmetry and can be regarded as projections in real-space of a fictitious
lossless system with synthetic dimensions [3]. Thus, the constraint S=8" also ap-
plies to lossy systems.

3.2  Condensed-matter systems

In electromagnetic theory the time-reversal operator 7 is idempotent, such that
T? =1. In other words, a “double” time-reversal leaves the system state unchanged.



In contrast, in condensed matter theory —in the context of Schrodinger equation for
spin % particles— the time-reversal operator satisfies 7> =—1 [4]. The extra minus
sign changes the phase of the wave function. This does not have any immediate phys-
ical consequences as a change of phase does not affect the expectation of physical
observables. However, a careful analysis shows that the extra minus sign implies that
the scattering matrix of fermionic systems is anti-symmetric [4],

S=-§". (6)

This means that a time-reversal symmetric condensed matter system is matched at all
its input ports, such S, =0. Thus, when the number of propagating modes per physi-
cal channel is identical to one (or more generally if it is an odd number) the time-
reversal symmetry enables the bi-directional propagation of electron waves free of
back-scattering. This is known as the quantum spin Hall effect [4, 5].

It is relevant to mention that the minus sign in 7> =—1 also implies that the ener-
gy states of an electronic system are forcibly degenerate. Hence, the extra minus sign
is rooted in the spin degree of freedom.

4 P-7 -D invariant systems

As previously discussed, time-reversal invariant electromagnetic platforms are
characterized by a symmetric scattering matrix S=S". Curiously, the time-reversal
symmetry does not constraint in any form the diagonal elements of the scattering
matrix, which determine the reflection-loss due to the back-scattering. Evidently, it
can be highly beneficial for many applications to eliminate the reflection loss. Next,
we describe a class of bi-directional electromagnetic systems which are inherently
matched at all input ports (.S, =0), analogous to spin 2 condensed matter systems.

To begin with, we write the Maxwell’s equations in the frequency domain as:

0 iV x 1Mj

7
—-iVx1 0 ™

N-f=wg, with N:[

3x3

Here, 1, is the 3x3 identity matrix, e is the oscillation frequency, f =(E H)

3x3
and g= (D B)T are six-component vector fields written in terms of the standard

electromagnetic field vectors, and 7 denotes the matrix transpose operation. It is as-
sumed that the f and g fields are linked as g=M(r)-f where M is a space-

dependent material matrix of the generic bianisotropic form:

|-

g6 —E&
M(w)=| . (8)
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The tensors ¢(o),%(w),& (@),{ (w) are dimensionless and determine the permit-

tivity, permeability and the magneto-electric coupling tensors, respectively.
In this compact formalism, the time-reversal operator 7 is written as 7= Ao,

N 1 0
where A denotes the complex conjugation operator and o, :[ 3(; } ; j The
a3
time-reversal operation transforms the (frequency domain) electromagnetic fields as
f>7-f and g— 7 -g. The operator 7 is anti-linear, i.e., it is the composition of a

linear operator and A .
The idea to mimic the behavior of condensed matter systems is to enforce suita-
ble symmetry constraints on the material response. Specifically, it is imposed that the

photonic platform is invariant under the action of some anti-linear operator ’j', which
is supposed to imitate the time-reversal operator in condensed-matter theory so that

T? =—1. The operator T is required to transform the electromagnetic fields in such
a manner that its action flips the Poynting vector in the relevant propagation direc-
tions, similar to the standard time-reversal operation.

A suitable operator T with the required properties is determined by the composi-
tion of the time-reversal (7 ), parity (P ) and a duality transformation (D) [5]:

T=P-T-D. ©9)

The parity (inversion) operator flips the z-spatial coordinate (x,y,z) —(x,y,—z), i.e.,

the coordinate perpendicular to the propagation plane (xoy plane). A parity operation
transforms the electromagnetic fields as f—>P-f and g—>P-g with

-V 0
’P:( 0 Vj where V is a 3x3 diagonal matrix with diagonal entries

Vi, =V,, ==V,; =1 . On the other hand, the duality transformation simply exchanges
the electric and magnetic fields as f — D -f with

0 1
Dz[ . 770 3><3j’ (10)
7o Ly 0

without affecting the space and the time coordinates. The g fields are transformed by

the duality transformation as g — —D” -g . In the above, n, = \/u, /¢, is the free-
space impedance.

It can be checked that the in-plane components of the Poynting vector are flipped
by the P-7 -D transformation and that (’P-’T-’D)2 =-1, as it should be. Further-

more, a generic photonic platform is P-7 -D invariant when the material matrix
satisfies [5]



0 V) 0 -V
M(x,y,z)=— M (x,y.-z)- . 1
(%.2.2) [%V 0 J (%.-2) (nglv 0 (an

For simplicity suppose that the system is formed by lossless isotropic dielectrics, such

1 0 . . . .
that M :[8 S” ) J Then, the P-T7 -D invariance requires simply that the
/J 3x3
relative permittivity and permeability are linked as:

e(x,y,2)=pu(x,y,-z). (12)

An example of a P-7 -D invariant guide is shown in Fig. la. The air channel is
delimited by electric walls (perfect electric conductors, PEC, with & = —o0 ) and mag-
netic walls (perfect magnetic conductions, PMC, with g = -0 ). In Fig. 1, the relevant
parity transformation is (x,y,z) —(x,—y,z). The plane y =0 is the mid-plane equi-
distant from the top and bottom walls. Clearly, the material parameters of two points
connected by mirror symmetry are related by a duality transformation. For low fre-
quencies, there is a single propagating mode, which turns out to be a transverse elec-
tromagnetic (TEM) wave. Therefore, provided the P-7 - D symmetry is preserved,
the guide can be arbitrarily deformed without generating any back-reflections (Fig.
1b) [5, 6, 7].

There is an apparent paradox: the platform of Fig. 1a is evidently reciprocal and
thereby its scattering matrix should be symmetric S =+S’. On the other hand, the

same platform is 7P -7 -D -invariant and this implies that S =—S" . A matrix can be
both symmetric and anti-symmetric only if it vanishes: S =0 . However, the result
S =0 is evidently inconsistent with the conservation of energy in the lossless junc-
tion.

(a) B i Vo) ]

PEC plate PMC plate

air

PMC plate PEC plate

Fig. 1. (a) Sketch of a P-7 -D-invariant waveguide formed by PEC and PMC walls. The
waveguide supports a mode with fields concentrated near the interface between the PEC and
PMC plates. (b) Electric field profile for a zig-zag type path. If the P-7 - D symmetry is
preserved, the propagation path can be arbitrarily deformed without generating any reflections.



The solution of the paradox is that the scattering matrix is not an absolute physical
object, but rather depends on the basis of modes used to expand the fields. If one

chooses a basis such that f7 =7 -f’ the scattering matrix satisfies S, =-S., while
if one picks a basis such that f; =7 -f’ the scattering matrix satisfies S, =+S% .

Here, £ ,f7 represent the electromagnetic fields associated with the outgoing and

incoming waves on port n, respectively. Both scattering matrices describe equally
well the relevant wave phenomena, but they are computed using two different bases

of outgoing modes. Thus, electromagnetic reciprocity and the P-7 -D -symmetry

are compatible, and the invariance of a system under both 7 and T does not lead to
inconsistencies [5].

5 Time reversal symmetry breaking

As previously discussed, physical systems are generically time-reversal invariant at
the microscopic level. Therefore, the energy-momentum dispersion has even sym-
metry with respect to the momentum origin: &(p)=¢&(-p) (Fig. 2). This means that

the energy expectation of a certain stationary state is always the same as that of the
corresponding time-reversed state. Excluding the exceptional circumstance of a de-
generate ground, it follows that the system “ground state” is forcibly time-reversal
invariant. This property is the cornerstone of the reciprocity of standard electromag-
netic platforms. Interestingly, it is possible to break the time-reversal invariance by
applying a “momentum bias” that pushes the equilibrium state away from the “free-
system” ground state (Fig. 2a). With an “external bias” the input-output transfer rela-
tions are not constrained by the time-reversal symmetry. The reason is that the operat-
ing point is not anymore time-reversal invariant because under a time-reversal the
“momentum bias” is flipped (Fig. 2).

E
A
T -transformed

displaced ground Bias displaced
T " ground

> P

N

7 -invariant
ground-state

Fig. 2. [llustration of time-reversal symmetry breaking due to a “momentum bias”.



There are several solutions to enforce a “momentum bias” and break the time-
reversal symmetry of photonic systems [8]. The standard approach consists in biasing
a material (e.g., a semiconductor or a ferrimagnetic material) with a static magnetic
field. The magnetic field is transformed as B—/>-B (odd quantity) under a time-
reversal, i.e., similar to a “momentum”. Thus, the input-output relations of a magneti-
cally biased system are free of the time-reversal constraint. In contrast, a static electric
bias does not lead directly to the time-reversal symmetry breaking because the electric
field transforms as E———+E (even quantity). However, the static electric bias can
lead indirectly to a time-reversal symmetry breaking. For example, a static electric
field can induce a drift-electric current in a material, which is an odd quantity under a
time-reversal. Thus, systems with a drift-current bias are nonreciprocal. These ideas
are developed in the following.

5.1 Static magnetic field bias

A static magnetic bias B, modifies the dynamics of the electrons in a plasma through

the Lorentz force. With a static magnetic bias, the motion of a generic electron with
velocity v is determined by

m?zq(E+va0)—va, (13)
t

where m is the effective mass, ¢ = —e is the electron charge, I is the collision fre-
quency, and Eis the dynamical electric field. Taking B, = B,ii and assuming a time

harmonic variation for v and E, it follows that the averaged response of the electron
gas satisfies

P . _ &P
(1+ 2 ﬁxlj- . g, (14)
@+il —iwe, o(w+il)

where j=nqv is the electric current density, @, = Na / g,m is the plasma frequen-
cy and @, = —gB,/m = eB, / m is the electron cyclotron frequency.
Solving Eq. (14) with respect to j and substituting the result into Faraday’s equa-

tion it can be shown that the permittivity response of the biased plasma is determined
by [9]:

2 . 2 2
-0 (o+il j w,0 -
gl y ) - ixl+—Li®i. (15)
o(0+iT) —vy0 @ (0+il) —a; w(w+il)
This result can be written in a more compact manner as:
e=¢g1,+e0@ib+isdx1, (16)

with
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The electromagnetic response has a broken time-reversal symmetry. In fact, flip-
ping time requires flipping also B, and thereby also the sign of ¢,. As a conse-
quence, the electromagnetic response of a magnetized plasma is nonreciprocal (
- -

E#E ).

The bias magnetic field bias forces the electrons to undergo circular cyclotron or-
bits in the bulk region with the angular frequency w, . The circular motion of the
charged particles creates a drag-type effect when the electrons interact with a time
varying field, which is at the origin of the Faraday rotation in bulk gyrotropic media.
A simple way to picture the wave propagation in a magnetically biased plasma is to
imagine that the wave goes through a centrifuge, e.g., rotating drum, and is dragged
by the rotation of the walls. The static magnetic field effectively endows the material
with an angular momentum. For example, suppose that the bias magnetic field is di-
rected along W=z with B, >0 so that @, > 0. In this case, the electrons trail the
cyclotron orbits in the anticlockwise direction with respect to +z, and thus the angular
momentum of the medium is also directed along +z.

5.2 Unidirectional plasmons in gyrotropic media

The plasmons supported by a magnetically biased plasma can have directional proper-
ties. To illustrate this idea, consider an interface between air (in the semi-space z > 0
) and a gyrotropic electric material (in the semi-space z < 0 ; e.g., a magnetized plas-
ma), as depicted in Fig. 3. It is supposed that the magnetic bias is oriented along the y-
direction (B, = Bji with i =Y¥), i.e., it is parallel to the interface.

The short-wavelength plasmons can be found using the quasi-static approximation
E~-V¢, and H =0, with the electric potential satisfying V (E . V¢) =0 [10]. The

plane wave solutions for the electric potential (with a spatial-variation €*") in the

bulk region of the gyrotropic material must satisfy k-&-k =0. Hence, from Eq. (16)
it follows that:

g (k] +K2)+e,kl =0. (18)

From here, we get ik, =k with k, = [k} + .

ky2 . Thus, the electric potential associ-

¢

ated with a surface plasmon in the air-gyrotropic material interface is of the form:

—kz

_gomrle o 270 (19)
¢k k e i
e, z<0
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with k =k %+ the transverse wave vector, k =,/k; +k; and 4, anormaliz-

ing factor. Imposing that the normal component of the electric displacement vector is
continuous at the interface, we obtain the following dispersion equation for the natural
modes:

~k =k, +I€”g, . (20)

When dielectric function elements depend on frequency as in Eq. (17), one gets the
explicit solution [10]:

2 2

o, =, =%cos€+\/%+%(l+sinz(6’)). 1)

Here, 6 is the wave vector angle measured with respect to the x-axis. The function
w, only depends on @, but not on the magnitude of the wave vector.

Thus, in a magnetized electron gas the resonance frequency (@, ) of the short-
wavelength plasmons is direction dependent. Furthermore, when @, >0 it can be
checked that @ < @, <o, with

0, =, =%(a)0 20 v} ) , (22a)
0 =0, =%(—w0 +\20) + o, ) . (22b)

Note that @, determine the plasmon resonances for propagation along the x-axis, i.e.,

along the direction perpendicular to the magnetic bias. The asymmetry between the
+x and —x directions is due to the magnetic field bias.

Fig. 3. Geometry of an air-gyrotropic material interface with the magnetic bias directed along
the y-direction. The rotating motion of the charged particles in the bulk region drags the
plasmons towards the +x-direction.
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Fig. 4. Dispersion of the surface plasmons supported by an air-gyrotropic material interface for
o, =040, along different directions of propagation & . Solid blue lines: exact dispersion.

Black dashed lines: quasi-static approximation [Eq. (21)]. Adapted from Ref. [10].

Figure 4 compares the exact plasmon dispersion with the quasi-static approximation

exact

for the case o, = 0.4, , showing that @, =lim, ,, & . For frequencies on the or-
der of @, the plasmons are effectively dragged to the semi-space x > 0 by the rotat-

ing motion of the electrons. This effect can lead to a regime where the surface plas-
mon propagation is allowed only within a sector that contains the positive x-axis [10,
11].

5.3 Drift-current bias

The drift-current bias is another mechanism to break the Lorentz reciprocity. Howev-
er, it is usually rather impractical because significant nonreciprocal effects require
large drift velocities comparable to the phase velocity of the wave. Graphene can
offer a truly unique opportunity in this context: its ultra-high electron mobility may
enable drift velocities on the order of v, =c/300, which may be several orders of

magnitude larger than the drift velocities of typical metals and several times larger
than in high-mobility semiconductors [12]. A sketch of a graphene sheet biased with a
drift current is shown in Fig. 5.

A drift-current endows the material with a linear momentum bias. Based on analo-
gy with moving media, it can be shown that the effect of the drift-current bias on the
graphene conductivity can be described by a Galilean-type Doppler transformation
[13-15] that leads to o,"" = 0" with

o (a),kx):%O'g (a),kx):ia)aoﬁw ! (23)

N A
Here, o, =¢’/(4h), w, = E, / h with E, the Fermi level of graphene, o, (o,k,) is
the nonlocal conductivity of graphene with no drift and @ =w—k v, is the Doppler
shifted frequency. We neglect interband transitions and consider the low temperature
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limit. Since 0" (@,k,)# 0," (w,~k,), the drift-current biased graphene exhibits a

nonreciprocal electromagnetic response.

A different model for the drift-biased conductivity is obtained by evaluating the
graphene response with a skewed Fermi distribution [16, 17, 18]. The physics predict-
ed by such a model is well captured by a relativistic-type Doppler-shift transformation
[15], such that %™ = o7 with

1

y(@=vok, ) =ik + o VK

where y =1/ wll—vg /vi. the Lorentz factor in graphene. In our understanding, the

Galilean model is more accurate than the relativistic model, as the effect of the drift-
current does not change the distribution of the Bloch momentum (i.e., it does not lead
to a skewed a distribution of canonical momentum), but rather changes the mean en-
ergy of the graphene electrons [15].

With a quasi-static approximation the dispersion of the graphene plasmons is de-

termined by ¢ —2¢, x*" =0 with ¢ =\/E and &y =iws,/o,™ [13]. The parame-

s g

o (w,k,)=iwo, %a)F (24)

drift

ter x," can be explicitly written as
1
Gal _ = [~ ~ =2 272
K, = o (a)\/a) vk, \/a)+kax +@ —vik; ) , (25a)
1
Rel _ N 2 _ 272
K, = o (;/a)\/a) vk, \/a)+kax + @ —Vik; ), (25b)

for the Galilean Doppler-shift and relativistic Doppler-shift models, respectively.

Fig. 5. Drift current biasing of graphene. A static voltage generator induces an electron drift in
a graphene sheet. Adapted from Ref. [13].
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Fig. 6. Normalized dispersion of the graphene plasmons with a drift-current bias for ¢, = 4.0
and k. = @, /v, . Left: Relativistic Doppler-shift model. Right: Galilean Doppler-shift model.
Black lines: v, = 0; Green lines: v, = 0.5v,. . Blue lines: v, = 0.9v,. .The dashed lines repre-

sent @ =tk v, .

Figure 6 shows the impact of the drift-current bias on the graphene plasmons. As
seen, due to the time-reversal symmetry breaking, the dispersion suffers a blue (red)
shift for plasmons co-propagating (counter-propagating) with the drifting electrons.
The effect is considerably stronger in the Galilean Doppler-shift model, which pre-
dicts the emergence of unidirectional plasmon waves (see the blue lines in the right-
panel of Fig. 6).

6 Topological photonics

Topology studies the properties of objects that stay invariant under a continuous
transformation. When some property of a mathematical object is unaffected by a de-
formation it is called a topological invariant. For example, in the theory of surfaces
the number of holes is a topological invariant known as the genus. Any continuous
deformation of the surface must preserve the genus, which is thereby a global proper-
ty fully independent of any local features of the surface.

It is possible to characterize the topology of other more abstract mathematical ob-
jects, e.g., Hermitian operators, for which the topological invariants do not have an
immediate geometrical visualization [19]. Next, we focus on the characterization of
the topological phases of lossless electromagnetic continua.

6.1 Topological classification of electromagnetic continua

The topological classification of physical systems is rooted in the cyclic structure of
the wave vector space [19]. Indeed, to ensure that the topological invariant —the Chern
number— is an integer, it is necessary that the underlying space is a closed surface
with no boundary. In a periodic system the relevant space is the Brillouin zone, which
is isomorphous to a torus.

It is relevant to extend topological ideas to physical systems with no intrinsic peri-
odicity, e.g., to metamaterials modeled by some effective parameters [20]. Indeed, the
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electrodynamics of continuous media is much simpler than that of periodic structures,
and this simplicity may give additional physical insights and a deeper understanding
of topological photonics. Similar to periodic systems, due to the frequency dispersion
of the material response, continuous media are also characterized by an intricate band
structure. However, unlike in periodic structures, for continuous media the wave vec-
tor space is an unbounded open region (the Euclidean space). In Ref [20], it was
shown that despite this unusual feature it is possible to characterize the topological
phases of electromagnetic systems when a suitable regularization process is applied to
the material response.

Specifically, the response of a material described by the local material matrix
M() can be regularized as follows:

1

M (0K)=M +—
(@k) ARTYEIEN

reg

[M(0)-M,, |, (26)

where M_ =lim M(a)) Here, k_, 1is a high-frequency wave vector cut-off,

-
which can be arbitrarily large. The regularized material response is evidently spatially
dispersive (nonlocal), as it depends on the wave vector k. Clearly, for k <<k, the
transformed material matrix is nearly coincident with the original material matrix:
M, (o.k)~M (@) . The cut-off ensures that as k —co the material response ap-

proaches that of vacuum (lim,_,, M, (@,k)=M,), similar to what happens in the

@ —> oo limit.

The physical justification to introduce a cut-off is that in a realistic material a field
with a very fast spatial variation cannot effectively polarize the microscopic constitu-
ents of the medium, and hence the material response is expected to vanish when
k—o.

Figure 7 depicts the band diagram of an electric gyrotropic material with =2
(see Eq. (16)) and the permittivity elements:

w,, 0,0

g =14—2% g =20 e =1. 27)
! -’ oo’ ‘

In the above, |a)0| is the resonance frequency and @, determines the resonance
strength. The parameter @, may be either positive or negative and it is necessary that

w,®, >0. The dispersion of transverse magnetic (TM) waves with £ =0 and
H_+#0 is given by:

&2 _g? 2
ek = (ﬂj . (28)
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Fig. 7. Effect of the high-frequency spatial cut-off on the band structure @ vs. k of a
gyrotropic material with @, =0.5@, and (i) (green solid lines) no spatial-cut off, (iii) (purple

dotted lines) k., =100|ay,|/c , (iii) (black dashed lines) &, =3|a,|/c, and (iv) (blue dot-

dashed lines) k= |a)0| / ¢ . Adapted from Ref. [20].

max

As seen in Fig. 7, for k <<k, the band structure calculated with the cut-off (pur-

ple, black and blue lines) is nearly coincident with the band structure of the original
gyrotropic material (green lines, for k,__ =o0). By increasing k,__ the coincidence

can be made as good as one may wish. For £ >>k

o » the band structure inevitably
depends on the spatial cut-off.

Notably, when the spatial cut-off is enforced the Chern numbers are always integer
numbers. The Chern invariants are calculated as explained in Ref. [20], including the
wave vector cut-off in the permittivity response of the material. It turns out that inde-

pendent of the value k__ (at least for a sufficiently large £ the Chern invariant of

max max )

the high-frequency band is C, =—sgn(a)e) , and the Chern invariant of the low-
frequency band is C, =+sgn(e, ). In practice, the sign of ®, depends on the direc-

tion of a bias magnetic field.

6.2  Bulk-edge correspondence

The most celebrated property of topological systems is the bulk-edge correspondence
[21-23]. It establishes that when two inequivalent topological materials are paired the
corresponding material interface must forcibly support a net number of unidirectional
edge states determined by the difference of the gap Chern numbers of the bulk mate-
rials. Furthermore, the edge states are gapless and hence their dispersion must cross
the common band-gap.
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6.3  Ill-defined topologies and energy sinks

From the previous subsections, it is clear that some physical systems cannot be topo-
logically classified even though their spectrum has a full band-gap. This property can
be explained in a geometrical way. Specifically, consider the mathematical objects
represented in Fig. 8a. The objects on the left and right panels have a well defined
topology determined by the genus of the corresponding surface. In contrast, the object
in the middle panel has an ill-defined topology. Indeed, the cross-sectional cut of a
torus with vanishing inner radius consists of two-kissing circles, and, thereby the
number of holes of the surface is indefinite.

I1l-defined topologies arise naturally in the study of the wave propagation in physi-
cal systems with a continuous translational symmetry. Indeed, consistent with Sect.
6.1 the topological classification of continuum models requires the regularization of
the system response with some high-spatial frequency cut-off. Without the spatial cut-
off, the topology is ill-defined in the same manner as the topology of the torus with
vanishing inner radius is ill-defined. A practical consequence of this is that the wave
propagation in such systems is not constrained by the bulk-edge correspondence prin-
ciple [22]. Mathematically the pathologic situation arises due to the continuous trans-
lational symmetry of the material.

Remarkably, an ill-defined topology creates an opportunity to stop a wave in a
carefully designed electromagnetic waveguide, leading to the formation of hotspots
where the electromagnetic fields are massively enhanced [24]. This idea is illustrated
in Fig 8b which represents an edge-type unidirectional (horizontal) waveguide formed
by a PEC wall and a gyrotropic material with an ill-defined topology. Interestingly, an
interface of the same gyrotropic material and a PMC wall does not support propagat-
ing states. This is only possible due to the breakdown of the bulk-edge correspond-
ence in media with an ill-defined topology [22].

) Trivial topology [1l-defined topology Nontrivial topology .
c=0 (€ undefined) =1

. 2 Gyrotropic material
(with ill-defined topology)

/('mss-seciiona] g 5 ” E
cut Ll s e i - E
’\ PEE;

Topological sink
-

Fig. 8. a) Geometrical illustration of the concept of an ill-defined topology. The torus and the
sphere on the left and right panels have well defined topologies determined the number holes of
each surface. In contrast a torus with a vanishingly small inner radius (middle panel) has an ill-
defined topology. b) A nonreciprocal material with a continuous translational symmetry has an
ill-defined topology, and can be used to realize a topological energy sink that drags towards its
interior the radiation generated in the surroundings.
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The breakdown of the bulk-edge correspondence creates a deadlock for the unidi-

rectional edge mode propagating in the horizontal guide. At the junction point, the
incoming wave has no place to go: it cannot propagate to the vertical PMC wall, it
cannot escape to the bulk regions and it cannot be back-reflected because the edge
mode is unidirectional and immune to backscattering. Therefore, in the idealized case
of lossless materials, the electromagnetic energy is forced to accumulate at the vertex
point of the PEC and PMC walls. Thus, ill-defined topologies can lead to the for-
mation of energy sinks with ultra-singular fields that absorb all the energy generated
in their surroundings. Such systems can be useful, for example, for energy harvesting
or to enhance nonlinearities [24].
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