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Abstract

This paper tackles the problem of trajectory tracking control for an inverted pendulum mounted on
an underactuated unmanned aerial vehicle, operating under constant external disturbances. To model
the pendulum’s dynamics, a linear time-varying (LTV) system is first constructed. Within a stochastic
framework, a Kalman filter is applied to this LTV system, shown to be uniformly completely observ-
able, to obtain: estimates of the pendulum’s angular velocity; estimates of the external disturbances;
and noise-filtered measurements of the pendulum’s orientation. A backstepping nonlinear controller
is then designed, and it is analytically proven that the total error in the closed-loop system remains
uniformly ultimately bounded. The effectiveness of the proposed strategy is demonstrated through
simulations, with additional experimental results further validating its performance.

1. Introduction
A flying inverted pendulum (FIP) comprises a flying

actuator, typically an underactuated unmanned aerial vehicle
(UAV), and a balanced inverted pendulum. The latter is
inherently unstable; maintaining its upright position is a
classic problem in control theory that has long served as
a benchmark for testing and refining new control strate-
gies. The principles of an inverted pendulum are applied in
various technologies, such as the balancing mechanisms in
Segway vehicles Raffo, Ortega, Madero and Rubio (2015)
and the dynamic jumping capabilities of wheeled bipedal
robots Yu, Li, Tao, Feng, Zhang and Fu (2023). Inspired
by these applications, FIPs can be utilized for ceiling in-
spections of tall buildings using specialized sensors mounted
on the tip of the inverted pendulum Kocer, Tjahjowidodo,
Pratama and Seet (2019). Additionally, the core framework
of FIPs can evolve into complex parallel flying robot systems
designed for specific manipulation and transportation tasks
Liu, Fantoni and Chriette (2024). One of the most notable
applications is in rocket landing control, as demonstrated in
Jin, Wang, Yang and Mou (2020).

The control challenges in inverted pendulum systems
primarily stem from the type of actuator used and the degrees
of freedom they possess. For instance, the classical cart-pole
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system, which moves the pendulum using a cart Zhao and
Spong (2001), and the Furuta pendulum, driven by a rotating
actuator Aracil, Acosta and Gordillo (2013), have garnered
considerable research attention. However, these systems typ-
ically feature only one or two degrees of freedom or are
confined to planar motion, making their control complexities
significantly less than those of the FIP system.

Achieving precise control of an inherently unstable FIP
presents distinctive challenges: the system is underactuated
(having fewer inputs than degrees of freedom) and exhibits
strong couplings between its linear and angular dynamics.
To address this problem, the work in Hehn and D’Andrea
(2011) proposed a linearization method that separates the
dynamics of the inverted pendulum from the rotational dy-
namics of the aerial vehicle. In Zhang, Hu, Gu and Wang
(2017), an active disturbance rejection control law was de-
veloped to stabilize the inverted pendulum in two dimen-
sions. It is important to note that both Hehn and D’Andrea
(2011) and Zhang et al. (2017) use simplified dynamic
models that assume the inverted pendulum is massless and
do not provide proofs for the overall system stability.

In Yang, Yu, Reis and Silvestre (2024), the authors
proposed a robust state-feedback nonlinear control approach
for trajectory tracking of an FIP that does not involve any
linearization. A major caveat of state-feedback control is
that it requires measurements of all state variables, which
is not always feasible or practical, especially for low-cost
platforms with reduced dimensions. Indeed, the linear and
angular velocities of an FIP can be challenging to measure.

To address the issue of unavailable state variables and
noisy measurements, various observers and filtering tech-
niques have been developed. These include high-gain ob-
servers (HGOs) Khalil (2017a), extended state observers
(ESOs) Ran, Li and Xie (2021), extended high-gain ob-
servers (EHGOs) Khalil (2017b), and variations of the
Kalman filter (KF) Zhou, Wang, Zhou, Wang and Chai

Yang et al.: Preprint submitted to Control Engineering Practice Page 1 of 11



(2020). The design of observers is particularly important
when dealing with unknown exogenous disturbances and
model parametric uncertainty. In the specific case of an un-
deractuated UAV, the work in Kong, Reis, He and Silvestre
(2023) reports a nonlinear control strategy that incorporates
estimates obtained from an ESO into the backstepping
design, with subsequent experimental verification attesting
to its advantages and usefulness. For trajectory tracking
problems involving an FIP, only a few studies have incorpo-
rated state observers into their designs. The work presented
in Martinez-Vasquez, Castro-Linares, Rodríguez-Mata and
Sira-Ramírez (2023) is highlighted here, where an ESO is
designed based on a linearization of the FIP model, with its
estimates used by an active disturbance rejection controller
for trajectory tracking. It is also worth noting, although in
a different but related context, the original work in Hofer,
Muehlebach and D’Andrea (2023), which proposes a linear-
quadratic regulator to stabilize a novel inverted pendulum
design. The KF is used there to estimate states that are not
directly measured and to compensate for communication
delays.

The key highlights and contributions of this paper are
summarized as follows:

1) Estimating unknown states in the FIP system presents
a challenge due to its underactuated nature. This
paper addresses the issue by introducing a linear
time-varying (LTV) system, which is shown to be
uniformly completely observable (UCO). Within a
stochastic framework, a KF is employed to estimate
the pendulum’s angular velocity and the constant
perturbations influencing both its linear and angular
dynamics, using measurements of the pendulum’s
orientation.

2) Without relying on model linearization or other sim-
plification techniques, a nonlinear output feedback
control strategy is proposed that simultaneously achieves
trajectory tracking for the FIP and stabilization of the
pendulum’s direction during movement.

3) Comprehensive three-dimensional trajectory tracking
simulations and experimental results are presented
to validate and demonstrate the effectiveness of the
proposed solution. Compared to the work by Hehn and
D’Andrea Hehn and D’Andrea (2011), the proposed
approach shows improved tracking performance and
enhanced robustness, thereby allowing for a broader
range of practical applications.

2. Notation
The 𝑛-dimensional Euclidean space is denoted by ℝ𝑛.

The set of unit vectors in ℝ3 is denoted by 𝕊2. The symbols
𝐈 and 𝟎 represent the identity and zero matrices, respectively,
both of appropriate dimensions. Transposition is denoted by
(∙)𝖳. For convenience, 𝐞3 ≜ [0 0 1]𝖳. The special orthogonal
group of order three is represented by 𝖲𝖮(3) ≜ {𝐗 ∈ ℝ3×3 ∶
𝐗𝐗𝖳 = 𝐗𝖳𝐗 = 𝐈, det(𝐗) = 1}. 𝐒(∙) is a skew-symmetric

matrix operator used in the vector cross product, i.e., 𝐒(𝐚)𝐜 =
𝐚× 𝐜, for 𝐚, 𝐜 ∈ ℝ3. The Euclidean norm is denoted by ‖ ∙ ‖,
and ⊗ denotes the Kronecker product. 𝜆max(∙) and 𝜆min(∙)
represent the largest and smallest eigenvalues, respectively,
of the argument matrix. Positive definiteness of a symmetric
matrix 𝐌 is indicated as 𝐌 ≻ 𝟎.

3. Preliminaries
This section provides the necessary preliminaries for the

paper and formulates the control problem.

3.1. System Model
Consider a fixed inertial frame {𝐼} and a body-fixed

frame {𝐵}, with the origin of {𝐵} coinciding with the center
of mass of the UAV. Both frames follow the North-East-
Down (NED) axes convention. Throughout this paper, all
vectors are defined in {𝐼} unless otherwise stated.

The FIP consists of two objects: a rigid-body UAV with
mass 𝑚𝑄 > 0 and a load with mass 𝑚𝐿 > 0, assumed to be
concentrated at a single point, i.e., a point mass. They are
connected by a rigid, massless pendulum of length 𝓁 > 0.

The inertial coordinates of the UAV and the load are
denoted by 𝐩𝑄 ∈ ℝ3 and 𝐩𝐿 ∈ ℝ3, respectively. The
corresponding linear velocities are given by 𝐯𝑄 ∈ ℝ3 and
𝐯𝐿 ∈ ℝ3. The rotation matrix from {𝐵} to {𝐼} is denoted by
𝐑 ∈ 𝖲𝖮(3). The direction of the pendulum, i.e., the unit
vector pointing from the UAV to the load, is denoted by
𝐪 ∈ 𝕊2, such that

𝓁𝐪 = 𝐩𝐿 − 𝐩𝑄. (1)

For simplicity of notation, define projection operators asso-
ciated with 𝐪 as

(∙)‖ ≜ 𝐪𝐪𝖳(∙) and (∙)⟂ ≜ −𝐒2(𝐪)(∙). (2)

The angular velocity of the pendulum is denoted by 𝝎 ∈ ℝ3.
The 8-degree-of-freedom configuration space of the FIP

system is thus represented by ℝ3 × 𝕊2 × 𝖲𝖮(3). The corre-
sponding kinematics equations are given by

⎧

⎪

⎨

⎪

⎩

𝐩̇𝐿 = 𝐯𝐿,
𝐪̇ = 𝐒(𝝎)𝐪, and
𝐑̇ = 𝐑𝐒(𝛀),

(3a)
(3b)
(3c)

where 𝛀 ∈ ℝ3 represents the angular velocity of {𝐵}
with respect to (w.r.t.) {𝐼}, expressed in {𝐵}. Notice that,
according to (3b), the angular pendular motion is such that

𝐪𝖳𝝎 = 0. (4)

The dynamic equations are given by (cf. Yang et al.
(2024) or Lee, Sreenath and Kumar (2013)):

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐯̇𝐿 = 1
𝑚𝑇

(𝐟 + 𝐛)‖ −
𝑚𝑄𝓁

𝑚𝑇
‖𝝎‖2𝐪 + 𝑔𝐞3,

𝝎̇ = − 1
𝑚𝑄𝓁

𝐒(𝐪)(𝐟 + 𝐛),

(5a)

(5b)
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where 𝑔 > 0 is the gravitational acceleration, 𝐟 ∈ ℝ3 is
the thrust force applied on the center of mass of the UAV,
𝑚𝑇 ≜ 𝑚𝑄 + 𝑚𝐿, and 𝐛 ∈ ℝ3 accounts for unknown constant
disturbances, such as wind, and may also include terms
related to (additive) sensor noise. Define 𝐫3 ≜ 𝐑𝐞3 ∈ 𝕊2,
such that, in view of the underactuated nature of the UAV,
one has 𝐟 ≜ −𝑇 𝐫3, with 𝑇 ≜ ‖𝐟‖ being the net thrust
generated only along the (vertical) 𝑧-axis of {𝐵}.

3.2. Problem Statement
Consider a reference trajectory, denoted by 𝐩𝐿𝑑 ∈ ℝ3,

that is a curve of class at least 5 with bounded derivatives.
The goal is to design control laws for 𝑇 and 𝛀 such that, in
the presence of unknown constant perturbations 𝐛, and with-
out measurements of 𝐯𝐿 and 𝝎, the position 𝐩𝐿 converges to
the neighborhood of 𝐩𝐿𝑑 .

4. State Observer Design
In this section, the attitude subsystem of the FIP is

represented as an LTV system, and an observability analysis
of the proposed model is performed. A KF is subsequently
designed in Section 4.3 to estimate the unmeasured states.

4.1. Linear Time-varying System Design
Start by defining the state and output vectors as

𝒙(𝑡) ≜
[

𝐪𝖳(𝑡) 𝝎𝖳(𝑡) 1
𝑚𝑄𝓁

𝐛𝖳
]𝖳

∈ ℝ9 and (6)

𝒚(𝑡) ≜
[

𝐪𝖳(𝑡) 0
]𝖳 ∈ ℝ4, (7)

respectively. Then, based on (3b) and (5b), and according to
(6) and (7), an LTV system can be formulated as

{𝒙̇(𝑡) = 𝐀(𝑡)𝒙(𝑡) + 𝐁(𝑡)𝒖(𝑡) + 𝐰(𝑡),
𝒚(𝑡) = 𝐂(𝑡)𝒙(𝑡) + 𝐧(𝑡),

(8)

where the input signal is defined as

𝒖(𝑡) ≜ 1
𝑚𝑄𝓁

𝐟 (𝑡) ∈ ℝ3, (9)

and the state-space matrices are given by

𝐀(𝑡) =
⎡

⎢

⎢

⎣

𝟎 −𝐒(𝐪(𝑡)) 𝟎
𝟎 𝟎 −𝐒(𝐪(𝑡))
𝟎 𝟎 𝟎

⎤

⎥

⎥

⎦

∈ ℝ9×9, (10)

𝐁(𝑡) =
[

𝟎 𝐒(𝐪(𝑡)) 𝟎
]𝖳 ∈ ℝ9×3, (11)

𝐂(𝑡) =
[

𝐈 𝟎 𝟎
𝟎 𝐪𝖳(𝑡) 𝟎

]

∈ ℝ4×9. (12)

Here, 𝐰 ∼ N (𝟎,Q) and 𝐧 ∼ N (𝟎,R) represent the (uncor-
related) process and observation noises, both assumed to be
extracted from zero mean multivariate normal distributions
with covariances Q ∈ ℝ9×9 and R ∈ ℝ4×4, respectively.

Note that the zero in (7) represents a virtual measurement
based on the inherent geometric constraint given by (4). This
decision will be helpful in analyzing the observability of the
linear state equation (8).

4.2. Observability Analysis
The observability of the LTV system (8) is examined

here. The transition matrix 𝚽(𝑡, 𝑡0) ∈ ℝ9×9 associated
with the state transition matrix 𝐀(𝑡) in (10), which can be
computed through the Peano-Baker series, is given by

𝚽(𝑡, 𝑡0) =

⎡

⎢

⎢

⎢

⎣

𝐈 − ∫ 𝑡
𝑡0
𝐒(𝐪(𝜏))𝑑𝜏 ∫ 𝑡

𝑡0
𝐒(𝐪(𝜏)) ∫ 𝜏

𝑡0
𝐒(𝐪(𝜎))𝑑𝜎𝑑𝜏

𝟎 𝐈 − ∫ 𝑡
𝑡0
𝐒(𝐪(𝜏))𝑑𝜏

𝟎 𝟎 𝐈

⎤

⎥

⎥

⎥

⎦

.
(13)

The observability Gramian associated with the pair (𝐀(𝑡),
𝐂(𝑡)), denoted here by 𝑾 (𝑡0, 𝑡𝑓 ) ∈ ℝ9×9, is defined as

𝑾 (𝑡0, 𝑡𝑓 ) ≜ ∫

𝑡𝑓

𝑡0
𝚽𝖳(𝑡, 𝑡0)𝐂(𝑡)𝖳𝐂(𝑡)𝚽(𝑡, 𝑡0)𝑑𝑡. (14)

Definition 1. (Jazwinski (2007), Uniform Complete Observ-
ability). Given constants 𝛼1, 𝛼2, 𝛽 > 0, the continuous-time
LTV system (8) is UCO if and only if

𝛼1𝐈 ⪯ 𝑾 (𝑡, 𝑡 + 𝛽) ⪯ 𝛼2𝐈, ∀𝑡 ≥ 𝑡0. (15)

The following proposition, a particular case of Proposi-
tion 4.2 developed in Batista, Silvestre and Oliveira (2011),
is useful in the sequel.

Proposition 1. Let 𝐠(𝑡) ∶ [𝑡0, 𝑡𝑓 ] ⊂ ℝ → ℝ3 be a
continuous and two times differentiable function on 𝜙 ≜
[𝑡0, 𝑡𝑓 ], where 𝑇 ≜ 𝑡𝑓 − 𝑡0 > 0, and such that 𝐠(𝑡0) ≥ 0.
Further assume that 𝐠̈(𝑡) is bounded on 𝜙. If there exist 𝜌 > 0
and 𝑡1 ∈ 𝜙 such that ‖𝐠̇(𝑡1)‖ ≥ 𝜌, then there exist 0 < 𝑡2 < 𝑇
and 𝜃 > 0 such that ‖𝐠(𝑡0 + 𝑡2)‖ ≥ 𝜃.

Theorem 1. The continuous-time LTV system (8), with 𝐟
uniformly bounded, is UCO on 𝜙 ≜ [𝑡, 𝑡+𝛽], for some 𝛽 > 0,
if the direction of the pendulum is not constant, i.e.,

∃𝜏 ∈ 𝜙 ∶ 𝐒(𝐪(𝑡))𝐪(𝜏) ≠ 𝟎, ∀𝑡 ≥ 𝑡0. (16)

Proof. Start by defining a vector 𝒅 ≜
[

𝒅𝖳
1 𝒅𝖳

2 𝒅𝖳
3
]𝖳 ∈

ℝ9, with 𝒅1,𝒅2,𝒅3 ∈ ℝ3, such that ‖𝒅‖ = 1. Bear in mind
that 𝑡 ≥ 𝑡0 represents an arbitrary moment of time, with 𝑡0
representing the initial time of the simulation/experiment,
typically set to zero for convenience. Let 𝜏 be an auxiliary
quantity denoting another instance of time, belonging to the
interval 𝜙. Therefore, according to (14), one can write

𝒅𝖳𝑾 (𝑡, 𝑡 + 𝛽)𝒅 = ∫

𝑡+𝛽

𝑡
‖𝐠(𝜏, 𝑡)‖2𝑑𝜏, (17)

where, for all 𝜏 ∈ 𝜙 and 𝑡 ≥ 𝑡0, 𝐠(𝜏, 𝑡) ∈ ℝ4 is given by

𝐠(𝜏, 𝑡) =
⎡

⎢

⎢

⎣

𝒅1 − ∫ 𝜏
𝑡 𝐒(𝐪(𝜎))𝒅2𝑑𝜎…

…+ ∫ 𝜏
𝑡 𝐒(𝐪(𝜎)) ∫ 𝜎

𝑡 𝐒(𝐪(𝜐))𝒅3𝑑𝜐𝑑𝜎
𝐪𝖳(𝜏)

(

𝒅2 − ∫ 𝜏
𝑡 𝐒(𝐪(𝜎))𝒅3𝑑𝜎

)

⎤

⎥

⎥

⎦

. (18)

Notice that (13) consists of terms that depend only on
the unit vector 𝐪. Therefore, since the integral over a finite
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interval of a bounded quantity is also finite, it follows that
𝚽(𝑡, 𝑡0) is bounded as well. Moreover, 𝐂, as shown in (12),
is also a bounded matrix since its only time-varying term is
a unit vector. Hence, according to (14), 𝑊 (𝑡0, 𝑡𝑓 ) is upper
bounded. Then, based on (18), one has

𝐠(𝑡, 𝑡) =
[

𝒅1
𝐪𝖳(𝑡)𝒅2

]

, ∀𝑡 ≥ 𝑡0, (19)

meaning that for some ‖𝒅1‖ = 𝛿1 > 0 it must be ‖𝐠(𝑡, 𝑡)‖ ≥
𝛿1 for all 𝑡 ≥ 𝑡0. Likewise, for some𝒅2 not orthogonal to 𝐪(𝑡),
such that |𝐪𝖳(𝑡)𝒅2| = 𝛿2 > 0, it follows that ‖𝐠(𝑡, 𝑡)‖ ≥ 𝛿2
for all 𝑡 ≥ 𝑡0. Suppose then that 𝒅1 = 𝟎 and that 𝒅2 is
orthogonal to 𝐪(𝑡), therefore implying ‖𝐠(𝑡, 𝑡)‖ = 0, for all
𝑡 ≥ 𝑡0.

Next, compute the first derivative of (18) w.r.t. 𝜏, which,
for all 𝜏 ∈ 𝜙, results in

𝑑𝐠(𝜏, 𝑡)
𝑑𝜏

=
[

−𝐒(𝐪(𝜏))
(

𝒅2 − ∫ 𝜏
𝑡 𝐒(𝐪(𝜎))𝒅3𝑑𝜎

)

−𝐪𝖳(𝜏)𝐒(𝝎(𝜏))
(

𝒅2 − ∫ 𝜏
𝑡 𝐒(𝐪(𝜎))𝒅3𝑑𝜎

)

]

.

(20)

Evaluating (20) at 𝜏 = 𝑡 yields

𝑑𝐠(𝜏, 𝑡)
𝑑𝜏

|

|

|

|𝜏=𝑡
=
[

−𝐒(𝐪(𝑡))𝒅2
−𝐪𝖳(𝑡)𝐒(𝝎(𝑡))𝒅2

]

. (21)

Because 𝒅2 is orthogonal to 𝐪(𝜏), there must exist 𝛿3 =
‖𝐒(𝐪(𝑡))𝒅2‖ > 0 such that ‖‖

‖

𝑑𝐠(𝜏,𝑡)
𝑑𝜏

|

|

|𝜏=𝑡
‖

‖

‖

≥ 𝛿3, for all 𝑡 ≥ 𝑡0.
Suppose then that 𝒅2 = 𝟎. With 𝒅1 = 𝒅2 = 𝟎, it must be
‖𝒅3‖ = 1. Hence, it follows from (18) and (20) that

𝐠(𝜏, 𝑡) =
[

∫ 𝜏
𝑡 ∫ 𝜎

𝑡 𝐒(𝐪(𝜎))𝐒(𝐪(𝜐))𝒅3𝑑𝜐𝑑𝜎
−𝐪𝖳(𝜏) ∫ 𝜏

𝑡 𝐒(𝐪(𝜎))𝒅3𝑑𝜎

]

(22)

and

𝑑𝐠(𝜏, 𝑡)
𝑑𝜏

=
[

𝐒(𝐪(𝜏)) ∫ 𝜏
𝑡 𝐒(𝐪(𝜎))𝒅3𝑑𝜎

𝐪𝖳(𝜏)𝐒(𝝎(𝜏)) ∫ 𝜏
𝑡 𝐒(𝐪(𝜎))𝒅3𝑑𝜎

]

. (23)

In view of the second row of (22) and first row of (23),
observe that the term ∫ 𝜏

𝑡 𝐒(𝐪(𝜎))𝒅3𝑑𝜎 = −𝐒(𝒅3) ∫
𝜏
𝑡 𝐪(𝜎)𝑑𝜎

cannot be simultaneously collinear and orthogonal to 𝐪(𝜏).
Hence, it follows that there must exist 𝛿4 > 0 such that, for
all 𝜏 ∈ 𝜙 and 𝑡 ≥ 𝑡0, if ∫ 𝜏

𝑡 𝐪(𝜎)𝑑𝜎 is not collinear to 𝒅3 then

‖

‖

‖

‖

∫

𝜏

𝑡
𝐒(𝐪(𝜎))𝒅3𝑑𝜎

‖

‖

‖

‖

= 𝛿4 ⟹ …

… ⟹ ‖𝐠(𝜏, 𝑡)‖ ≥ 𝛿4 ∨
‖

‖

‖

‖

𝑑𝐠(𝜏, 𝑡)
𝑑𝜏

‖

‖

‖

‖

≥ 𝛿4.
(24)

Suppose then that ∫ 𝜏
𝑡 𝐪(𝜎)𝑑𝜎 is collinear with 𝒅3 for all

𝜏 ∈ 𝜙, with ‖𝒅3‖ = 1. With (16) holding true, the
direction of 𝐪(𝜏) cannot remain constant in 𝜙. Therefore,
(24) is always true unless 𝒅3 = 𝟎, but this would contradict
the fact that ‖𝒅3‖ = 1. This means, on account of (20)
and its derivative being uniformly bounded, that by using
Proposition (1) there must exist constants 𝛼1, 𝛼2 and 𝛽 such
that 𝛼1 ≤ 𝒅𝖳𝑾 (𝑡, 𝑡 + 𝛽)𝒅 ≤ 𝛼2, for all 𝑡 ≥ 𝑡0.

Remark 1. In theory, the vertical direction of the pendulum,
expressed by the column vector [0 0 − 1]𝖳, is an unstable
equilibrium point for the FIP system. However, Theorem 1
requires the direction to change only once in a certain
interval. Simply put, as long as the FIP system does not
initiate the maneuver at the equilibrium point, in practice
the LTV system (8) will always be observable.

4.3. Kalman Filter as State Observer
Similarly to the definition in (6), let the system state

estimate be denoted by 𝒙̂(𝑡) ∈ ℝ9. More specifically

𝒙̂(𝑡) ≜
[

𝐪𝖳(𝑡) 𝝎̂𝖳(𝑡) 1
𝑚𝑄𝓁

𝐛̂𝖳(𝑡)
]𝖳

. (25)

The Kalman-Bucy filter is selected as a natural estimator for
(8). Its classical structure is given by

̇̂𝒙(𝑡) ≜ 𝐀(𝑡)𝒙̂(𝑡)+𝐁(𝑡)𝒖(𝑡)+(𝑡)
(

𝒚(𝑡)−𝐂(𝑡)𝒙̂(𝑡)
)

(𝑡) ≜  (𝑡)𝐂𝖳(𝑡)−1

̇ (𝑡) ≜𝐀(𝑡) (𝑡)+ (𝑡)𝐀𝖳(𝑡) +−(𝑡)𝖳(𝑡)

(26a)

(26b)
(26c)

where  and  are positive definite matrices (assumed to
be constant), originally introduced to characterize the noises
in (8), (𝑡) ∈ ℝ9×3 is the time-varying Kalman gain, and
 (𝑡) ∈ ℝ9×9 denotes the positive definite covariance of the
state estimation error obtained from the Riccati differential
equation (26c). The initial conditions 𝒙̂(𝑡0) and  (𝑡0) ≻ 𝟎
are selected by the user.

Remark 2. The KF described in (26) operates under the as-
sumption that the disturbance term 𝐛 remains constant over
time. Accounting for time-varying behavior would require
explicit knowledge of the time derivative 𝐛̇(𝑡), which compli-
cates the filter design. However, by appropriately increasing
the relevant entries in the process noise covariance matrix
, the filter can accommodate stochastic variations in 𝐛(𝑡),
effectively relaxing the model’s reliance on strict dynamics
while maintaining strong stability guarantees. Simulation
results further demonstrate that, even under stochastic dis-
turbances, the state estimates converge and remain within a
small neighborhood of the true values.

Remark 3. (Jazwinski (2007), Lemmas 7.1 and 7.2). With
the LTV system (8) being UCO, the solution of (26c) is
positive definite and uniformly bounded from above and
below for all 𝑡 ≥ 𝑡0.

According to (6) and (25), define the estimation error

𝒙̃(𝑡) ≜ 𝒙(𝑡) − 𝒙̂(𝑡). (27)

Since the continuous-time LTV system (8) is UCO, it
follows that 𝒙̃(𝑡) is uniformly ultimately bounded Khalil
(2002).

Remark 4. An estimate of 𝐯𝐿 is easily obtained from alge-
braic manipulations involving (1) and (3b). Notice that

𝐯𝐿(𝑡) = 𝐯𝑄(𝑡) − 𝓁𝐒(𝐪(𝑡))𝝎̂(𝑡) ∀𝑡 ≥ 𝑡0, (28)

where 𝐯𝑄(𝑡) ∈ ℝ3 is the measured linear velocity of the UAV.
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Remark 5. From a practical standpoint, balancing an in-
verted pendulum on a UAV implies that the aerial vehicle will
predominantly be in a quasi-hover configuration, with the
pendulum nearly always aligned vertically, i.e., 𝐪 ≈ [0 0 −
1]𝖳. Consequently, according to (5b), the 𝑧-component of 𝐛
will have minimal influence on the angular dynamics. This
lack of excitation can lead to an observability issue, making
accurate estimation of the 𝑧-component of 𝐛 challenging.
However, in typical indoor and outdoor aerial applications,
this component is generally negligible. In scenarios where it
is not, state augmentation can be employed to incorporate
position and linear velocity, or alternatively, a scalar adap-
tive law can be specifically designed within the controller to
compensate for external disturbances along the 𝑧-axis.

5. KF-aided Controller Design
This section outlines the design of a nonlinear hierarchi-

cal tracking controller for the FIP system using the back-
stepping technique, ensuring close tracking of the desired
trajectories. The estimated values from the proposed KF
in Section 4.3 are integrated into the control framework to
handle unmeasured states and unknown disturbances.

As discussed in Section 3.1, the underactuated nature of
the FIP system prevents it from following arbitrary trajec-
tories. Specifically, the thrust force 𝐟 cannot generate accel-
eration in all directions during motion, and the UAV lacks
the ability to apply torque directly to the inverted pendulum.
To address this limitation, the trajectory tracking problem is
reformulated as the generation of a vectored desired force.
This force is designed to guide the load along a reference
trajectory while simultaneously preventing the pendulum
from toppling. It is decomposed into two components: one
that regulates the position error and another that stabilizes
the pendulum’s orientation. To realize this desired force,
a control law is developed for the UAV’s angular velocity,
enabling attitude adjustments that align the thrust direction
with the required force vector.

5.1. Load Position Control
Begin by defining two reference tracking errors:

𝐳𝐩 ≜ 𝐩𝐿 − 𝐩𝐿𝑑 ∈ ℝ3 and (29)

𝐳𝐯 ≜ 𝐯𝐿 − 𝐩̇𝐿𝑑 ∈ ℝ3, (30)

whose derivatives, based on (3a) and (5a), follow as

𝐳̇𝐩 = 𝐳𝐯, and (31)

𝐳̇𝐯 =
1
𝑚𝑇

(𝐟 + 𝐛)‖ −
𝑚𝑄𝓁

𝑚𝑇
‖𝝎‖2𝐪 + 𝑔𝐞3 − 𝐩̈𝐿𝑑 . (32)

Let 𝐟𝑑 ∈ ℝ3 represent the aforementioned vectored
desired thrust force to be applied on the center of mass of
the UAV. To stabilize the position error subsystem, define
the component of 𝐟𝑑 which is parallel to 𝐪 as

𝐟‖𝑑 ≜ −𝝃̂
‖

− 𝐛̂‖ + 𝑚𝑄𝓁‖𝝎̂‖2𝐪 ∈ ℝ3, (33)

where 𝝃̂ ∈ ℝ3 denotes the estimate of 𝝃, which combines
feedback and trajectory information, and is defined as

𝝃 ≜ 𝑚𝑇

(

𝐊𝐩𝐳𝐩 +𝐊𝐯𝐳𝐯 + 𝑔𝐞3 − 𝐩̈𝐿𝑑

)

∈ ℝ3, (34)

where 𝐊𝐩 ∈ ℝ3×3 ≻ 𝟎 and 𝐊𝐯 ∈ ℝ3×3 ≻ 𝟎 are gain
matrices. Since 𝝃 in (34) depends on the unknown quantity
𝐳𝐯, consider instead its estimated value 𝐳̂𝐯 ≜ 𝐯𝐿 − 𝐩̇𝐿𝑑 ∈ ℝ3

to construct 𝝃̂.
The first Lyapunov function candidate is put forward as

𝑉1 ≜
1
2
𝐳𝖳𝐩𝐊𝐩𝐳𝐩+𝛽𝐳𝖳𝐩𝐳𝐯+

1
2
𝐳𝖳𝐯 𝐳𝐯, with 𝛽 <

√

𝜆min(𝐊𝐩).

(35)

Based on (2), consider the decomposition 𝝃 = 𝝃‖ + 𝝃⟂, and
apply (31) and (32) to calculate the time derivative of 𝑉1 as

𝑉̇1 = −𝑊1 +
1
𝑚𝑇

𝜕𝑉1
𝜕𝐯𝐿

𝖳

𝝃⟂ + 1
𝑚𝑇

𝜕𝑉1
𝜕𝐯𝐿

𝖳
(

𝐟‖ + 𝝃‖ + 𝐛‖

−𝑚𝑄𝓁‖𝝎‖2𝐪
)

,
(36)

where 𝜕𝑉1
𝜕𝐯𝐿

= 𝛽𝐳𝐩 + 𝐳𝐯 ∈ ℝ3, and

𝑊1 ≜
[

𝐳𝐩 𝐳𝐯
]

[

𝛽𝐊𝐩
𝛽
2𝐊𝐯

𝛽
2𝐊𝐯 −(𝛽 −𝐊𝐯)

]

[

𝐳𝐩
𝐳𝐯

]

∈ ℝ. (37)

Note that 𝑊1 is positive for any 𝐳𝐩, 𝐳𝐯 ≠ 𝟎 if and only if

𝛽 < min
(

𝜆1∕2min(𝐊𝐩), 𝜆min(4𝐊𝐩𝐊𝐯
(

4𝐊𝐩 +𝐊2
𝐯
)−1)

)

. (38)

According to (33), 𝑉̇1 in (36) can be rewritten as

𝑉̇1 = −𝑊1+
1
𝑚𝑇

𝜕𝑉1
𝜕𝐯𝐿

𝖳

𝝃⟂+Ψ1+
1
𝑚𝑇

𝜕𝑉1
𝜕𝐯𝐿

𝖳 (

𝐟‖ − 𝐟‖𝑑
)

, (39)

where Ψ1 ∈ ℝ is an auxiliary variable that includes error
terms associated with (27), which arise due to the estimates
considered in (33). This point is further elaborated in Ap-
pendix A.

5.2. Pendulum Direction Control
Define the desired pendulum direction as

𝐪𝑑 ≜ −
𝝃

‖𝝃‖
∈ 𝕊2, (40)

assuming that ‖𝝃‖ > 0. To align the inverted pendulum
direction 𝐪 with the desired direction 𝐪𝑑 , the pendulum
direction error is set as

𝐳𝐪 ≜ 𝐪 − 𝐪𝑑 ∈ ℝ3. (41)

The second Lyapunov function candidate is thus de-
signed as

𝑉2 ≜ 𝑉1 +
ℎ𝐪
2
𝐳𝖳𝐪𝐳𝐪, (42)
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where ℎ𝐪 > 0 is a matching parameter. The derivative of 𝑉2,
based on (3b) and (39), and for some 𝑘𝐪 > 0, gives

𝑉̇2 = −𝑊2 + Λ1 + Ψ1 +
1
𝑚𝑇

𝜕𝑉1
𝜕𝐯𝐿

𝖳 (

𝐟‖ − 𝐟‖𝑑
)

+ ℎ𝐪𝐪𝖳𝑑

(

𝐒(𝐪)𝝎 + 𝐒(𝐪)𝐒(𝐪𝑑)
𝝃̇

‖𝝃‖
+

𝑘𝐪
ℎ𝐪

𝐪⟂𝑑

)

,
(43)

where 𝑊2 ≜ 𝑊1 + 𝑘𝐪‖𝐳⟂𝐪 ‖
2 > 0 and where, for brevity,

Λ1 ≜
‖𝝃‖
𝑚𝑇

𝜕𝑉1
𝜕𝐯𝐿

𝐳⟂𝐪 ∈ ℝ.
To keep the notation concise, any function 𝝁 with an

explicit dependence on 𝐯𝐿 will be represented in such a way
that its time derivative can be expressed as

𝝁̇ = 𝝁̇|𝐟=𝐟‖𝑑
+ 1

𝑚𝑇

𝜕𝝁
𝜕𝐯𝐿

(

𝐟 − 𝐟𝑑
)

‖ , (44)

where 𝝁̇|𝐟=𝐟‖𝑑
is a term whose dependence on variable 𝐟 is

replaced by an explicit dependence on 𝐟‖𝑑 , as given by (33).
Furthermore, one can write a useful decomposition as

𝝁̇|𝐟=𝐟‖𝑑
= ̂̇𝝁|𝐟=𝐟‖𝑑

+ ℎ(𝒙̃), (45)

with ̂̇𝝁|𝐟=𝐟‖𝑑
being a known term equivalent to calculating

𝝁̇|𝐟=𝐟‖𝑑
using the estimates 𝐯𝐿, 𝝎̂ and 𝐛̂, while the remaining

unknown terms, which are function of (27), are all gathered
into ℎ(𝒙̃).

Next, define the inverted pendulum’s angular velocity
error as

𝐳𝝎 ≜ 𝐒(𝐪)(𝝎 − 𝝎𝑑) ∈ ℝ3, (46)

where the desired inverted pendulum’s angular velocity is
designed as

𝝎𝑑 ≜
𝑘𝐪
ℎ𝐪

𝐒(𝐪)𝐪𝑑 −
1

‖𝝃‖
𝐒(𝐪𝑑)̂̇𝝃|𝐟=𝐟‖𝑑

∈ ℝ3. (47)

The third Lyapunov function is then constructed as

𝑉3 ≜ 𝑉2 +
ℎ𝝎
2
𝐳𝖳𝝎𝐳𝝎, (48)

where ℎ𝝎 > 0 is a matching parameter. Using (5b), and for
some 𝑘𝝎 > 0, compute the time derivative of 𝑉3 as

𝑉̇3 = −𝑊3 + Λ1 + Ψ2 + 𝜹𝖳(𝐟‖ − 𝐟‖𝑑 )
‖ + ℎ𝝎𝐳𝖳𝝎

(

1
𝑚𝑄𝓁

𝐟⟂

+𝐳̇𝜔|𝐟=𝐟‖𝑑
+

ℎ𝐪
ℎ𝝎

𝐪𝑑 +
𝑘𝝎
ℎ𝝎

𝐳𝝎 + 1
𝑚𝑄𝓁

𝐛
)

,

(49)

where 𝑊3 ≜ 𝑊2 + 𝑘𝝎𝐳𝖳𝝎𝐳𝝎 > 0, and where

𝜹 ≜ 1
𝑚𝑇

𝜕𝑉1
𝜕𝐯𝐿

𝖳

−
ℎ𝐪
‖𝝃‖

𝜕𝝃
𝜕𝐯𝐿

𝖳

𝐒2(𝐪𝑑)𝐪+ℎ𝝎
𝜕𝐳𝝎
𝜕𝐯𝐿

|

|

|

|

𝖳

est
𝐳𝝎 ∈ ℝ3

(50)

is introduced to simplify expressions. Note that 𝐪𝑑 and
𝜕𝐳𝝎
𝜕𝐯𝐿

|

|

|

|est
are pseudo-estimates of 𝐪𝑑 and 𝜕𝐳𝝎

𝜕𝐯𝐿
, respectively.

In view of (49), and by following an approach similar
to the one leading to 𝐟‖𝑑 , the desired force’s orthogonal
component 𝐟⟂𝑑 ∈ ℝ3 is now defined as:

𝐟⟂𝑑 ≜ −𝑚𝑄𝓁
(

̂̇𝐳𝜔|𝐟=𝐟‖𝑑
+

ℎ𝐪
ℎ𝝎

𝐪𝑑 +
𝑘𝝎
ℎ𝝎

𝐳𝝎 + 1
𝑚𝑄𝓁

𝐛̂
)⟂

. (51)

Therefore, based on (33) and (51), rewrite (49) as

𝑉̇3 = −𝑊3+Λ1+Ψ3+
(

𝜹𝖳𝐪𝐪𝖳 −
ℎ𝝎
𝑚𝑄𝓁

𝐳𝖳𝝎𝐒
2(𝐪)

)

(𝐟−𝐟𝑑),

(52)

where the complete desired thrust force is formulated as

𝐟𝑑 ≜ 𝐟‖𝑑 + 𝐟⟂𝑑 . (53)

Hence, the magnitude of the desired net thrust is set as
𝑇𝑑 ≜ ‖𝐟𝑑‖. This force is applied along the desired direction
of −𝐫3𝑑 ≜ 1

𝑇𝑑
𝐟𝑑 ∈ 𝕊2. However, the underactuated UAV’s

effective thrust can only be generated along −𝐫3. As a result,
the thrust control law is set as

𝑇 ≜ 𝑇𝑑𝐫3𝖳𝑑𝐫3. (54)

5.3. Nonlinear UAV Attitude Control
The objective of this subsection is to design the control

law for the UAV’s angular velocity to align 𝐫3 with 𝐫3𝑑 . To
achieve this, introduce a new system error defined as

𝐳𝐫 ≜ 𝐫3 − 𝐫3𝑑 ∈ ℝ3. (55)

Set the angular velocity control law as

𝛀 ≜ −𝐒2(𝐞3)
(

𝐑𝖳𝐒(𝐫3𝑑) ̇̂𝐫3𝑑 +
𝑘𝐫
ℎ𝐫

𝐒(𝐞3)𝐑𝖳𝐫3𝑑

+
𝑇𝑑

ℎ𝐫𝑚𝑇
𝐒(𝐞3)𝐑𝖳𝜹̂

‖

+
ℎ𝝎
ℎ𝐫

𝑇𝑑
𝑚𝑄𝓁

𝐒(𝐞3)𝐑𝖳𝐳𝝎
)

− 𝛾𝐞3,
(56)

where 𝛾 ∈ ℝ denotes the third component of 𝛀, and 𝑘𝐫 > 0
is a feedback control gain. Note that 𝛾 is independent of the
trajectory tracking objective and can be designed arbitrarily,
provided that it is bounded. Additionally, ̇̂𝐫3𝑑 and 𝜹̂ are
pseudo-estimates of 𝐫̇3𝑑 and 𝜹.

Considering the error 𝐳𝐫 , set the fourth Lyapunov func-
tion as

𝑉4 ≜ 𝑉3 +
ℎ𝐫
2
𝐳𝖳𝐫 𝐳𝐫 , (57)

for ℎ𝐫 > 0. Consequently, in view of (52) and (56), and
𝐟 = 𝐫3𝐫𝖳3 𝐟𝑑 , compute the time derivative of 𝑉4 as

𝑉̇4 = −𝑊4 + Λ1 + Ψ4, (58)

where 𝑊4 ≜ 𝑊3 + 𝑘𝐫‖𝐒2(𝐫3)𝐳𝐫‖2 > 0.
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6. Stability Analysis
To analyze the stability of the entire FIP system, express

the Lyapunov function defined in (57) in concise vector
notation as

𝑉4 = 𝐳𝖳𝐐𝐳, (59)

where

𝐳 ≜
[

𝐳𝖳𝐩 𝐳𝖳𝐯 𝐳𝖳𝐪 𝐳𝖳𝝎 𝐳𝖳𝐫
]𝖳 ∈ ℝ15, (60)

and 𝐐 ∈ ℝ15×15 is a positive definite matrix defined by

𝐐 ≜ 1
2
blkdiag

([

𝐊𝐩 𝛽𝐈
𝛽𝐈 𝐈

]

, ℎ𝐪𝐈, ℎ𝝎𝐈, ℎ𝐫𝐈
)

, (61)

for

0 < 𝛽 <
√

𝜆min(𝐊𝐩). (62)

It follows then from (58) that

𝑉̇4 = −(𝐏𝐳)𝖳𝐉(𝐏𝐳) + Ψ4, (63)

where 𝐏 ≜ diag(𝐈, 𝐈,−𝐒2(𝐪), 𝐈,−𝐒2(𝐫3)) ∈ ℝ15×15 and
𝐉 ∈ ℝ15×15 is defined as

𝐉 ≜

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝛽𝐊𝐩
𝛽
2𝐊𝐯 − 𝛽‖𝝃‖

2𝑚𝑇
𝐈 𝟎 𝟎

𝛽
2𝐊𝐯 −(𝛽𝐈 −𝐊𝐯) − ‖𝝃‖

2𝑚𝑇
𝐈 𝟎 𝟎

− 𝛽‖𝝃‖
2𝑚𝑇

𝐈 − ‖𝝃‖
2𝑚𝑇

𝐈 𝑘𝐪𝐈 𝟎 𝟎
𝟎 𝟎 𝟎 𝑘𝝎𝐈 𝟎
𝟎 𝟎 𝟎 𝟎 𝑘𝐫𝐈

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (64)

which is positive definite provided that 𝛽 satisfies (38), and

𝑘𝐪
𝜉

> 𝜆max
(

(𝐊𝐩 − 𝛽2𝐈)(4𝐊𝐩𝐊𝐯 − 𝛽𝐊𝐯
2 − 4𝛽𝐊𝐩)−1

)

, (65)

where 𝜉 > 0 is such that ‖𝝃(𝑡)‖ < 𝜉 for all 𝑡 ≥ 𝑡0.

Theorem 2. Consider the FIP system described by (3) and
(5) operating in closed-loop using (54) and (56), alongside
the KF formulated in (26). For any positive control gains
satisfying (38) and (65), the closed-loop system errors are
uniformly ultimately bounded (UUB), i.e., the tracking error
𝐳 in (60) and the estimation error 𝒙̃ in (27) are UUB.

Proof. According to Proposition 1 in Lee (2017), it must be

‖𝑤(𝐪, 𝐪𝑑)‖2

2
≤ 𝑓 (𝐳𝐪) ≤

‖𝑤(𝐪, 𝐪𝑑)‖2

2 − 𝛾𝑞
, if 𝑓 (𝐳𝐪) ≤ 𝛾𝑞 < 2,

where 𝑓 (𝐳𝐪) ≜ 0.5𝐳𝖳𝐪𝐳𝐪 and 𝑤(𝐪, 𝐪𝑑) ≜ 𝐒(𝐪𝑑)𝐪, and

‖𝑤(𝐫3, 𝐫3𝑑)‖2

2
≤ 𝑓 (𝐳𝐫) ≤

‖𝑤(𝐫3, 𝐫3𝑑)‖2

2 − 𝛾𝑟
, if 𝑓 (𝐳𝐫) ≤ 𝛾𝑟 < 2,

Figure 1: Simulation. Reference trajectory 𝐩𝐿𝑑 versus actual
load position 𝐩𝐿. Start and end locations are marked with a
star and square, respectively.

where 𝑓 (𝐳𝐫) ≜
1
2𝐳

𝖳
𝐫 𝐳𝐫 and 𝑤(𝐫3, 𝐫3𝑑) ≜ 𝐒(𝐫3𝑑)𝐫3. Therefore,

note that 𝑉4 in (59) obeys to

(𝐏𝐳)𝖳𝐐(𝐏𝐳) ≤ 𝑉4 ≤ (𝐏𝐳)𝖳𝐐(𝐏𝐳), (66)

where 𝐐 ≜ (diag(1, 1, 2
2−𝛾𝑞

, 1, 2
2−𝛾𝑟

) ⊗ 𝐈)𝐐. Using Young’s

inequality, 𝑉̇4 in (63) can be rewritten as

𝑉̇4 = −(𝐏𝐳)𝖳𝐉𝐐
−1
𝐐(𝐏𝐳)+Ψ4 ≤ −

𝜆min(𝐉⋆)

𝜆max(𝐐)
𝑉4+𝛿𝑉4 , (67)

where 𝛿𝑉4 > 0 is a finite constant (cf. Appendix B). Hence,
the closed-loop system error 𝐳 ultimately converges to the

set defined by Ξ𝐳 ≜

{

‖𝐳‖ ≤
√

𝛿𝑉4𝜆max(𝐐)
𝜆min(𝐉⋆)𝜆min(𝐐)

}

.

7. Simulation Results
The controller was realized and validated in a MAT-

LAB/Simulink environment. Consider a FIP system with
𝑚𝑄 = 0.26 kg, 𝑚𝐿 = 0.03 kg, 𝑔 = 9.81 m∕s2 and 𝓁 = 0.7
m. The reference trajectory is selected as

𝐩𝐿𝑑(𝜗) ≜
⎡

⎢

⎢

⎢

⎣

0.8 sin
(

𝜗(𝑡) + 𝜋
2

)

0.8 sin(𝜗(𝑡))
0.5 sin(𝜗(𝑡)) − 1.6

⎤

⎥

⎥

⎥

⎦

(m), (68)

where 𝜗(𝑡) is a pseudo velocity parameter defined as

𝜗(𝑡) ≜ 0.5∫

𝑡

𝑡0

‖

‖

‖

‖

𝜕𝐩𝐿𝑑(𝜗(𝑡))
𝜕𝜗(𝑡)

‖

‖

‖

‖

−1
𝑑𝜏, (69)

meaning that ‖𝐩̇𝐿𝑑(𝑡)‖ = 0.5 m/s for all 𝑡 ≥ 𝑡0.
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Figure 2: Simulation. Top: thrust and evolution of estimated
load linear speed. Bottom: norm of angular velocity command.

Figure 3: Simulation. Evolution of the estimation errors under
stochastic disturbances.

The initial load position and direction of the inverted
pendulum were set as

𝐩𝐿(𝑡0) ≜ [0 0.2 − 0.3]𝖳(m) and

𝐪(𝑡0) ≜
[

sin(5◦)
√

2

sin(5◦)
√

2
− cos

(

5◦
)

]𝖳

.
(70)

The linear and angular velocities were initially set to zero.
The initial state estimation 𝒙̂(𝑡0) was set as

[

𝐞𝖳3 𝟎 𝟎
]𝖳, thus

0 20 40 60 80 100 120

Time (s)

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

Figure 4: Simulation. Evolution of actual stochastic perturba-
tions 𝐛 (derived from white Gaussian noise using (71)) versus
estimated disturbances 𝐛̂. The initial value of 𝐛̂(0) is zero.

causing deliberately large initial estimation errors intended
to validate the effectiveness of the proposed strategy. The
UAV’s initial attitude was aligned with {𝐼}, i.e., 𝐑(0) ≜ 𝐈.

The controller gains employed in the simulation are:
𝐊𝐩 = 12𝐈, 𝐊𝐯 = 1.5𝐈, 𝛽 = 0.3, 𝑘𝐪 = 20, 𝑘𝝎 = 3, 𝑘𝐫 = 120,
ℎ𝐪 = 10, ℎ𝝎 = 1.3 and ℎ𝐫 = 30. The KF parameters
are chosen as  = diag(10−7𝐈, 10−4𝐈, diag(10 10 0.1)),
 = 3 × 10−5𝐈,  (𝑡0) = diag(10−4𝐈, 𝐈, 𝐈).

The disturbances used to test the proposed method in
simulation are categorized into three cases:

(i) none, i.e., 𝐛 = 𝟎;

(ii) constant, with 𝐛 = [−0.5 0.5 − 0.8]𝖳;

(iii) stochastic, characterized by random perturbations
governed by

𝐛̇ ≜ 1.5 diag(13 15 22)−1
[

−𝐛 + 5 diag(6.5 5 4)𝐰𝐝
]

,
(71)

where 𝐰𝐝 ∈ ℝ3 is a vector of zero-mean white
Gaussian noise sequences generated from different
seeds, with standard deviation set to 0.1. The initial
value of 𝐛 was set to [0.2 − 0.2 − 0.3]𝖳 (cf. Fig. 4).

The reference and actual trajectories, as described by the FIP,
are illustrated in Fig. 1 for three disturbance scenarios. In
Fig. 2, the evolution of control inputs 𝑇 and 𝛀 is depicted.
The presence of a constant lifting disturbance along the 𝑧-
axis reduces the vehicle’s thrust, simulating a lighter UAV.
Notably, the estimated load linear speed remains close to the
reference trajectory speed of 0.5 m/s. The evolution of all
estimation errors under time-varying disturbances is shown
in Fig. 3. For completeness, Fig. 4 shows the evolution of the
actual stochastic disturbances alongside the corresponding
estimates.
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Figure 5: Experimental setup. The FIP is tracked using
VICON Vantage motion capture cameras. Actuation signals
are computed in MATLAB and transmitted via RF transmitter
to the UAV’s main control board for execution.

8. Experimental Results
8.1. Setup

The test arena at the SCORE laboratory of the University
of Macau features a MATLAB/Simulink environment that
seamlessly integrates sensors, control algorithms, and com-
munications with the UAV. In the experiment, a quadrotor
vehicle acts as the actuator for the FIP system. The inverted
pendulum consists of a 1-meter carbon fiber rod with reflec-
tive marks attached to its tip.

The experimental setup, including the FIP prototype, is
shown in Fig. 5. In this setup, a VICON motion capture
system is employed to measure the position of the quadrotor
and the suspended load, and measure the vehicle’s attitude.
Control command signals are transmitted to the quadrotor
via an RF link at a frequency of 45 Hz.

The masses used for experiments are 𝑚𝑄 = 0.253 kg and
𝑚𝐿 = 0.032 kg. The controller parameters were adjusted as
𝐊𝐩 = 9𝐈, 𝐊𝐯 = 2.3𝐈, 𝛽 = 0.2, 𝑘𝐪 = 24.6, 𝑘𝝎 = 6, 𝑘𝐫 = 550,
ℎ𝐪 = 12, ℎ𝝎 = 1.95 and ℎ𝐫 = 100. The KF parameters
were chosen as  = diag(10−7𝐈, 10−4𝐈, diag(40, 40, 10−5)),
 = 10−5𝐈,  (𝑡0) = diag(10−4𝐈, 𝐈, 𝐈).

8.2. Trajectory Tracking
In the FIP trajectory tracking experiment, the reference

trajectory evolves as described in (68). The results of this
experiment are presented in Fig. 6. The norm of the es-
timated load’s linear velocity, denoted by ‖𝐯𝐿‖, starts at
zero and stabilizes at a steady-state mean value of 0.51 m/s.
The presence of oscillations is attributed to the sensitive
dynamics of the underactuated FIP system.

It is noteworthy that ‖𝐳𝐩‖ takes approximately 5 seconds
to achieve steady-state behavior, with a mean value of 9.72
cm, which is satisfactory for this application. Finally, it is
important to emphasize that the command signals, 𝑇 and 𝛀,
remain within reasonable and expected ranges.

It is also important to emphasize that, although not
addressed theoretically due to the inherent challenges in

modeling time-varying disturbances, the disturbance term
𝐛 can, in practice, loosely capture certain effects associated
with internal model parametric uncertainty. While constant
disturbances may not fully reflect realistic conditions, since
constant parametric uncertainty within the internal model
does not necessarily translate to a constant disturbance in the
inertial (non-rotating) frame, this practical flexibility allows
𝐛 to absorb some of these effects to a useful extent. Indeed,
these effects are likely on display in Fig. 6, as the tests
were conducted indoors, meaning there was no wind or other
external influences on the dynamics of the FIP system.

In Hehn and D’Andrea (2011), the authors employed
a linearized model that restricts their method to operate
effectively only around the operating point. In contrast, our
proposed approach features a significantly broader operat-
ing range, achieving better tracking performance even with
substantial initial deviations. Furthermore, due to a carefully
designed adaptive nonlinear backstepping controller that
accounts for pendulum attitude error, our method ensures the
FIP system remains upright and consistent with an extended
reference state throughout the trajectory tracking process.

9. Conclusion
This paper addressed the trajectory tracking problem for

an underactuated flying inverted pendulum, operating with-
out direct measurements of its linear and angular velocities
and under the influence of unknown constant perturbations.
To estimate the unmeasured state variables, a Kalman filter
was implemented based on a uniformly completely observ-
able linear time-varying system that captures the pendulum’s
angular dynamics. Theoretical analysis of the proposed non-
linear backstepping controller confirmed that all errors in the
closed-loop system are uniformly ultimately bounded. The
effectiveness and robustness of the proposed methodology
were further validated through both simulation and experi-
mental results.
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Figure 6: Experiment. Left column: actual trajectory versus reference trajectory, with specific instances of the maneuver
timestamped for reference. Middle left column: two planar perspectives. Middle right column: evolution of ‖𝐯𝐿‖, 𝝎̃ and 𝐛̂.
Right column: evolution ‖𝐳𝐩‖, 𝑇 and ‖𝛀‖.

Appendix A Auxiliary computations
The auxiliary variables Ψ1 in (39), Ψ2 in (49), Ψ3 in (52)

and Ψ4 in (58) are computed as follows:

Ψ1 ≜
1
𝑚𝑇

𝜕𝑉 𝖳
1

𝜕𝐯𝐿

(

𝐛̃‖ + 𝑚𝑄𝓁(‖𝝎̂‖2 − ‖𝝎‖2)𝐪 +𝐊𝐯
‖𝐯𝐿

)

,

(72)

Ψ2 ≜ Ψ1−
ℎ𝐪
‖𝝃‖

𝐪𝖳𝐒2(𝐪𝑑)
𝜕𝝃
𝜕𝐯𝐿

(

𝐛̃‖ + 𝑚𝑄𝓁(‖𝝎̂‖2 − ‖𝝎‖2)𝐪
)

,

(73)

Ψ3 ≜ Ψ2 + ℎ𝝎𝐳𝖳𝝎

(

(𝐳̇𝜔|𝐟=𝐟‖𝑑
− ̂̇𝐳𝜔|𝐟=𝐟‖𝑑

) +
ℎ𝐪
ℎ𝝎

(𝐪𝑑 − 𝐪𝑑)

+
𝑘𝝎
ℎ𝝎

(𝐳𝝎 − 𝐳𝝎) +
1

𝑚𝑄𝓁
𝐛̃
)

, and

(74)

Ψ4 ≜ Ψ3 + ℎ𝐫𝐫3𝖳𝑑𝐑𝐒(𝐞3)
(

−𝐑𝖳𝐒(𝐫3𝑑)(𝐫̇3𝑑 − ̇̂𝐫3𝑑)

−
𝑇𝑑

ℎ𝐫𝑚𝑇
𝐒(𝐞3)𝐑𝖳(𝜹 − 𝜹̂)‖ −

ℎ𝝎
ℎ𝐫

𝑇𝑑
𝑚𝑄𝓁

𝐒(𝐞3)𝐑𝖳(𝐳𝝎 − 𝐳𝝎)
)

.

(75)

Appendix B Boundedness of 𝛿𝑉4
Using Young’s inequality, Ψ1 can be expressed as

Ψ1 ≤
𝛾1
2
𝛽2‖𝐳𝐩‖2 +

𝛾1
2
‖𝐳𝐯‖2 +

1
2𝛾1

𝛿Ψ1
, (76)

where 𝛾1 ∈ ℝ>0 and 𝛿Ψ1
≜ ‖̃𝐛‖ + 𝑚𝑄𝓁(‖𝝎̂‖2 − ‖𝝎‖2)𝐪 +

𝐊𝐯𝐪𝐪𝖳𝐯𝐿‖2. On account of the boundedness of 𝒙̃, it follows
that 𝐯𝐿, 𝝎̃ and 𝐛̃ are bounded. Therefore, 𝛿Ψ1

is also bounded.
Then, using Young’s inequality again to Ψ2, one has

Ψ2 ≤ Ψ1 +
𝛾2
2

ℎ𝐪
‖𝝃‖

‖𝐪𝖳𝐒2(𝐪𝑑)‖2 +
1
2𝛾2

𝛿Ψ2
, (77)

where 𝛾2 ∈ ℝ>0 and 𝛿Ψ2
≜ ‖𝐊𝐯𝐛‖+𝑚𝑄𝓁(‖𝝎̂‖2−‖𝝎‖2)𝐪‖2.

Since 𝝎̃ and 𝐛̃ are bounded, 𝛿Ψ2
is also bounded. Applying

Young’s inequality to Ψ3, it follows that

Ψ3 ≤ Ψ2 +
𝛾3
2
‖𝐳𝝎‖2 +

1
2𝛾3

𝛿Ψ3
, (78)

where 𝛾3 ∈ ℝ>0 and 𝛿Ψ3
≜ ‖𝐳̇𝜔|𝐟=𝐟‖𝑑

−̂̇𝐳𝜔|𝐟=𝐟‖𝑑
+

ℎ𝐪
ℎ𝝎

(

𝐪𝑑 − 𝐪𝑑
)

+
𝑘𝝎
ℎ𝝎

(

𝐳𝝎 − 𝐳𝝎
)

+ 1
𝑚𝑄𝓁

𝐛̃‖2. Since 𝐯𝐿 is bounded, then 𝝃 − 𝝃̂
and 𝐪𝑑 − 𝐪𝑑 are bounded. Moreover, on account of 𝒙̃
being bounded, 𝐳̇𝜔|𝐟=𝐟‖𝑑

− ̂̇𝐳𝜔|𝐟=𝐟‖𝑑
and 𝐳𝝎 − 𝐳𝝎 are also

bounded. Hence, 𝛿Ψ3
is bounded. Likewise, 𝐫̇3𝑑 − ̇̂𝐫3𝑑

and 𝜹 − 𝜹̂ are also bounded. Due to the norm-preserving
property of 𝐑, and since 𝐫3 and 𝐫3𝑑 are unit vectors, 𝛿Ψ4

≜
ℎ𝐫𝐫3𝖳𝑑𝐑𝐒(𝐞3)(−𝐑

𝖳𝐒(𝐫3𝑑)(𝐫̇3𝑑 − ̇̂𝐫3𝑑) − 𝑇𝑑
ℎ𝐫𝑚𝑇

𝐒(𝐞3)𝐑𝖳(𝜹 −

𝜹̂)‖ − ℎ𝝎
ℎ𝐫

𝑇𝑑
𝑚𝑄𝓁

𝐒(𝐞3)𝐑𝖳(𝐳𝝎 − 𝐳𝝎)) is bounded as well. In
turn, the boundedness of 𝛿𝑉4 in (67) is established, where
𝛿𝑉4 ≜ 𝛿Ψ1

+ 𝛿Ψ2
+ 𝛿Ψ3

+ 𝛿Ψ4
.

Then 𝑉̇4 in (63) can be expressed as

𝑉̇4 = −(𝐏𝐳)𝖳𝐉𝐐
−1
𝐐(𝐏𝐳) + Ψ4 ≤ −(𝐏𝐳)𝖳𝐉⋆𝐐

−1
𝐐(𝐏𝐳) + 𝛿𝑉4

≤ −
𝜆min(𝐉⋆)

𝜆max(𝐐)
𝑉4 + 𝛿𝑉4 ,
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(79)

where

𝐉⋆ ≜ 𝐉 +

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

− 𝛾1
2 𝛽

2𝐈 − 𝛾1
4 𝐈 𝟎 𝟎 𝟎

− 𝛾1
4 𝐈 𝟎 𝟎 𝟎 𝟎
𝟎 𝟎 − 𝛾2

2
ℎ𝐪
‖𝝃‖ 𝐈 𝟎 𝟎

𝟎 𝟎 𝟎 − 𝛾3
2 𝐈 𝟎

𝟎 𝟎 𝟎 𝟎 𝟎

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

Note that 𝛾1, 𝛾2 and 𝛾3 are straightforward analysis pa-
rameters that can be adjusted as needed to ensure that 𝐉⋆
is positive definite. These adjustments do not impact the
performance of the controller.
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