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This paper addresses the problem of attitude estimation using the angular velocity of Earth as a reference
vector. A nonlinear observer is proposed that evolves on the special orthogonal group and is aided by angular
velocity readings containing implicit measurements of the Earth’s spin. Additionally, the observer resorts to
body-fixed measurements of one constant inertial reference vector. The observer’s sole tuning parameter,
shaped as a matrix gain, is computed from a time-varying Kalman filter strategically applied to a uniformly

observable linear time-invariant system, which is obtained from the linearized rotation matrix error dynamics.
The nonlinear observer is proved to be locally exponentially stable but, most noticeably, in spite of this local-
based inception, a Monte Carlo simulation analysis demonstrates the good properties of the observer in terms of
convergence rate, tuning capability, and large basin of attraction. Furthermore, extensive experimental results
confirm the properties of the proposed technique and validate its usage in real world applications.

1. Introduction

The Kalman filter has been the workhorse of a plethora of invaluable
contributions to the scientific community, persistently finding its appli-
cation in virtually all engineering domains (Grewal & Andrews, 2010).
The branch of attitude estimation is arguably where the Kalman filter
became the most prolific, thanks in part to its quick dissemination and
extraordinary achievements in the period known as Space Race. Indeed,
during the two decades that followed Wahba’s seminal satellite attitude
determination problem (Wahba, 1965), several techniques were devel-
oped for spacecraft attitude estimation that relied on the celebrated
Kalman filter and its variations (Lefferts, Markley, & Shuster, 1982).
Soon after this chapter, the advent of affordable unmanned vehicles
and the production of commercial low-cost sensors triggered a new
wave of attitude estimation techniques based on the Kalman filter that
has endured until the present day. Among a wide literature on the
subject, see, e.g., the works in Bijker and Steyn (2008), Chang, Hu,
and Li (2016), Choukroun, Bar-Itzhack, and Oshman (2006), de Ma-
rina, Pereda, Giron-Sierra, and Espinosa (2012), Sabatini (2011) and
references therein.

Conceptually, the rotation matrix cannot be uniquely determined
with only one reference vector. In order to resolve the orientation
ambiguity, a second reference vector is required. In attitude estima-
tion/filtering problems, the objective consists typically in determining
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the rotation matrix between two frames using inertial information
of at least two non-collinear reference vectors and their respective
measurements; see, for instance, the works in Batista, Silvestre, and
Oliveira (2012), Chang, Qin, and Li (2015), Grip, Fossen, Johansen,
and Saberi (2012), Markley (1998), Oshman and Markley (1999) and
Wu, Zhou, Gao, Li, Cheng, and Fourati (2018). Accelerometers and
magnetometers, despite their inherent limitations (Bachmann, Yun, &
Brumfield, 2007), are recurrent sensors used extensively across numer-
ous applications mainly due to their reduced dimensions, performance,
and the fact that the gravitational and magnetic fields are known with
extreme precision. Gyro-compasses also pose an attractive choice, as
they can find the true North direction based on Earth’s rotation, and
are immune to magnetic field anomalies.

However, it might occur that only one reference vector is avail-
able, for instance, in scenarios where vehicles, equipped with both
accelerometers and magnetometers, either describe highly accelerated
trajectories or happen to be within range of strong magnetic anomalies,
therefore preventing the simultaneous use of two reference vectors. In
that case, one can use the Kalman filter to overcome the single vector
drawback, although it does not guarantee asymptotic stability or even
boundedness of errors (Khosravian & Namvar, 2012). Moreover, the
structural nature of the Kalman filter forces the lifting of topological
constraints, whereby attitude estimations do not evolve on the special
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orthogonal group, also known as the rotational group. In Barrau and
Bonnabel (2017), the authors analyze the convergence aspects of the
invariant extended Kalman filter when it is used as a deterministic
nonlinear observer on Lie groups. More recently, in Stovner, Johansen,
Fossen, and Schjglberg (2018), a multiplicative exogenous Kalman
filter is presented that employs an attitude representation of minimal
degree; offers global exponential stability guarantees; and, contrasts
with its extended counterpart by linearizing the nonlinear model about
an exogenous signal, therefore replacing the potentially destabilizing
feedback with a feedforward from an auxiliary estimator.

The Kalman-based attitude estimation solutions that are available
in the literature invariably end up being some modification of the
renowned algorithm. To the best of the authors’ knowledge, there exist
no solutions, developed on the special orthogonal group, that resort
solely to the theory of the linear Kalman filter while simultaneously
using explicit information about only one reference vector.

In this paper, building upon the work developed in Reis, Batista,
Oliveira, and Silvestre (2018) and Reis, Batista, Oliveira, and Silvestre
(2019), a novel observer is presented that estimates the rotation matrix
based on explicit measurements of one constant inertial reference
vector in addition to implicit measurements of the Earth’s rotation.
Furthermore, the observer’s correction term is affected by a gain that
can be computed through the application of a linear Kalman filter.
The Luenberger like nature of the observer proposed in Reis et al.
(2018) and Reis et al. (2019) yields a more straightforward gain tuning,
without any reference to a Riccati differential equation. However, the
performance of that observer is extremely slow, exhibiting convergence
rates of up to a dozen of hours.

The algorithm developed in this paper is nonetheless simple and
easy to tune as well, excelling in its performance, which outdoes the
performances illustrated in previous works by the authors, in partic-
ular (Batista, Silvestre, & Oliveira, 2019a) and Batista, Silvestre, and
Oliveira (2019b). In the former, a globally exponentially stable cascade
observer explicitly estimates the Earth’s angular velocity, and then
estimates the rotation matrix without topological constraints. In Batista
et al. (2019b), a cascade semi-global attitude observer built on the
special orthogonal group was presented that is also based on explicit
measurements of a single body-fixed vector. Most noticeably, whereas
in both (Batista et al., 2019a) and Batista et al. (2019b) a set of
piecewise observer gains had to be tuned in order to ensure both
fast convergence speed and good steady-state performance, the Kalman
filter in this paper entails a much simpler and straightforward tuning
process through its covariance matrices, therefore bypassing the need
for piecewise gains. Moreover, much faster convergence is still achieved
with the solution proposed herein. However, in this particular work,
due to the intricate process of analytically computing a closed-form so-
lution of the Riccati differential matrix equation, only local exponential
stability guarantees are provided. Nevertheless, extensive simulation
and experimental results are given that demonstrate the effectiveness
of the proposed observer with a very large basin of attraction. Still,
it urges to emphasize that, in Batista et al. (2019a), the observability
analysis of the system was already carried out, with the system shown
to be observable.

The rest of the paper is organized as follows: in Section 2 an
overview of the problem statement is presented followed by steps lead-
ing to the proposed nonlinear attitude estimation solution. Section 3
shows how to compute the observer gain, specifically how the gain
can be obtained from the solution of the Riccati differential matrix
equation, and addresses the local stability properties of the observer.
In Section 4, an extensive performance analysis is carried out through
a set of simulations that include Monte Carlo runs. Section 5 includes
experimental results that further validate the effectiveness of the pro-
posed observer when tested under real world mission scenarios. Finally,
conclusions and some discussions are presented in Section 6.

Control Engineering Practice 92 (2019) 104134
1.1. Notation

Throughout the paper, a bold symbol stands for a multidimensional
variable, the symbol 0 denotes a matrix of zeros and I an identity
matrix, both of appropriate dimensions. A positive definite matrix M
is denoted by M > 0. N (u, X) stands for a multi-variate normal
distribution with mean u and covariance ¥ > 0. The determinant
function of a matrix is represented by det(-). The Special Orthogonal
Group is denoted by SO3) := {X € R¥3 : XX = X"X = I A det(X) =
1}. The skew-symmetric matrix of a vector a € R? is defined as S(a),
such that given another vector b € R? one has a x b = S(a)b. Finally,
for convenience, the transpose operator is denoted by the superscript

O,
2. Design of attitude observer
2.1. Problem statement

Consider a vehicle or a robotic platform describing a three-
dimensional rotational motion in a dynamic environment, and further
assume that the vehicle is equipped with a set of three high-grade, or-
thogonally mounted rate gyros that are accurate enough to be sensitive
to the angular velocity of the planet, e.g., the commercial off-the-shelf
premium high-performance KVH 1775 inertial measurement unit (IMU)
available from KVH Industries, which includes a trio of fiber optic
gyros (FOGs) enclosed in a compact design, weighing approximately
700 grams. Moreover, consider two frames, one inertial and another
fixed to the vehicle’s body. Suppose that the vehicle is equipped with a
sensor capable of measuring a reference vector, expressed on the body
frame, that is constant when expressed in inertial coordinates. Since
the 1775 IMU also features a set of both tri-axial magnetometers and
accelerometers, it wholly comprehends the measurements required by
the problem.

Therefore, the objective is to determine the rotation matrix from
the body frame to the inertial one using angular velocity readings from
the high-grade gyros, which implicitly measure the speed of Earth’s
revolution, in addition to the body-fixed measurements of the refer-
ence vector. As opposed to most solutions found in the literature, the
observer presented in this paper, which builds upon (Reis et al., 2018)
and Reis et al. (2019), resorts to just one measured body-fixed vector
while simultaneously preserving topological properties, thus entailing
a rather simplified setup design. Moreover, the body-fixed vector that
is measured is actually constant in inertial coordinates.

2.2. Observer for the orientation matrix

Let R(#) € SO(3) denote the rotation matrix from a body-fixed frame
{ B} to alocal North-East-Down (NED) fixed system {1}.? The derivative
of this matrix evolves according to

R(") = ROS[@()], €))

where o(f) € R? is the angular velocity of {B} with respect to {I},
expressed in {B}. The measurements ®,,(f) € R? from the set of three
high-grade, orthogonally mounted rate gyros are given by

®,(1) = o(t) + og(1), (@3]

where @y(7) € R3 is the angular velocity of the Earth about its own
axis, expressed in {B}. The body-fixed measurements of the constant
inertial reference vector are denoted as m(f) € R>. Both wj(f) and
m(¢) are constant (and known) when expressed in inertial coordinates.
Hence, let @ and 'm correspond to their inertial vector counterparts,
such that ‘e, = R()wg(t) and 'm = R(H)m() for all + > 0. For ease

2 This frame is not inertial because it rotates along with the Earth. However,
in practical terms, it can be considered as such because the apparent forces
due to the Earth’s movement are negligible.
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of notation, the upper left superscripts of the body-fixed vectors were
dropped, i.e., oy = Bop.

From (2), the continuous matrix differential equation (1) can be
rewritten as

R(®) = ROS[@,,(1) — @5 (1)].
The following assumptions are considered throughout the remain-
der of the paper.

I

Assumption 1. The constant inertial vectors ‘@, and 'm are not

collinear, i.e., Tz x 'm # 0.

This assumption concerns observability purposes and is useful in the
main result of this work. It is easily attainable in practice, since both
vectors depend uniquely on the geographical location. In particular, it
ensures that one can extract unequivocal information on directionality
from the two vectors involved as long as they define a plane.

Assumption 2. The rate gyro measurements are bounded for all
time, i.e., there exists a positive scalar ¢ > 0 such that, for all + > 0,
o, Ol < 0.

This is a practical assumption verified across all rate gyro devices
since angular velocity readings do not grow unbounded.
Consider now the following observer for the rotation matrix

R() = RO)S| @, (1) - RT (1) 0 + K1) (m(t) x (RT(z)I m)) ] 3)
with
K@) := RTOK@OR(@) € R¥3, 4)

where K(r) € R¥>3 is a continuous matrix gain to be determined.
R() € SO3) denotes the estimates of the rotation matrix that evolve
on the manifold. Furthermore, for some x > 0, let ||K()|| < «, for all
t > 0, therefore implying that K(7) is also norm-bounded by « since, by
construction, “f{(t)“ = 1. Define the error variable

R@®) := RORT (1) € SO(3), (5)
whose dynamics are given by

R =RORT (1) + RORT (1)
=R(S[0,,() — @R (1)

+ R(z)(ﬁ(r)s [com(t) -RT() @y + K1) (m(t) x (RT(z)’m)) ])T
=R(®S[®,,(1) — @ OIRT (1)
— RS [a)m(t) ~RT @' o + Ko (mo) x (R70)'m) ) ]RT(t).

Isolating the terms associated with the Earth’s angular velocity, and
further noticing that the terms corresponding to the measurements of
angular velocity cancel each other, allows to write

R() == ROS [0:0) - RT (0 o | R (1)

— ROS [K(t) (m(t) x (RT(z)f m))] R7(r)

=—RO)S [(RT(I) - ﬁT(z)) ’coE] R” (1)

- RS [KO) ((R7(0)'m) x (RT(0'm ) )| R7 ).
Since R” (t)R(¢r) = I, the previous result can be rewritten as
R() = - R®S [(RT(z) - ﬁT(z)) Ig E] RT(ORORT (1) ©

—ROS [K(r) ((RT(z)’ m) x (RT(z)’ m) )] R” (ORMORT (7).
Recall the error definition in (5), and employ the property

R(®)S[a]RT (1) = S[R()a], ae R,
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to help simplifying (6) as

Rty =— [(R(t)RT(t) - R(t)RT(t)) e E] R

-s [R(t)K(t) (RT(t)I mx RT (1) m)] R().
Finally, replace (4) in the previous equation to obtain

Rty =— [ (I-R®) L op + ROR@) (R () m x 'm) ]R(z) -
=R®S [T-R" (1)) "oy — K@®) (R"(#)'m x 'm)] .

This last result poses a highly nonlinear relationship, whereby clas-
sical tools from linear system theory cannot be applied. But before
moving on to the stability analysis of the nonlinear error dynamics (7),
one must find a suitable matrix gain K(7) to drive the estimation error
to zero, i.e., to asymptotically drive the error matrix R() to an identity,
as suggested by (5).

3. Computation of observer gain K(t)
3.1. Local stability analysis

A simple strategy is proposed to determine K(z). It is based on
previous work by the authors, see Reis et al. (2019), and arises from
considering only small perturbations of the rotation matrix.

First, let (t) € R3 denote the Euler angles associated with R()
and let u € R? be a constant arbitrary vector. Second, consider the
estimated rotation matrix R(s) as the result of a slight perturbation
over the nominal rotation matrix, and regard it as a parameterization
of R(#) in terms of the nominal Euler angles 8(s) and of an infinitesi-
mal deviation denoted by 66(¢). Hence, the Taylor-series expansion of
R(u=R (6(t) + 56(1)) u can be written as

Jd(R(O)u)

80(r) + h.o.t,
200 é(;)

R(Hu =R (8()) u+
which, after applying a first order approximation, results in (vide
(Barfoot, Forbes, & Furgale, 2011))

R ~ (I-S[M (6(r)) 660)]) R(), €)

where, for ease of notation, R(t) = R (8(r)). M (8(1)) € R®? is the linear
mapping between Euler-angle rates and angular velocity . This result
could have also been derived from the well-known Rodrigues’ rotation
formula. Therefore, according to (5), it follows from (8) that

R(@) ~ I+ S[x()], (C)]

where x(1) := M (8(1)) 66(t) € R>. This vector can be interpreted as a
pseudo rotation vector whose components correspond to infinitesimal
amounts of rotations about the three axis of the reference frame.

According to the previous linearization expressed by (9), substitute
in (7) all terms denoted by R(¢) and simplify in order to get

R(0) ~ (+ SIX@OD S[SXO 0 + KO ((Sx01'm) x 'm) |
=I+S[x(ODS [-S|'@g] x() + KNS ['m| x(1)] .
Neglecting once more all second-order terms results in
R0 ~ =S [S ['oz] x(t) - K®)S? ['m] x(1)] ,

which, by comparison with fl(z) ~ S [x(1)], as suggested by (9), allows
to write the linear differential equation

x(t) = A(Dx(), (10)

where A7) := =S ['@g] + K(®)S* ['m].

The key target will now consist in determining K(7) such that (10)
converges globally exponentially fast to zero. If K(f) were constant, it
would suffice to make A(r) = A Hurwitz, i.e., to ensure that the real part
of all eigenvalues of A is negative, which can be attained if the pair
(S['@g].S*['m]) is observable. However, since stability criteria of
linear time-invariant (LTI) systems do not apply to linear time-varying
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(LTV) systems, one must attempt a different approach, in particular by
taking advantage of the Luenberger-like structure of the matrix A(z). In-
deed, the differential equation (10) can be regarded as the dynamics of
a state estimation error corresponding to an auxiliary system where K(t)
multiplies a feedback term on a pseudo estimation error. The reader
familiar with the design of state observers immediately understands
that K(r) is optimal (in the sense that minimizes the variance of the
pseudo estimation error) when associated with a Kalman filter.

Further details on the structure of this auxiliary system, as well as
on the computation of K(t), are presented in the sequel.

3.2. Kalman filter application

Consider the following continuous-time LTI system

x(t) = Ax(t) + w(t)
y(@) = Cx(t) + v(1),

11

where x(f) € R> represents the state vector, y(r) € R? is the obser-
vations vector, and where A = —-S['@;| and C = —S? ['m] are the
dynamics and observations matrices, respectively. Let w(r) and v(r)
denote additive white Gaussian noise sequences associated with the
process and the measurements, respectively, such that w(f) ~ N (0,Q)
and v(t) ~ N(O,R). @ € R and R € R¥™3 are both assumed
constant, symmetric, bounded, positive definite covariance matrices,
each corresponding to a zero mean multivariate normal distribution.

Lemma 1. Under Assumption 1, the continuous-time LTI system (11) is
observable.

Proof. The continuous-time LTI system (11) is observable if and only
if the observability matrix @ € R%* associated with the pair (A4, C) is
full rank (rank = 3), with

1 [ -]
O=|CA|=| S2['m]|S[ o]
cA’ -8 ['m| $? ['o]

By contradiction, suppose that Assumption 1 holds and that the
LTI system (11) is not observable. This implication corresponds to the
matrix @ not being full rank, which means Ov = 0, for some unit
vector v € R3, with ||v] = 1. From —S$? ['m|v = 0 it follows that
v = ='m/||'m||. In turn, $? ['m|S['e;]v = 0 implies either that
v=x+'og/||'og| or that ‘w; x v = +'m. However, since, according to
Assumption 1, Y@ is not collinear with 'm, the only possible solution
of Ov = 0 is v = 0, but that contradicts the claim whereby v is a
unit vector. Therefore, O is always full rank and the LTI system (11) is
observable. []

A classic continuous-time Kalman filter follows as the natural es-
timation solution for the LTI system (11). The design of the filter is
omitted as it is widely-known. Hence, let %(7) denote the filter estimates
of x(t). Accordingly, the dynamics of %(¢) are governed by

2(1) = A% + K@) (y(1) = C2(1)). 12)

Define now the error variable e(t) := x(t)— %(¢). From (11) and (12),
one concludes that the nominal error dynamics obey

é(n = (A-K@C) e, 13)

which has a direct correspondence to (10). In turn, the computation of
the matrix gain K(7) stems inherently from the solution of the Riccati
differential matrix equation,

P() = -P(OC"R™'CP(1) + AP(t) + P(H AT +Q, a4
with P(t = t;) = Py > 0, and is thus given by

K@) =P0OCTR™. (15)
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According to Rugh (1996, Definition 18.30), the LTI system is
detectable because (13) is exponentially stable. Nevertheless, on ac-
count of the pair (A, C) being observable, the same conclusion could
have been inferred because detectability is a weaker condition than
observability. If a system is observable, then it is also detectable and,
therefore, according to Kucera (1973, Theorem 8), the solution of the
Riccati equation (14) is bounded for all time, which complies with the
established assumption that |K(t)|| < «, for some x > 0. With P()

bounded, it follows from (14) that P(¢) is also bounded.

Remark 1. The Kalman gain, as given by (15), will be employed in the
nonlinear observer (3). An obvious advantage of this implementation
is that one simply has to tune the matrices @ > 0 and R > 0 while
guided by a paramount insight provided by the LTI system (11). Most
noticeably, on account of the system being observable, the error term
e(t), i.e., x(t) as given by (10), is guaranteed to converge globally
exponentially fast to zero, which, at this stage, automatically renders
the proposed nonlinear observer (3) locally exponentially stable (Khalil,
2002, Theorem 4.13).

4. Performance analysis

In this section, several simulation tests will be conducted, including
Monte Carlo runs. After a rigorous description of a realistic simulation
setup, the first set of simulations will validate the efficiency of the
proposed attitude estimation solution in terms of its local performance,
for which exponential stability has been ensured. Then, in order to
understand the range of applicability of the nonlinear observer (3) in
the absence of global asymptotic stability guarantees, additional tests
will take into account a set of admissible initial conditions uniformly
distributed in SO(3), whereby Monte Carlo runs will help assessing the
repeatability of the system’s behavior.

Consider henceforward the general parameterization of the rotation
matrix error by means of a unit vector (axis of rotation) v(r) and an
angle A(r) € [0, z]. This formalism, also known as Euler angle-axis
representation, is expressed by

R@) =I+sin (6(1)) S[¥()] + [1 — cos (6(n))] S* [¥(1)] (16)

and proves very useful in the error analysis of observers that are built
on SO(3).

4.1. Simulation setup

Consider a robotic platform describing a three-dimensional rota-
tional motion, located at a latitude of ¢ = 38.777816° North, a longitude
of w =9.097570° West, and at sea level. Taking into account the period
of time known as sidereal day, the corresponding norm of the Earth’s
angular velocity is ||{og| = 7.2921159 x 10~° rad/s (approximately
15 degrees per hour), whose vectorial representation in the local NED
frame is given by ‘@; = ||T@g| [cos(g) O sin(p)]” rad/s. Moreover, in
light of the sea level and of the latitude indicated above, according to
the International Gravity Formula 1980, the components of the inertial
acceleration due to gravity are given by

'm =1009.80061117 m/s.

One easily verifies that ‘oz x ‘'m = [0 - 0.5571 x 1073 017
(rad-m/s?), which satisfies Assumption 1. Further suppose that the
body-vector measurements of the acceleration of gravity are collected
by the 3-axis accelerometer embedded in the commercial off-the-shelf
1775 FOG IMU from KVH Industries. In order to emulate this unit’s
accelerometers worst case specifications, which are characterized by a
Velocity Random Walk of 0.12 mg/ \/E, a zero-mean white Gaussian
noise sequence with standard deviation of 0.0059 m/s?> was added
over the accelerometer measurements across all simulations, assuming
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0.5

05 o 1
0 — 05

Fig. 1. Initial axes of rotation on the unit sphere (local evaluation).

a sampling frequency of 25 Hz. The angular velocity of the platform,
expressed on the body frame, was designed as follows:

o(t) = [5 sin (%) sin (l%t) —2sin (g %t)]—r
The initial attitude of the platform was always set to R(0) = L.
Regarding the angular velocity readings, they were assumed to be

collected from the high-grade rate gyros also embedded in the 1775

Fiber Optic Gyro IMU. According to the manufacturer, with digital

output the rate gyro measurements are corrupted by an Angle Random

Walk (ARW) noise of 0.7° /hr/ \/ﬁ, which was taken into account in the

simulations. Once again, for a sampling frequency of 25 Hz, and given

a rate-integrating configuration, this ARW noise translates roughly into

a standard deviation of 0.972 millidegrees per second.

(deg/s).

4.2. Local dynamic behavior evaluation

The first order approximation of R(z), given by (9), is often regarded
as the small angles approximation of the rotation matrix error, which
stems from (16) by setting sin(d(¢)) ~ 8(¢) and cos(d(?)) ~ 1. In order to
remain below 1% in terms of relative error of the small angles approx-
imation, this local evaluation should abide by initial conditions where
6(t = 0) < 14 degrees. Hence, resorting to the Monte Carlo method, 100
runs were performed for every initial angle error (¢ = 0) in the interval
{0.5,1,1.5,..., 14} (degrees). Each Monte Carlo run features randomly
generated noise sequences and initial axes of rotation. Fig. 1 illustrates
the nicely covered unit sphere containing all axes ¥(r = 0) associated
with the total 28 - 100 Monte Carlo runs.

Regarding the simulation parameters, the covariance matrices of
the filter were adjusted empirically for the best achievable results.
More specifically, the covariance of the process noise was set to Q =
5x107I; the covariance of the observations noise was set to R = 1072I;
and, a large initial covariance estimate of P(0) = 0.05I was used to
ensure fast convergence. The evolution of 4(t) for each of the 28 initial
conditions is shown in Fig. 2, where it is possible to immediately infer
an obvious consistency between initial deviation and convergence time.
Meanwhile, in steady-state, all errors remain below 0.4 degrees after
just 10 minutes, which corresponds to a very good performance in the
presence of realistic sensor noise.

Furthermore, there is an almost unnoticeable swift convergence that
takes place during the first few sampling instants. The initial deviation,
despite spanning angles between 0.5 and 14 degrees, seems to never
surpass 8 degrees. This a consequence of the time-varying nature of the
observer gain, which is inherently interconnected with the solution of
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Fig. 2. Time evolution of f(r) for (0) = 0.5... 14 degrees (local evaluation).
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Fig. 4. Steady state standard deviation of f(f) for > 10 minutes (local evaluation).

the Riccati equation (14). That solution also displays a rapid transition
resulting from the choice of gains and, as shown in the next section,
its time-varying nature is of the utmost importance for attaining the
fastest achievable performance.

The mean and standard deviation values were also computed and
averaged for each set of 100 runs. The results are depicted in Figs. 3
and 4, respectively. The growth pattern of both accumulated values is
consistent with the initial deviation and displays a decreasing trend.

4.3. On the attainable performance considering P(1) = 0

In many practical applications to reduce the computational bur-
den associated to the Riccati equation, it is common to resort to the
algebraic solution P of

0=-PC"R7ICP+ AP +PAT + Q. a7
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This solution, under similar conditions, guarantees a stable filter
behavior. Nevertheless, due to its simplicity and low computational
power requirements, it is relevant to investigate how the nature of this
solution can impact the performance of the proposed observer. In other
words, can the steady state matrix P, solution of (17), attain similar
performance as its time-varying counterpart, which results from solving
(14)? The answer, in the absence of analytic expressions, will have
to resort exclusively to simulation results. Therefore, a similar Monte
Carlo analysis will be implemented, only this time using a steady-state
matrix P, which can be easily computed from (17) by resorting to
the MATLAB function care(AT,CT, Q,R,0,1).° The covariance of the
observations noise was set empirically to R = 10~*I for an overall
best performance. The final results are shown in Fig. 5, which contains
the error evolution of 14 sequences, each corresponding to an initial
angle deviation (0) in the interval {1,2...14} (degrees). The overall
convergence behavior is indeed quite similar to the one displayed in
Fig. 2, although convergence times are now extremely slow, taking
approximately 24 h for the filter to reach steady-state. This was a
somewhat expected result, in line with the performance of the nonlin-
ear observer proposed by the authors in Reis et al. (2019). When the
Kalman filter gain is assumed constant, the performance of the observer
is essentially dictated by the fixed eigenvalues of the matrix A, as shown
in (10). Furthermore, without the time-varying nature of its gain, the
Kalman filter is, to some extent, limited to the directionality of both
vectors '@y and 'm. Notice, either from (10) or (13), how the former
vector is not even affected by the gain, which hints towards a much
more intricate role of P(¢) in the observer performance.

4.4. Observer performance beyond local restrictions

Although the time varying filtering solution, with feedback gain K(7)
provided by the Kalman filter, stabilizes the linear error dynamics (13),
care must be taken when extrapolating these statements from R> to
SO(3), where, by definition, ||x(7)|| <1 for all # > 0.

In the previous section, it was shown that the time-varying nature
of the Kalman gain remarkably improves the local performance of
the proposed observer, reducing convergence times from several hours
down to a few minutes. What remains to check is whether the attitude
observer (3) behaves well for initial deviations up to 8(r = 0) < 180
degrees. To assess that, a new Monte Carlo analysis will be conducted,
consisting basically in an extension of the one carried out in Section 4.2.
Only the initial covariance of the error was updated to P(0) = 5I to
ensure a fast initial transient for all error sequences.

3 This function computes the unique solution of the continuous-time
algebraic Riccati equation.
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Fig. 7. Time evolution of (1) for 6(0) = 1,2,...,179 degrees.

Fig. 6 illustrates the practically covered unit sphere containing all
initial axes of rotation v(+ = 0), which, along with the interval of
initial angle deviations, helps corroborating the claim that the pro-
posed nonlinear observer works, under the established assumptions,
for a large basin of attraction. This claim is further validated by the
results displayed in Fig. 7, which shows, for each 4(+ = 0) e [1,179],
the averaged evolution of the corresponding 100 Monte Carlo runs.
The initial transient is roughly under 2 min for all sequences, with
convergence times being function of the initial deviation, as expected.

Going into more detail, Figs. 8 and 9 exhibit the steady-state be-
havior of both the averaged mean and averaged standard deviation, for
t > 10 minutes, as a function of 4(r). The two plots hint the performance
level that can be attained by the proposed filter, with means and
standard deviations consistently lower than 0.25 and 0.2 degrees, re-
spectively. This level of accuracy, together with fast convergence rates,
deems the proposed nonlinear observer a suitable choice across many
application scenarios, for example, in space applications and submarine
operations.

As a side note, it is important to remark that the nature of sensor
noise is not obvious when dealing with experiments. Still, Gaussian
noises are quite common across most robotic applications, which in
turn motivated the simulation setup presented in this work. Nev-
ertheless, a second extensive Monte Carlo analysis was carried out
considering uniform noise. The uniform distribution of random sam-
ples, corresponding to noise over sensor measurements, was set to
range in the interval [-3c¢,30], with ¢ being the standard deviation
of the Gaussian distributions which characterize the sensors employed.
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Overall, the resulting performance is very similar to the one attained in
the Gaussian case, both in terms of convergence time and steady-state
accuracy.

5. Experimental results

In order to validate the nonlinear observer (3), an experiment was
carried out using a tri-axial high-grade FOG IMU KVH® 1775 mounted
on a Ideal Aerosmith Model 2103HT Three-Axis Positioning and Motion
Rate Table (MRT), which is designed to provide precise position, rate,
and acceleration motion, for instance, for the development and/or
production testing and calibration of IMUs and Inertial Navigation
Systems. The ground-truth data from the MRT is characterized by a
rate accuracy of 0.5% + 0.0005 deg/sec on its limited rotation axes (y
and z) and 0.01% +0.0005 deg/sec on its unlimited rotation axis (x), and
by a position accuracy of 30 arc sec on all axes. The final experimental
setup, whose location in terms of Earth coordinates is approximately
the same as indicated in the beginning of Section 4.1, is depicted in
Fig. 10.

The FOG IMU provides tri-axial angular velocity, acceleration and
magnetometer readings. However, due to the unreliability of the tri-
axial magnetometer, which, in this particular case, is greatly affected
by hard- and soft-iron effects caused by the MRT, as well as by the mag-
netic fields generated by the electric motors, this sensor was discarded.
Instead, we resorted to accelerometer measurements by considering
slow rotational maneuvers to ensure that the magnitude of the grav-
itational field is the dominant acceleration term. At room temperature,
this FOG IMU’s accelerometer is characterized by a velocity random
walk of 0.12 mg/ \/E, which corresponds to the same noise considered
in the simulations.

It is worth mentioning that the nature of the KVH FOG 1775
precludes the existence of outliers, which are exceptionally rare in
high-grade sensors. Detecting and removing inconsistent observations
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remain nevertheless active research fields, drawing a lot of attention
from the scientific community, but they are both out of the scope
of this work. An in-depth look at this issue, specially in the case
when measurements have non-Gaussian distributions, can be found in,
e.g., Stojanovic and Nedic (2015) and references therein.

A calibration procedure was implemented beforehand that deter-
mined a matrix of constant scaling factors, a constant bias and a
corresponding inertial vector (with respect to the MRT’s own local NED
inertial frame), for both the rate gyro and accelerometer. Data acquired
from the MRT was sampled at 128 Hz, and later down-sampled to 25 Hz
to match the sampling frequency of the FOG IMU.

Fig. 11 shows the ground-truth data corresponding to the angular
velocity of the MRT, as expressed on its reference frame. The rotational
motion lasted approximately one hour. The data was then fed to the
nonlinear attitude observer (3), which was run 100 times, each iteration
using a randomly generated initial rotation matrix estimate, computed
as the exponential matrix of a random vector. The spacial distribution
of the resulting axes of rotation associated with the 100 estimates is
depicted in Fig. 12. For the sake of completeness, the 100 initial angle
errors corresponding to the randomly generated rotation matrices are
shown, sorted in increasing order, in Fig. 13.

The plot with the final attitude estimation results, which consist
in an average over time of the 100 observer iterations, is displayed
in Fig. 14. The convergence can be seen to reach steady-state after
around 10 min, following an unconventional transient characterized
by somewhat large oscillations. We recall that the role of P(¢) in the
observer remains partly unknown; the only certainty is that P(s) in-
deed converges asymptotically to a positive-definite symmetric matrix,
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Table 1

Summary of results: averaged mean (x) and standard deviation (¢) of all angle error
sequences, for ¢ > 30 min.

Measure Simulation Experimental
u (degrees) 0.1408 0.4664
o (degrees) 0.2619 0.2561

which can actually be computed a priori. Convergence of the solution of
the Riccati differential equation (14) to the algebraic Riccati equation
solution, for LTI systems, has been studied before, with several results
found in the literature. The reader is referred to, for instance, Bitmead
and Gevers (1991, Theorem 10.10). Moreover, P(¢) is independent of
the trajectory described by the MRT, which means it can be computed
offline. Most noticeably, the averaged angle error remains most of the
time below 1 degree, with mean and standard deviation, computed for
t > 30 min, equal to 0.4664 and 0.2561 degrees, respectively. These
experimental results, which compare fairly similar to the ones obtained
in simulation, as seen from Table 1, confirm the performance of the
proposed solution, which can be used in many ocean, air, and ground
robotic applications, even when accounting for changes in geographical
location, i.e., translational motion, since the reference vector variation
is only slightly affected. Indeed, at the surface of the planet, a 100 km
displacement corresponds roughly to covering a 1 degree arc length.

6. Conclusions

In this paper, a nonlinear attitude observer built on SO(3) was pro-
posed that takes into account the Earth’s rotational velocity and resorts
exclusively to single body measurements of a constant inertial reference
vector, in addition to angular velocity readings. In view of the highly
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nonlinear structure of the attitude error dynamics, a linearization was
carried out that resulted in the establishment of an LTV system. This
LTV system was in turn shown to have a direct correspondence to
an LTV Luenberger observer for an LTI system, which was proved
to be observable. A Kalman filter followed as the natural estimation
solution, rendering the nonlinear observer locally exponentially stable.
Extensive simulation and experimental results have allowed to assess
the performance of the observer to a great extent. Indeed, the error
associated to the nonlinear attitude observer converges to zero for all
initial conditions up to the critical angle deviation of 180 degrees,
therefore demonstrating the applicability of the proposed nonlinear
attitude in real world ocean, air and ground vehicular applications.
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